Positive cones in Kdhler geometry

Henri Guenancia

These lecture notes stem from a course given in the Spring 2022 in the Master 2 "Re-
search and Innovation" at the Université Toulouse III-Paul Sabatier.
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1 Cohomology of a compact Kihler manifold

1.1 The de Rham cohomology

Given a differentiable manifold of dimension #n and given an integer 0 < k < n, we will
denote by Ak, := AFT}, the differentiable vector bundle of smooth k-forms. If the base
manifold is fixed, we will sometimes write A* instead of A’]‘VI.

Let us start by recalling the well-known Poincaré lemma on the unit ball in the eu-
clidean space.

Lemma 1.1 (Poincaré lemma). Let « € C®(B, AX) be a k-form on the unit ball B C R™ with
k > 0. Ifda = 0, then there exists a (k — 1)-form B € C*®(B, A*~1) such that « = dp.

Let now M be a differentiable real manifold of dimension m, let .A’,i/l be the C* vector
bundle of differential k forms, and let d be the exterior differential. Closed forms are in
general not exact (take « = df on M = S') and the de Rham cohomology spaces measure
this obstruction.

Definition 1.2 (de Rham cohomology). Let M be a differentiable manifold of dimension
m. For any integer 0 < k < n, one defines

HY(M,R) := {a € C°(M, AK,); da = 0}/{dﬁ;,3 e Co(M, A1)}

Remark 1.3 (Comparison with singular cohomology). Consider the following complex

Ry < A% -2 AL, -2 A3, % Ay g 4y 0
where IR, is the locally constant sheaf on M with values in R, which is naturally a sub-
sheaf of the sheaf of smooth O-forms (i.e. functions). The Poincaré lemma says that this
complex is actually a resolution of R,,. Since the sheaves A, are flasque (they admit
partitions of unity), the De Rham-Weil isomorphism theorem shows that we have an iso-
morphism
HY(M,R) ~ H*(M,R,,)

where the RHS is the Cech cohomology in degree k of IR, itself isomorphic to the singu-
lar cohomology of M with values in R.



We will later use an explicit construction of that isomorphism in degree 2, as ex-
plained below.

Lemma 1.4. There is an explicit isomorphism
(1.1) H?(M,R) =~ H*(M,Ry,)

Proof. We introduce the subsheaf Zk < Ak of smooth, d-closed k-forms on X, so that we
have two exact sequences

0—R-—A -4 210

and .
0— 2 — A" 5 22 0.

Since the sheaves A* are flasque, they have no cohomology and the following connecting
maps are isomorphisms

(1.2) HY(X, 2Y) -2 F2(X,R)
and
(1.3) H(X,R) = H(X, 2%)/dH°(X, A)) - HY(X, 21

In practice, the induced isomorphism ® o ¥ : H?(X,R) — H?(X,R) can be described as
follows. Let [w] € H?(X,R), such that w|y, = dA, for some 1-form A, and a suitable
cover X = UyU,. We get an element (A, — Ag) € H'(X, Z'), and one writes A, — Ag =
dfup on Uyp for some functions f,5. This defines a 2-cocycle fug, := fup + fpy — faq With
values in R. We thus have ® o ¥([w]) = (fapy)ap, Where one abusively identified the
cocycle with its cohomology class. O

Definition 1.5 (Cup product). The total de Rham cohomology

H*(M,R) = é H*(M,R)
k=0

has a natural ring structure provided by the cup product, which is defined by the wedge
product at the level of forms. More precisely, if &, B are two closed forms of degree k and
¢ respectively, then one sets [x] U [8] := [x A B] € H(M,R); which is well-defined
thanks to Leibniz formula.

Recall that a connected differentiable manifold M of dimension m is called orientable
if there exists a non-vanishing top form w € C®(M, A}}); that is a trivialization of the
line bundle A7;. An orientation is a choice of one such form. If M is compact then
Stokes formula shows that a trivialization w is never exact, hence H" (M, R) # 0. More
precisely, we have the following duality theorem



Theorem 1.6 (Poincaré duality). Let M be a connected, orientable differentiable manifold of
dimension m and let 0 < k < m be an integer. Then, the pairing

H*(M,R) x H" *(M,R) — R
(1], 18) — [ anp

is non-degenerate.

In particular, the integration yields isomorphism H" (M, R) ~ RR.

1.2 Basics on currents

Let M be an orientable manifold of dimension m.

Definition 1.7 (Topology on the space Dx(M)). We define & (M) to be the space of
smooth k-forms which we equip with the topology induced by the family of seminorms
| - [ler(x) when K € M varies over all compact subsets of M and r varies in IN. Of course,
one needs to use a family of trivializing charts to define these seminorms, but the induced
topology is independent of that choice.

If K € M is a compact subset, one denote by Dy (K) C &£(M) the subspace of smooth
k-forms with support in K. It is equipped with the induced topology coming from & (M).
Finally, the space Dy(M) = UgemDi(K) of smooth k-forms with compact support is
equipped with the inductive limit topology.

One can check that a sequence (u,) in Dx(M) converges to u € Di(M) if and only
if there exists K @ M such that for n large enough, u, is supported on K and given any
fixed order r € N, the coefficients of u, on any trivializing chart converge in the C"(K)-
topology to those of u. The main point to find a common compact support K for all u,,.
There is no harm assuming that © = 0, and k = 0 for simplicity. If the statement were
false, we could find a sequence x, € M escaping any compact set such that u,(x,) # 0
(say up to extracting). But then, the set W := N,en{v € Do(M); |v(xn)| < |un(x,)|} is
a set containing 0 but none of the u,, and the contradiction comes from the fact that W
is open (since W N Dy(K) is a finite intersection of open sets for any given compact set
K & M).

Definition 1.8 (Currents). A current of degree k is a continuous linear form T on D,,,_(M).
We denote by D, (M) the space of currents of degree k on M.

If T € Di(M),a € Dy_(M), we denote by (T,a) € R the duality pairing. We
endow D; (M) with the weak topology, which is the coarsest topology such that for any
« € Dy, (M), the evaluation map ¢, : T — (T, «) is continuous. In particular, T, — T if
and only if for any « € D,,_x(M), one has (T, a) — (T, ).

If M is compactand T € Dy,(M) = &(M)Y, weset [, T := (T, 1).

If T € Di(M), we define dT € Dj_,(M) by setting (dT,a) = (—1)¥(T,da) for any
DS Dm—k—l(M>'



We have a natural injection
j: &(M) = Di(M)

defined by (j(a), B) := [,,a A B, for any B € D,,_(M). If M is compact and a € &,,(M),
then [, a = (j(a),1) = [,,j(«).

If T € D (M),B € (M), we define T A B € Dy, (M) by (T AB,a) := (T, B Aw) for
any & € Dy ¢(M). It T = j(a) for a« € E(M), then j(a) A B = j(a A B). Moreover, if M
is compact and € &, (M), then T A B € E(M)" and wehave [,, TAB = (TAB,1) =
(T, B) essentially by definition of these quantities.

Similarly to de Rham cohomology for forms, we have a de Rham cohomology for
currents, say HX,,(M,R) and a natural linear morphism

J: H{(M,R) — HX (M, R).

One can prove a Poincaré lemma for currents, as well as a regularization result for closed
current T which imply that the above map is an isomorphism.

Lemma 1.9. Assume that M is compact, and let « (resp. B) be a smooth closed k-form (resp. closed
(m — k)-form). Let T € Dy (M) be a closed k-current such that T € [a] under the isomorphism
J. Then we have

J TAB=(T.p =llulB
Proof. By assumption, T = j(a) + dS for some (k — 1)-current S. Since f is closed, we
have (T, B) = (j(a), B) = [y A B. N
Proposition 1.10 (Continuity of cohomology map). Let M be a compact orientable manifold.
Then, then map
Dl/c(M) — Hfur(M/IR)
T — [T]

is continuous for the weak topology.

Proof. By Poincaré duality and Lemma 1.9, one can find a basis [T;] (resp. [u;]) of HY,, (M, R)
(resp. H”_k(M, R)) such that fM T; Nuj = 6jj. Now, if T is a closed k-current, one can
uniquely decompose [T] = }"4;[T;] and one has a; = [T] U [u;] = [, T A ;. In particular,
the coefficients a; depend continuously on T. O

Definition 1.11 (Current of integration). Let M be an orientable manifold of dimension
m and let Z C M be a closed submanifold of dimension k. We define the current of
integration [Z] on M to be the current of degree (m — k) such that if & € C&®(M, A%)),

then
([Z],) == /th

where the last integral is defined tobe [, j*wif j : Z < M is the natural closed immersion.
If M is compact, then [Z] is closed by Stokes formula.
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1.3 Complex-valued differential forms

Let X be a complex manifold of dimension n. We denote by Tx (resp. (Qx) the holomor-
phic tangent bundle (resp. holomorphic cotangent bundle) of X.

Definition 1.12 (The complex vector bundles T)l(’O and Tg)(’l). The real tangent bundle Tx R,
i.e. the tangent bundle of X seen as a real differentiable manifold, is a C* real vector bun-
dle with rank 2n endowed with an action | : Tx R — Txr induced by the multiplication
by i on Ty; it satisfies J> = —Idr, . We decompose the complexified tangent bundle
Txc:=Txr®C

(1.4) Txc =T © T
according to its eigenspaces, where T)l(’g = {u € (Txc)x;Ju = iu} and T%,lx ={u €
(Txc)x; Ju = —iu} is the complex conjugate of T;('S(.

The canonical realization of the holomorphic tangent bundle T inside Tx r ® C is iso-
morphic to T)lgo (as C* complex vector bundles).

Local picture. Under a local trivialization of X D U ~ C", we have complex coordi-
nates 21, .. zn as well as real coordinates x; = Re(zy), yx = Im(zk) which induce vector
fields ax , ay € TX]R and 5 - < Tx. Then Tx R := ®}_ 1(]Rax @ lR ) and the operator |

satisfies ]ax ay and ]ay = E' Since % =1 <a‘;’ck zay ) we find ]aZ = zaz The
conjugation operator Txg ® C 3 v® A — v ® A is a C-antilinear automorphism such
that aizk =1 (aixk - iaiyk) =: B%k satisfies ] -2- a5 = —log a_ In particular, we find that over U,

Ty = ®f_,C2 and TY' = @}_,C,2, and finally, T}" = T¥'.

We define the complex vector bundles Axc = Ty, AV = (Ty)*, and similarly
AO ! (T0 1)*. Dualizing (1.4), one gets

(1.5) Axc = AP @ AY

and similarly as for the tangent, we see that A%&O is spanned by the 1-forms dz; :=
3 (dxy + idyy) and 0% is spanned by the 1-forms dzj := 3 (dxy — idyy).

Finally, one defines for any integer 1 < k < n the following complex vector bundle
A’%C := A*Ayxc as well as for any 1 < p,q < n, AR := AP AV @ ATAYL. One gets a
decomposmon

(1.6) A= P AL

p+q=k

Locally, a smooth (p,q)-form a can be uniquely represented as a = }_;; f1jdz; A dz;
where the sum runs over all ordered subsets I,] C {1,...,n} with p (resp. g) elements,
and fj; are smooth, complex-valued functions. Moreover, if I = {iy,...,i,}, one writes
dzp:=dzy N... A\ dzip and similarly for dz;.



Definition 1.13 (Real forms). A form a € C®(X, A%) is real if « = & If, moreover,
a € C°(X, A"), then p = g unless « = 0. In local coordinates, a (p, p)-form a =
Y1 frydzy A dzyis real if and only if fi; = —fTI.

Definition 1.14 (Kdhler metrics, Kdhler manifolds). Let X be a complex manifold. A
hermitian metric on X is a hermitian positive definite form of class C* on Tx. In local
coordinates, i = Yy ; hyedz ® dZ,. One associate to 1 the fundamental form w := —Im(h).
In local coordinates, w = % Yo hedzi A dzy. Tt is real, of type (1,1). On says that w is
Kahler if dw = 0. Finally, X is a Kdhler manifold if it admits a Kéhler metric.

1.4 The Dolbeault cohomology

The exterior differential d : A% , — A’;'ﬂ% extends by C-linearity to d : AX c — A’;fé.
Moreover, if « is a smooth (p, q) -form, it is clear from Leibniz rule that one can uniquely
decompose du = (da) p11,4 + (da)p,q41 according to its type. We define du (resp. oa) to be
the (p+1,q)-component (resp. (p, g+ 1)) of da. Inlocal coordinates, we get the following
expression for d and o:

da = IZ]:kZ: e Udzk/\dZ[/\dZ]

= Z Z fUde ANdzg /\dZ]
L] k=1

In particular, a (p,0)-form a € C®(X, A;’%) is holomorphic if and only if da = 0.

Clearly, we have d = 9 + d. Since d> = 0, we infer
*=0"=0 and 00 = —do.

In particular, a d-exact form is 3 closed (and the same holds with d). While the converse
is certainly not true (take & = % on C¥), it is true locally. More precisely, we have the
complex analogue of Poincaré lemma cf [Voi02, Proposition 2.31].

Lemma 1.15 (Dolbeault-Grothendieck lemma). Let a be a (p, q)-form on the unit polydisk
D C C" with g > 0. If oa = 0, then there exists a (p,q — 1)-form B on D such that & = 0p.

Definition 1.16 (Dolbeault cohomology). Let X be a complex manifold of dimension 7.
For any indices 0 < p, g < n, one defines

HPA(X) = { € C¥(X, AYT); 30 = 0} /{3B;p € C(X, AXT )}

At this point, the C-vector spaces H1(X) could be infinite dimensional. For instance,
H%(X) = Ox(X) is the space of holomorphic functions on X.

Remark 1.17 (Comparison with coherent cohomology). Consider the following complex

Qb s A0 25 AP 2, g2 0, 9y gem 9



where Q) is the sheaf of holomorphic p-forms, which is naturally a subsheaf of the sheaf
of smooth (p,0)-forms. The Dolbeault-Grothendieck lemma says that this complex is ac-
tually a resolution of Qf. Since the sheaves A%’ are flasque (they admit partitions of
unity), the De Rham-Weil isomorphism theorem shows that we have an isomorphism

HP(X) ~ H1(X, Q%)

where the RHS is the coherent cohomology in degree g of Q) (or, equivalenty, the Cech
cohomology of that sheaf).

1.5 The Hodge decomposition theorem

When (X, g) is a compact Riemannian manifold, then Hodge theory shows that the de
Rham cohomology

HE(X,R) = {a € C(X, AK); da = 0} /{dB; B € C™(X, AY)}

is isomorphic to the space ’Hg(X ) of harmonic k-forms (i.e. k-forms a such that Aya = 0,
where A; = dd* 4 d*d is the Hodge laplacian associated to g). In other words, each de
Rham cohomology class contains a unique harmonic representative. A first consequence
is that H*(X) is finite dimensional. As another application, one can use this correspon-
dence to prove the Poincaré duality, cf [Voi02, Theorem 5.30]

Let us now assume that X admits a complex structure | such that ] € O(g) and w :=
g(+,J-) is closed; hence w is a Kdhler form. We can consider several laplacians, among
which Ay = dd* +d*d, Ay = 90* + 0*d and Ay = 99* + 9*d. The last two laplacians have
the advantage of preserving the type, i.e. if « € C®(X, A7), then Ajn € C(X, ALY).
In particular, usual Hodge theory shows that we have an isomorphism between HP(X)
and the space Hg’q(X ) of Aj-harmonic (p, g)-forms.

One of the main results in Hodge theory states that when w is Kéhler, then we have
the following identity between the real and complex laplacian A; = Ay = A;. In par-

ticular, we have A; = A; = A hence Hg’q(X) o~ Hg,p (X). Moreover if « is a complex-
valued Aj-harmonic k-form and & = ).,y &pq is its type decomposition, then a;; is
As-harmonic as well. This yields the following foundational result

Theorem 1.18 (Hodge decomposition theorem). Let X be a compact Kihler manifold.There
are isomorphisms
HY(X,C) ~ € HM(X)
p+q=k
H7(X) ~ HiP(X).
One can even refine the statement making the isomorphisms canonical (i.e. indepen-
dent of the choice of a Kdhler metric).

One should insist on the fact that the decomposition above in cohomology does not
arise directly from the decomposition A% o = &,,,-.AY". Por instance, consider a =
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Zpdz1 + z1dZ;. Then a is closed (da = 0) but its components are not d-closed (E_)(szzl) =
—dz1 NdzZ, 7'é 0).

For p = g, HP?(X) C H?(X,C) is a complex vector space which is stable under
conjugation (recall that H?(X,C) = H?(X,R) @R C by the universal coefficient theorem).
In particular, there is a real vector space H** (X, R) C HP?(X) such that H"? (X, R) ®R C.
One can identify HP?(X,R) with HP*(X) N H?(X,R), i.e. it consists of (p, p)-classes that
can be represented by real, d-closed (p, p)-forms.

2 Line bundles

2.1 First Chern class of a line bundle
Let X be a complex manifold of dimension 7.

Definition 2.1 (Line bundle). A line bundle L on X consists of a complex manifold L
endowed with a projection map p : L — X such that X admits an open covering X = UU,
and isomorphisms

L’pq(uw) Z Ua x C
Uy

such that on the overlaps U,p := U, N Ug, the isomorphism 7, o T'g L. Uy X C — Uyp x C
is given by (x,v) > (x, gxp(x)v) for some gop € Ox(Uyp)*.

If x € X, we denote by Ly := p~!(x) the fiber of p at x; which is non-canonically
isomorphic to C. Up to refining the cover, one can assume that the sets U, are isomorphic
to a polydisk in C", and that the double overlaps U, are simply connected.

Definition 2.2 (Sections). If U C X, a smooth (resp. holomorphic) section of L over U is
a smooth (resp. holomorphic) map s : U — L such that p(s(x)) = x for all x € U. That
is, s(x) € L, forall x € U. We writes € C*(U, L) (resp. s € H°(U, L)).

If s is a section of L over X, then 7,(s(x)) = (x,04(x)) for some function o, : U, — C.
On the overlap U,g, one has 0, = g,505. Conversely, the data of functions o, : Uy —
C satistying the relation 0, = g,50p5 on the overlaps induces a unique section s of L
corresponding to the 0, under the trivialization.

Definition 2.3 (Meromorphic sections). A meromorphic section of a line bundle L on X
consists of the data of meromorphic functions 0, € Mx(U,) such that 0, = Sup0p ON
every overlap Ug.

Let us add a few of remarks:

e Global holomorphic sections s € H°(X, L) may not exist, although C®(X, L) is an
infinite dimensional vector space, since once can construct many smooth sections using
partitions of unity or even just cut-off functions.

e Locally, the map 7, induces a non-vanishing, holomorphic section x — e,(x) :=
7, !(x,1) called local trivialization of L on U,.

9



e If 5,5’ are two meromorphic sections of L, then the quotient 5 defines a meromor-
phic function on X (provided s’ # 0).

Definition 2.4 (The Picard group of X). Two line bundles L,L" on X are isomorphic if
there exists a biholomorphic map f : L — L’ commuting with the projections to X and
such that for any x € X, the restriction f|;_: Ly — L/ is a linear isomorphism. We denote
by Pic(X) the space of isomorphism classes of line bundles on X. Tensor product of line
bundles induces an abelian group structure on Pic(X).

2.1.1 The cocycle point of view

The data of (U,g, gup) characterizes L up to isomorphism of line bundles. Moreover, one
has the following relation on U,p,: gapgpy = Suy- In particular, L defines a unique cocycle
in H'(X, O%) and the map that sends L to that cocycle induces a group isomorphism

Pic(X) — HY(X,0%).
The exponential exact sequence

2718+

O—>ZX—>OXeﬂ>)O§(—>O

induces a long exact sequence in cohomology and, in particular, a map

HY(X, 0%) -2 F2(X, Zy)

that can be described as follows. If (U“ﬁ, g“ﬁ) «p 18 a cocycle with values in O%, and since
U,p is simply connected, there exists fy5 € Ox(U,p) satisfying

27) e = gup.

On the triple overlap Uyg,, we have capy := fap + fpy — fuy € Zx(Uap,), and (Uapy, Capy)apy
defines an element in HZ(X, Zy). Finally, the inclusion map Zy — Ry induces a map
j: ﬁZ(X, Zy) — ﬁz(X, Ry ). One defines the first Chern class of a line bundle L as the
image of the composite map c; :=jo ¢

1

T

2.8) Pic(X) ' F2(X,Z) —— F2(X,R)
where one has used the identification Pic(X) ~ H!(X, 0%).

2.1.2 The metric point of view

Definition 2.5 (Hermitian metric). Let L — X be a line bundle on a complex manifold
X. A hermitian metric & on L is a collection of hermitian metrics (/y)yex on Ly that vary
smoothly with x.

10



Concretely, & can be viewed in the trivializations L|,-1(y;,) ~ Ux X Casamap (x,A) —
|A|2e~% where ¢ : U, — R is a smooth function. The choice to write a positive
function as an exponential is of course arbitrary, but we will see later that it is particularly
convenient. Alternatively, one can use the trivialization ¢, € HO(U,X, L) to describe & in
the chart U, by setting |e,,¢\%l := ¢ %. The functions ¢, € ¢*(U,, R) are called local
weights of I; of course they depend on the choice of local trivializations of L.

The functions ¢, do not match on the overlap U,z in general, but since eg = gupea,
we find the relation ¢x — ¢ = log [gup 2. Since g, p is holomorphic and non-vanishing on
Uy, we have dd¢, = ddpg on U,g.

Conversely, if L is given, one can construct a hermitian metric 47 on L by setting
leal? := X, Xy|8+a|* where x, is a partition of unity subordinate to (U, ),. In other words,
one set

(29) $a = — 10g2x7|gw]2.
%

Given the relation eg = gupes, I is well-defined if and only if we have |eg|} = [gup|*[exl?
on the overlap. This is in turn equivalent to

(2.10) ¢u — Pp = log |gap|?

which follows immediately from the cocyle relation ¢,.gup = &+p-

Definition 2.6 (Chern curvature form). Let & be a hermitian metric on a line bundle L —
X. The Chern curvature form @, (L) is the real, closed (1,1)-form defined on U, by the

formula @ (L) := 5-09¢,. It only depends on h and not on the trivializations of L.

Since ©y (L) is locally exact, it is closed. In particular, it defines an element [©(L)] €
H?(X,R). Moreover, if i, h' are two hermitian metrics on a line bundle L — X, then it
follows directly from the definition that there exists a smooth function f on X such that
W' = e/h. In particular, one has ®,(L) = @y (L) + 5-99f, hence [@)(L)] = [@y(L)] €
H'"(X) and we have a well-defined cohomology class ¢ (L) € H?(X,R).

Lemma 2.7. The "metric” and "cocycle” definitions of ¢1(L) coincide under the identification
(1.1) between H?>(X,R) and H?>(X,R).
Proof. Let c!"(L) € H?(X,R) (resp. c§(L) € H?*(X,R)) be the "metric" (resp. "cocycle")
first Chern class of L. We borrow the notation ¥ and @ from the proof of the isomorphism
(1.1).

Recall that ¢f'(L) can be represented by the Chern curvature © (L) of any hermitian
metric /, e.g. the one defined by (2.9). In that case, we have on U, the identity @, (L) =
5-dd¢,, so that ¥(c}'(L)) is represented by the cocyle

(—50(¢s = #))ap = (—5=8apd8ap)ap € H' (X, 2")

thanks to (2.10). Now remember from (2.7) that —ﬁ g;ﬁld Sup = dfup and it follows from
the definition of ¢{(L) that ® o ¥(c}"(L)) = ¢§(L). O
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Definition 2.8 (Singular hermitian metric). Let L — X be a line bundle on a Complex
manifold X. A singular hermitian metric h on L is defined as h = e /g where f € L] (X)
and h is a smooth hermitian metric on L.

The curvature of h is defined by @ (L) = Oy, (L) + 5-099f; itis a closed (1,1) current
whose cohomology class is ¢1(L).

Lemma 2.9. Let L — X be a line bundle on a compact Kihler manifold X and let « € ¢1(L) be
a closed (1,1)-form (resp. a closed (1,1)-current). Then, there exists an hermitian metric (resp.
singular hermitian metric) h on L such that ©,(L) = a.

Proof. Let hy be some background hermitian metric on L. The cohomology class of the
closed (1,1)-form (or current) « — @y, (L) is zero, hence by the dd-lemma (cf Lemma 3.15
below), there exists a function f € C®(X) (resp. f € L}(X)) such that « — @y, (L) =
5-00f. Set h := e~/ hy; it satisfies the requirements. O

2.1.3 Lefschetz theorem on (1,1)-classes

We have seen in the previous section (cf Lemma 2.7 and (2.8)) that if L — X is a complex
manifold, then c; (L) € H?(X,R) lies in the image of H?(X,Z) — H?*(X,R). Moreover,
it is clear from the metric definition of ¢ (L) that it can be represented by a (d-closed)
(1,1)-form. Actually, the converse holds.

More precisely, we say thata class a« € H?(X,R) is an integral class if under the isomor-
phism (1.1) between H?(X,R) and H?(X,R), we have « € Im(H?*(X,Z) — H?*(X,R)).
Then we have the following result.

Theorem 2.10 (Lefschetz theorem on (1,1)-classes). Let X be a complex manifold, and let
w € C®(X, A%(’,l]R) be a smooth, real d-closed (1,1)-form. Assume that [w] € H*(X,R) is an
integral class. Then there exists a hermitian line bundle (L, h) on X such that ©,(L) = w. In
particular, [w] = c1(L).

Proof. As before, we use a cover by polydisks U, such that the double overlaps U,,qg are
simply Connected One can write cu|u = duv, for some real 1-form v, = v + v, hence
wluy, = 900! + 90l and 90Y! = w[ = 0 so that 0! = 9u, for some function u, by
Dolbeault-Grothendieck lemma. Set 4>,x = i(ily — uy) € C®°(U,, R) so that

1 =
(U|ua — Eaa(])a

Define d° = ;- (3 — ) so that w|y, = dd°¢,. The class [w] corresponds in H?(X, R) to the
class of the 2-cocycle (f,) with real values defined by fus, = fap + fp, — fay and where
fup is any function such that d°(¢, — ¢») = df,s. By assumption, there exists an integral
2-cocyle (11,p,) and a real 1-cycle u = (u,p) such that

fupy = Napy + (514)apy

where 6 is the Cech differential.
Now, on the overlap U,g, we have d0(¢, — ¢g) = 0 so there exists a holomorphic
function g,p € Ox(U,p) such that 2Re(gas) = ¢u — Pp. This implies that d°(¢, — ¢p) =
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Re(d‘gup) = %Im(dgaﬁ;). By what was said above, there exists 1,5 a real 1-cycle such
that if one sets g5 := Loup — itigp, then Im(gy4,) € Z. Set Gup 1= 78 = 8upTilap; it
defines an element in H!(X, O%) (hence a line bundle L) thanks to that last integrality

property. Moreover, the functions ¢, define a metric i on L (by the relation |e,|? = e %*)
since ¢, — Pp = 2Re(gup) = log |Zup|* and also, one has O (L) = dd p, = w. O

Definition 2.11 (Néron-Severi group). Let X be a compact Kdhler manifold. The Néron-
Severi group of X, denoted by NS(X), is defined as the image of the Chern class mor-
phism

Pic(X) -5 H%(X,R).

Thanks to Lefschetz theorem, we have NS(X) = H'(X) N H?(X, Z).

The Néron-Severi group NS(X) is a finitely generated abelian subgroup of H*(X, R),
hence torsion-free, of the form NS(X) = @;c; Za; for some «; = c¢1(L;). The rank of
NS(X), i.e. |I], is called the Picard rank of X and is usually denoted by p(X). One has
the obvious inequality p(X) < h'! where h!'! = dime¢ H!(X) = dimg H"'(X,R). We
set NS(X)r := NS(X) ®z R to be the vector space generated by NS(X); it has dimension
p(X).

Remark 2.12 (On the Picard rank). The vector space NS(X)r C H'!(X,R) can be very
small even though k! is large. For instance, a "general" torus X = C"/ A satisfies p(X) =

0, while h'1(X) = @, cf Example 2.13. Such an example can of course never be a
projective manifold (for which p(X) > 1, thanks to the existence of an ample line bundle
arising as the restriction of Opn (1) under an embedding X < PY).

The gap phenomenon p < k! may still occur if X is projective, but of course in
that case one has p > 1. Examples can already be found dimension two, as there exist
projective surfaces (called K3 surfaces) for which p(X) = 1 but h1(X) = 20.

Example 2.13 (A Kahler manifold without proper submanifolds). Let X = C2/A be a
complex 4-torus, where A = Zey & Zey & Zes & Zes. We claim that for (e;) "general",
then X does not admit any proper submanifold C C X and p(X) = 0. In particular, X is
not projective (algebraic).

Arguing by contradiction, let C be a compact complex curve in X. Since X is diffeo-
morphic to the standard torus C2/Z*, we have Hy(X,Z) ~ Z° with generators given
by 6 cycles Sjj, the image in X of the planes Re; +Rej, 1 < i < j < 4. Then one can
decompose [C] = }_a;;S;j for a;; € Z. In homology, one has [C] # 0 since [-w > 0 where
w is the Kdhler form on X coming from the euclidean Kahler form idzy A dzy + idzy N dzp
on C? which is invariant under A.

Now, let 7 be the holomorphic 2-form on X coming from the A-invariant form dz; A
dz, on C2. Write ¢; = (w;, B;) € C2. The inclusion map S;; < X can be read as a map f :
R?/Z* — C?/ A sending (u,v) to (ua; +vej, uP; + vf;j) so that f*n = (a;B; — a;jB;)du A do
hence |, 5= w;Bj — a;jBi. Moreover, one has [.7 = 0 for degree reason, so we get the
relation ), ; a;;(wiBj — a;jBi) = 0.

Now, if we choose the &;, B; in such a way that a;; are linearly independent over Z,
we get a contradiction. It is easy to construct such numbers a;, B; explicitly. Alternatively,
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for each (a;;) € 75, the equation Y, a;j(a;B; — ajB;) = 0 defines a hypersurface in H, C
C® and it is enough to choose (&, ) € (C?)*\ U,ezs\0H, linearly independent over C (an
open condition).

The claim on the Picard rank of X follows easily from the argument above. Indeed,
we have showed more generally that any class [c] € H»(X, Q) such that | # = 0 must be
zero. We claim that H?(X, Q) N H!(X) = 0, which clearly implies that p(X) = 0. Indeed,
if [¢] € H>(X,Q) N HY!(X), it induces a unique linear form ®, € H?(X,Q)" defined by
[v] = [y & A+y. By the universal coefficient theorem, the map H»(X,Q) — H?*(X,Q)"
sending [c] to [c]N is an isomorphism. Therefore, there exists [c,] € H?(X,Q) such that
Jxany = [ vforally € H*(X,Q). Applying this to v = 17, we find [, 7 = 0, hence
[ca] =0and [a] = 0.

2.2 Divisors and line bundles

In this section X is a complex manifold of dimension 7.

2.2.1 Divisors

Definition 2.14 (Subvariety). An (analytic) subvariety of X is a closed subset Y C X such
that for any x € X, there exists an open neighborhood x € U C X such that Y N U is the
zero set of finitely many holomorphic functions fi, ..., fy € Ox(U).

A point x € Yis said smooth or regular if one can choose the functions f; such that the
Jacobian of the holomorphic map f = (fi,..., fx) has rank k under a local trivialization.
Otherwise, x € Y is singular.

Definition 2.15 (Dimension). One can show that the set Y;eg of regular points of an ana-
lytic subvariety Y C X is a non-empty complex submanifold of X. We define the dimen-
sion of Y by dim Y := dim Yieg.

Definition 2.16 (Irreducible subvariety). A subvariety Y C X is said irreducible if it

cannot be written as the union Y = Y; U Y; of two proper analytic subvarieties (i.e. Y1 ¢
YZ and Yz ¢ Yl)

Definition 2.17 (Hypersurface). An hypersurface of X is a subvariety H C X of codimen-
sion one, i.e. dimH = n — 1.

Definition 2.18 (Divisors and Q-divisors). A divisor (resp Q-divisor) is a formal linear
combination D = Y¥ ; 4;D; where D; is an irreducible hypersurface and a; € Z (resp.
a; € Q). We say that D is effective if each a; is non-negative.

We will admit that similarly to the case of Riemann surfaces, given a meromorphic
function f € Mx(X), one can attach its divisor of zeros and poles div(f) = }_a;D; where
f vanishes at order a; along D; if a; > 0 and f has a pole of order —a; if a; < 0.

Given the local nature of that construction, one can equally define a divisor div(s) for
any meromorphic section of a line bundle L on X.

Definition 2.19 (Equivalence of divisors). We say that two divisors D, D’ are linearly
equivalent if there exists a meromorphic function f € Mx(X) such that D — D" = div(f).
The group of isomorphism classes of divisors under linear equivalence is denoted by
Div(X).
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2.2.2 Line bundle associated to a divisor

A smooth hypersurface H C X is given locally on a collection of charts U, C X as the
zero locus H N U, = (fo = 0) for some holomorphic function f, € Ox(U,) such that V f,
never vanishes on U,. It is easy to check that on the overlap U,g, we have f, = gusfp
for some non-vanishing holomorphic function g,5 € Ox(Uyg)*. Clearly, one has g,, =
8xp8p on any triple overlap U,g,. This allows one to define a cocycle (g,p) € Z'(X, O%)
and it is not hard to check that its class [(gq5)] € H' (X, O%) is independent of the choice
of the functions f,.

We will admit that the same construction can be carried over similarly if H is merely
an analytic hypersurface.

Definition 2.20 (Line bundle associated to an hypersurface). If H C X is an analytic
hypersurface, the cocycle [(gu5)] € H'(X, O%) constructed above yields a line bundle
that we denote Ox(H).

Lemma 2.21. Let H C X be an hypersurface. The line bundle Ox(H) admits a holomorphic
section sy whose divisor is exactly H. It is unique up to an element of Ox (X)*.

Proof. This is almost tautological, as we defined sy by the data of the holomorphic func-
tion 0, = f, on U,, which satisfies 0, = g,30p automatically. As for uniqueness, if s, s’
are two such sections, then 3 is a meromorphic function whose divisor of poles and zero
is empty; i.e. it is an element of Ox(X)*. O

Definition 2.22 (Line bundle associated to a divisor). Let D = Y°¥_, 4,D; be a divisor. We
define Ox(D) = Ox(D1)®a1 & Ox(Dk)@Zk.

In terms of cocycles, if ( fl,gi) = 0) is the equation of D; N U,, then the cocycle associated
i

&

aj
to Ox(D) is simply [T-_, (ﬂ”) . Moreover, Ox (D) admits a meromorphic section sp :=
P

I, s%f” which satisfies div(sp) = D.
Lemma 2.23. Let L be a line bundle on X endowed with a meromorphic section s. Then L is
isomorphic to Ox(div(s)).

Proof. The meromorphic section s correspond to meromorphic functions o, on U, such
that 0, = gup0p if gup are the transition functions of L. Set D = div(s). Since, locally, D N
U, = div(oy), the line bundle Ox (D) can be defined by the cocycle g—; which coincides

with g,g. This proves the lemma. O

Lemma 2.24. Let D be a divisor. Then Ox (D) is isomorphic to the trivial line bundle Ox if and
only if D = div(f) for some meromorphic function f € Mx(X).

Proof. If D = div(f), then one chooses as local equation (f = 0) on U, and the cocycle
Sap 1S noting but % = 1. Conversely assume that we have a trivializing section s &
H(X,Ox(D)). Then sp/s is a meromorphic function whose divisor is div(sp) = D. [
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Corollary 2.25. The map

Div(X) — Pic(X)
D+— Ox(D)

is an injective morphism of abelian groups. Moreover, the image consists exactly of line bundles
admitting a non-zero meromorphic section.

Proof. The fact that the map is well-defined and injective follows from Lemma 2.24. The
description of the image follows from Lemmas 2.21-2.23. O

Remark 2.26. If X is a projective manifold, then the above map is surjective, hence iso-
morphic. Indeed, if L is a line bundle and H is an ample hypersurface, then for p > 1,
L ® H®? is globally generated, hence it has a non-zero section s. Then, s/ s%p is a non-zero
rational section of L.

3 Positivity notions for (1,1)-classes

3.1 Positive and semipositive forms

Let X be a complex manifold of dimension #n. As a complex manifold, it comes equipped
with an orientation and one can choose a volume form dV (i.e. a smooth (n,n)-form
which is nowhere zero). In particular, there is a notion of semipositivity for real 2n-forms
wy € A¥'(TxR)x- Indeed, there exists fy € R such that wy = f,dV, and one says that wy
is semipositive if f, > 0.

Building on that definition, one gets a notion of semipositivity for real (p, p)-forms.

Definition 3.1 (Semipositive forms). Let w be a smooth, real (p, p)-form. One says that
w is semipositive if for any x € X and any (1,0)-forms ay,..., &, € (T)lg(l)*, one has
Wy Niay A&y A -+ Nidg—p Ny—p 2 0.

Remark 3.2 (Equivalent definitions). The definition above is intrinsic (it does not depend
on a choice of coordinates), and one can easily check that a real (1,1)-form w is semipos-
itive if and only if one of the following equivalent conditions holds

e forany x € X and any u € Txy, we have wy(u, 1) > 0.

* given a system of holomorphic coordinates (zi,...,z,) where w = i}, widzi A
dz;, the hermitian matrix (wy;),7 is semipositive .

If w is closed, then it is locally dd°-exact (recall that d° is the real operator ﬁ(é —d) so
that 5-00 = dd°), cf. beginning of proof of Theorem 2.10. On a chart where w = dd°g,
then w is semipositive iff ¢ is plurisubharmonic (psh).

Proposition 3.3. Let f : X — Y be a holomorphic map between complex manifold and let w be
a semipositive (p, p)-form on'Y. Then f*w is semipositive as well.
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Proof. This is a pointwise property, so one can assume that w is a constant semiposi-
tive (p, p)-form on C" and f : C* — C™ is a complex linear map. Given n — p inde-
pendent (1,0)-forms ay, ..., ay—p (Which we complete to a basis of (C™)*), let us define
S :=Ker (#1) N...NKer (a,_p,) which is p-dimensional and satisfies

n
frfwNig NBI A Nidy—p ANy = A |\ o A By
k=1

where A is defined by (f*w)|s = A Ag_,_py1iak Adx. Now, (ffw)ls = f*(w|gs)) is
zero unless f|s : S — f(S) is isomorphic. Therefore, one can restrict to the case where
f : CP — CP is a complex linear isomorphism and w is a semipositive (p, p)-form on
CP. We can write w = p AL_, idz A dzj with i > 0 by assumption and then get f*w =
u| det(f)|* Aj_, idzi A dz. Therefore, f*w is semipositive as well. O

Proposition 3.4. Let wy, ..., w, be real, semipositive (1,1)-forms. Then, wy A ... A wy is semi-
positive.

Proof. This is a pointwise property. Let w = i} ;; wjdz; A dZy be a semipositive (1,1)-
form. Since Q) := (wjx)jx is hermitian, there exists a unitary matrix P and a diagonal
matrix D with non-negative coefficients such that PQOP* = D. Set dw; := } pkj dzy; it
yields another basis of (C")* and an easy computation shows that w = i}}; Ajdw; A dw;.
We can perform this operation for wy, ..., w, and we see that w; A ... A w; is a non-
negative combination of (7, 7)-forms of the form iy A &; A ... Aia, A &, In particular, it
is semipositive. O

From the equivalent definitions above, it is clear that we can also define the notion of
positive (1,1)-form (by replacing > 0/semipositive/psh by > 0/positive/strictly psh):

Definition 3.5 (Positive forms). One says that a real (1, 1)-form w is positive if if one of
the following equivalent conditions holds

e forany x € Xand any u € Tx, \ {0}, we have wy(u, i) > 0.

* given a system of holomorphic coordinates (zy,...,z,) where w = i}, widzi A
dz;, the hermitian matrix (w;),7 is definite positive .

Definition 3.6 (Kihler form, II). A K&hler form is a real, positive (1,1)-form w which is
closed, i.e. such that dw = 0.
3.2 DPositive currents

Definition 3.7 (Positive current). Let T be a smooth, real (p, p)-current. One says that T
is positive if for any open set U C X and any semipositive (n — p,n — p)-form w with
compact support on U, we have (T, w) > 0.

If T is closed, then it is locally dd“-exact and on a chart where T = dd“¢p, then T is
positive iff ¢ is psh (to be rigourous, one should say that ¢ coincides almost everywhere
with a psh function).
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Given a system of holomorphic coordinates (zy,...,z,), one can uniquely write any
(p,p)-current T as T = ir’ Y. Trjdz; A dZj, where I, ] run among the subsets of {1,...n}
with cardinality p. Here, Tj; is the distribution (or current of degree 0) defined up to a
signby Ty (f) = (T, fi" Pdzc; AdZej). Recall that a distribution which takes non-negative
values when evaluated against non-negative functions is automatically a positive mea-
sure, or equivalently, its extends as a continuous linear form on the space of compactly
supported continuous functions.

Lemma 3.8. If T = ir’ Y_Tpjdz; A dz; is a positive current on C", then the distributions Ty
are positive measures, and Tiy are complex measures. Moreover, one can check that the absolute
values | Tyy| of the measures Tyy are dominated by the mass of the measure Y Txx where K ranges
among all subsets contained in I U | and containing I N J.

Sketch of proof. In order to explain why, let us take a simple example T = i} 1 < x<o Tixdz; A

dzx. Then for any smooth, compactly supported positive function f > 0, we have Ty (f) =
(T, fidzo A dzz) > 0 hence Ty is a positive measure. Moreover, the identity

4dz1 Ndzp :(dzl + de) N (le +dzy) — (dZ] — dZQ) N (d21 — d22)+
+i(dzy + idzy) A (dzy —idzp) — i(dzq — idzp) A (dzq + idzp)

shows that T»; is a complex linear combination of (four) positive measures of the form
f — (T, fin A &) where a is a (1,0)-form satisfying iax A & < 1 (idz1 A dzy +idzo A dZp). In
particular, the absolute value of Ty; is less than 2(T, idzy A dzy + idzy A dzZy) = 2(|| T +
[ T22|])- u

If wen == 1Y}, dz A dZj is the standard euclidean form on C”, the trace measure of a
real, positive (p, p)-current T with respect to w is defined by T A wgn—p . This is a positive
measure, which coincides up to a (positive) coefficient with }°; T;; where I C {1,...,n}
ranges among all subsets with cardinality p.

Proposition 3.9 (Weak compactness for positive currents). Let X be a compact complex man-
ifold of dimension n, and let w be a positive (1,1)-form. For any C > 0, the set of positive
(p, p)-currents T such that [, T A w" P < C is weakly compact.

In particular, if X is Kihler and « € H?(X,IR) is fixed, then the set of closed, positive (1,1)-
currents T € w is weakly compact. More generally, if C C H?(X,R) is a compact subset, then
the set of closed, positive (1,1)-currents T € C is weakly compact.

Proof. The second assertion follows immediately from the first one since if w is Kdhler
and T € o, then [, TAw" ! = aU [w]" ! is independent of T.

Let us now prove the first assertion. It is enough to work locally on a given trivializing
chart U and use a diagonal extraction. Then one can find a constant A > 0 such that
w < Awgen, and we get that fu T A wgn_l < A"™1C. In particular, the positive measure
Tr; have mass bounded independently of T, and the absolute values of Tj; are bounded
as well by Lemma 3.8 above. Given the compactness of complex measures with absolute
values bounded by a constant (for the weak topology), the result follows.

As for the last point, if w is a Kédhler metric, then the formula [, TAw"™! = [T]U

[w]"~! obtained from Lemma 1.9 shows that the quantity only depends on C and not
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T. This shows one can extract convergent subsequences of any families of such currents
T, and one only has to check that the limit belong to C. But this follows from the fact
that the "cohomology map" T + [T] € H?(X,R) is continuous for the weak topology, cf
Proposition 1.10. O

Definition 3.10 (Current of integration, II). Let X be a complex manifold of dimension ,
and let Z C Xbe a closed k-dimensional complex submanifold. The current of integration
[Z] is the current of degree (n — k, n — k) defined by

([Z],) == /Z(x

where « € CX(X, .A];(’k) and the integral on the RHS is defined to be [, j*xif j: Z — Xis
the closed immersion. The current [Z] is closed and positive.

Definition 3.11 (Order relation). Given two currents real (p, p)-currents T, T, we say that
T > T'if T — T’ is a positive current.

Note that if w is a smooth semipositive (p, p)-form, then it induces a positive (p, p)-
current. Conversely, if a smooth real (p, p)-form is positive (seen as a current), then it is
semipositive (as a smooth form).

Definition 3.12 (Kdhler currents). One says that a real (1, 1)-current T is a Kdhler current
if there exists a positive form w such that T > w.
3.3 Quasi-plurisubharmonic functions

Definition 3.13 (Plurisubharmonic function). A plurisubharmonic function (psh for short)
on a connected open set () C C" is a function ¢ : ) — R U {—o0} such that

* (¢ is upper semi-continuous

e Foralla € O, ¢ € C" with |¢| = 1, and r > 0 such that B(a,r) C Q,
(a) < /1/2n (a+reF)do
qD ~ 27T 0 (P .

If f: Q' — Qis a holomorphic map between domains in the complex euclidean
space and ¢ is a psh function on Q), then f*¢ is a psh function on Q' (possibly = —o0). In
particular, the notion of psh function is well-defined on a complex manifold.

Definition 3.14 (Quasi-plurisubharmonic function). Let X be a complex manifold, let 6
be a smooth (1,1)-form and let ¢ : X — R U {—o0} be a function. One says that

e ¢ is quasi-plurisubharmonic (quasi-psh for short) if ¢ is locally the sum of a psh
function and a smooth function. In other words, for any x € X, there exist a neighbor-
hood U € x, a psh function i on U, a smooth function f on U such that ¢|; = ¢ + f.

e ¢ is 0-psh if ¢ is quasi-psh and 6 + dd°¢ > 0.

Let us recall the following important result coming from Hodge theory.
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Lemma 3.15 (90-lemma). Let X be a compact Kihler manifold, and let a be two real, closed
(1,1)-forms such that [x] = 0 € H?(X,R). Then, there exists f € C*(X,R) such that x = 99f.

The same result holds if a is merely a closed (1,1)-current such that [«] = 0 € H2,,(X,R),
but then the potential f has to belong to L'(X).

In particular, if X is a compact Kdhler manifold and T is a closed (1, 1)-current, then
one can write T = 6 + dd° ¢ for some (unique modulo constants) function ¢ € L!(X), and
some smooth closed (1,1)-form 6.

One says that T is quasi positive if there exists a (1,1)-form 7 such that T > 7. In
particular, if T is quasi-positive, then one can write T = 6 + dd°¢ for some quasi-psh
function ¢. This allow to pull back T as follows:

Proposition 3.16 (Pull-back of a quasi-positive current). Let f : X — Y be a surjective
holomorphic map between compact Kihler manifolds, and let T be a closed (1,1)-current on X
such that T > + for some smooth (1,1)-form y. Let « = [T] € H?*(X,R) be its de Rham
cohomology class. Then, there exists a (1,1) current f*T such that

o f*T coincides with the usual pull-back if T is a smooth (1, 1)-form.
o f*Tisclosed and [f*T] = f*a € H*(X,R).
o f*T > f*v;in particular, it is quasi-positive.

Proof. The construction is straightforward: write T = 6 4 dd°¢. Then ¢ is quasi-psh,
hence f* ¢ is quasi-psh as well and not identically —oo since f is surjective. We then set
f*T = f*0 + dd° f*¢ and it clearly satisfies the properties above. O

Proposition 3.17. Let f : X — Y be a surjective holomorphic map with connected fibers between
compact, complex manifolds. Let 6 be a (1,1)-form on'Y. Then, any f*6-psh function  descends,
i.e. there exists ¢ a 6-psh function on Y such that = f*¢.

If X, Y are Kihler, then any closed, positive (1,1)-current T € [f*0] can be written as T =
f*S for some closed current S € [6)].

Remark 3.18. By a theorem of Zariski, any bimeromorphic map between complex con-
nected manifolds has connected fibers.

Proof. Lety € Y beapoint, and let F := f~1(y). Itis a connected, compact complex space.
Moreover, | is (f*6)|p-psh, i.e. it is psh. By the maximum principle, | is constant.
Therefore there exists a unique function ¢ on X such that ¢ = f*¢. We need to show that
¢ is 6-psh. The problem is local on Y, and after substracting a local potential of 6, we are
reduced to showing that f*¢ psh implies ¢ psh.

Let Y° C Y be the regular locus of f (i.e. the locus of point y € Y such that f has
maximal rank at any point of f~!(y). The complement of Y° is an analytic subset of
dimension strictly less that dim Y. If y € Y° and x € f~!(y), there exists a chart U (resp.
V)ofy € Y (resp. x € X) such that f|y : V — Uis given by (z1,...,2,) — (21,...,2).
By assumption, our psh function ¢ = (zy,...,z,) satisfies P(z1,...,z,) = @(z1,...,2k)
for some function ¢. By restriction, ¢(z1,...,2,0,...,0) = ¢(z1,...,2) is also psh.

To finish the proof, recall that a psh function u defined on the complement Q) \ A of
an analytic subset A extends to a psh function u* on () if and only if it is locally bounded
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above. Moreover, the psh extension u* of u is unique, givenby u*(a) = limsup, ,, .o, u(x).
In our situation, we therefore need to show that for any yp € Y\ Y°, we have ¢(y) =
limsup, ¢(y). Since this is the case for f*¢ and f is proper, we immediately get the
equality. O

3.4 DPositive classes

Let (X, w) be a compact Kahler manifold, and let « € H!(X,R). Recall that a can be
represented either by d-closed smooth (1, 1)-forms of by d-closed (1,1)-currents.

Definition 3.19. We say that « is

a Kihler class if there exists a Kahler form 0 € a.

* a semipositive class if there exists a semipositive form 6 € a.

* anef class if for any € > 0, there exists 0; € a such that 6, > —ew.

* a big class if there exists a Kdhler current T € a.

* a pseudoeffective class (psef for short) if there exists a positive current T € «.

Definition 3.20. A line bundle L — X is said to be positive (resp. semipositive, nef,
big, pseudoeffective) if c¢;(L) is a Kéhler class (resp semipositive, nef class, big class,
pseudoeffective class).

By Lemma 2.9, we see that L is
e positive iff it admits a smooth hermitian metric & such that ®;,(L) is K&hler.

* semipositive iff it admits a smooth hermitian metric & such that ®,(L) > 0.

nef iff for any e > 0, it admits a smooth hermitian metric /i, such that @, (L) > —ew.

big iff it admits a singular hermitian metric / such that ®;,(L) is a Kéhler current.

pseudoeffective iff it admits a singular hermitian metric  with ®;(L) > 0.

Lemma 3.21. We have the implications
Kihler = big = psef, —and  Kihler = semipositive = nef = psef.

Remark 3.22. As we will see later, the reverse implications do not hold in general.

Proof. The only non-trivial implication is the last one, and is a consequence of the com-
pactness result given by Proposition 3.9. O

Definition 3.23 (Cones). Let C C H"!(X,R). We say that C is a cone if for all &, 8 € C,
one has

e Vt >0, ta €C.
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e a+peC.
In particular, C is convex, i.e. it is stable under convex linear combination.

The vector space H 11 (X, R) is finite-dimensional, hence all norms are equivalent and
we will fix one from now on. If C C HY!(X,R) is cone, then we say that C is a closed
(resp. open) cone if it is closed (resp. open) for the natural topology in H!(X,R). A
closed cone always contains 0.

We say that a cone C is a positive cone if Va € H'(X,R), &, —a € C = a = 0.

Definition 3.24 (Positivity cones). Let X be a compact Kdhler manifold. We define
e the Kiihler cone K to be the set of Kéhler classes.
* the nef cone to be the set of nef classes.
* the pseudoeffective cone £ to be the set of pseudoeffective classes.
* the big cone to be the set of big classes.
Proposition 3.25. The cones defined above have the following property:
1. The Kihler cone K is open.
2. The nef cone coincides with the closure K of the Kiihler cone; in particular, it is closed.

3. The pseudoeffective cone £ is closed.

4. The big cones coincides with the interior £ of the pseudoeffective cone; it particular, it is
open. Moreover, all the cones above are positive cones.

Proof. The first item is clear.

For the second one, let « be a nef class and let 6, as in the definition. Then, & =
lime_,0 (& + 2¢[w]) and the latter class is Kihler since it contains the Kéhler form 6, + 2ew.
In particular, the nef cone is contained in the closure of the Kéhler cone. Conversely,
if & = limay is a limit of Kahler classes a5 = [w;], then for any ¢ > 0, we have & >
as — €[w] for & < 4(¢), i.e. the difference contains a semipositive form ;. In particular
0, := Ys(e) + Ws(e) —Ew € aisa smooth form such that 6, > —ew, hence « is nef.

The closedness of the psef cone is a consequence of Proposition 3.9.

The openness of the big cone is clear. It remains to show that it contains the interior

of £. Tt € &, thena —¢[w] € € fore < 1. Let T > 0 be a positive current in the class
a — ¢[w]. Then the current T + ew is Kédhler and belongs to &, hence « is big.

As for the last property, since £ contains all the other cones, it is sufficient to treat
that case. Now, if &, —a € &, then we can find a current T > 0 (resp. S > 0) such that
T,—S € «. Therefore, we have a - [w]"~! = JxTA w" !t = — [ S Aw"! which is both
non-negative and non-positive, hence it is zero. Since T A w" ™" is the trace measure (it
coincides with }_; T;; in local coordinates, and dominates the absolute value of all other
components of T), we infer that T = 0 hence a« = 0. O]
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Lemma 3.26. Let ay,...,a, be Kihler (resp. nef) classes on X. Then the intersection product
K1 - ... &y is positive (resp. semipositive).
More generally, if ay, ..., a,_1 are nef and w,, is psef, then q - ... - ay

WV

0.

Proof. By continuity of the intersection product and since a nef class is a limit of Kahler
classes, one can assume that the «; are Kihler. But then, if w; € «; is Kdhler, one has

al-...-an:/wl/\---/\wn>0.
X

One way to see this is to use the fact that a wedge product of semipositive forms remains
semipositive (Proposition 3.4). Then one picks a Kahler form w scaled so that w; > w,
and the integrand becomes larger that w” which is clearly strictly positive.

As for the last statement, let T € a, be a positive current. Then T Awq A - - wy—1isa
positive current of degree (1, 1), hence it has non-negative mass. Lemma 1.9 concludes
the proof. O

Remark 3.27. The result is false if one replaces "nef" by "psef" or even "big", cf section 4.5.
Lemma 3.28. We have 0 € 0K and 0 € d€.

Proof. The fact that 0 lies in the closure of the Kahler cone (hence on the closure of the
big cone) follows from 0 = lim,_,o ¢[w] for any Kahler form w. However, 0 is neither a
Kéhler not a big class. Indeed, if « is a big class, it contains a Kéhler current T > w for
some Kihler form w, hence [a] - [w]" ' = [ TAw" ! > [y w" > 0by Lemma19. [

3.5 First examples

3.5.1 The projective space

Let IP" be the space of lines through the origin in C"*! and let L := Opx (1) be the dual
of the tautogical bundle Op:(—1) = {(x,v) € P" x C"*1;0 € x} C P" x C"*L. In other

words, if x = [z : ... : z,| € IP", then the fiber L, consists of all linear forms on the line
C(ZQ, .. .,Zn).

One can cover X by the charts U; = {[zo : ... : z,] € P";z; # 0} which are iso-
morphic to C" via the coordinates wy = %, e, Wiy, Wy = % Each linear projection

(Azo, ..., Az;) — Az; defines a section e; of L which is non-zero exactly on U;, and one has
e Zji
gij = é = ;: on UZJ
|2 .
If we set ¢; := —log % on U;, then ¢; — ¢; = log |g1-]-|2 on Ujj hence e~ % defines an
hermitian metric hps on L. Its curvature can be computed on Uy using the w-coordinate

as .
i -
Ons (L) u; = 509 1og(1 + [w]?).

One has Oy, (L) |y, = %W Yk ajxidz; A dzx where ag = (1+ ||w||*)0j — wyw;. The

hermitian matrix (aj;) has eigenvalues (1 + ||w||?) with multiplicity (7 — 1) and 1 with
multiplicity 1, hence it is definite positive. Hence

WESs ‘= @th (L)
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is a Kéhler form, called Fubini-Study metric, and Op» (1) is positive.

Alternatively, one can describe hgg more intrinsically as the dual metric of the restric-
tion to Opr(—1) C P" x C"*1 of the euclidean metric on C"*1. That is, if x € IP" and
RS Opn (1)x = x\/,

112, = sup{l¢(0) |0 € x, [[o]2 = 1}.
2
Ifx =[z0:...: 2] € U, we recover [lei(x)|2 = sup{|Az;[?| Ty |Az[> = 1} = ﬁ

Since H?(IP",Z) ~ Z is generated by c;(Op:(1)), we have that every class a €

HY'(X,R) is either zero, Kahler, or anti-Kéhler.

Remark 3.29. Let A be a definite positive hermitian matrix of size n 41, and let h4 be
the dual of the hermitian metric on Ops(—1) C P" x C**! induced by restriction (e.g.
hi,,, = hps). The square root of A induces an isomorphism f € Aut(IP", Op:(—1)) such
that f*hps = hs. In particular, ©;, (Opn (1)) = f*wrs is definite positive.

3.5.2 Projective manifolds

Subvarieties.

Let X C IP" be a smooth complex submanifold of the projective space. The hermitian line
bundle (L, 1) := (Op:(1)|x, hrs|x) defines a hermitian line bundle on X whose Chern
curvature form is @y, (Opr(1))|x = wrs|x so it is still a Kahler form and L is positive.
In general though, the space H?(X, Z) might be much larger than the one for P", cf Re-
mark 2.12.

Products.

Let X = P! x P! and let p : X — P! be the projection to the first factor. Let (L, k) :=
(p*Op1(1), hps|x). Clearly, the curvature of (L, h) is p*wpg hence it is a semipositive
smooth form. In particular, L is nef.

However, L is not positive. Indeed, let & = ¢1(L) € H"(X,R). If L were positive, a
would contain a Kihler metric w and one would have a? = f X w? > 0, but actually, one
has a? = [y (p*wrs)? = [y p*(wfg) = 0since dim P! = 1.

We claim that more generally, L is not big. Argue by contradiction and assume that
« contains a Kdhler current T = 6 4 dd°¢p where 6 € « is smooth. Since ¢ # —oo, there
exists z € P! such that Plp1(z) £ —00. Set X; 1= ~1(z). In particular, it makes sense to
restrict T|X, = 0|x_ + dd“¢|x, which is a Kahler current living in the cohomology class
of L|x,. Now L|x, = (p*Op1(1))|x. = p|%.Op: (1)|z which is trivial, in contradiction with
the fact that ¢ (L|x,) is big.

Note that one could also have relied on Proposition 3.17 which would have yielded
a current S on P! such that p*S > w for some Kihler form w on X. If wgs is the Fubini-
Study metric on P!, we have S A wgg = 0 for degree reasons, hence 0 = p*S A p*wps >
w A p*wrs. But the integral of the RHS is strictly positive (the RHS is the trace measure
of the non-zero form semipositive form p*wgs), hence the contradiction.

3.5.3 Effective line bundles

Let X be a compact complex manifold and let L — X be a line bundle. We pick an
arbitrary hermitian metric /1 on L, with curvature form ©j,(L). In this section, we assume
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that L admits a non-zero section s, with zero divisor D. Recall from Lemma 2.23 that L is
isomorphic to Ox(D).

Let x € X\ Supp(D), and let e € L,. The fraction e/s is a well-defined complex
number, and we define a metric by setting [|e[|? := |¢ ‘2. Alternatively, one can artificially
el
sl
Ox(D)), which is smooth away from Supp(D).

Let us state a few easy properties satisfied by hip. First, one has [[s||; = 1. Next, recall
that the section s of Ox (D) corresponds in the charts U, to the holomorphic function f,
defining D. A trivialization e, of that line bundle over U, corresponds to the function 1,
hence s = fye, on Uy, and ||e, H%D = \ﬁ%lz In particular, the local weights are ¢, = log | f|?.

use h and set ||e||? :

This defines a singular metric ip on L (or equivalently on

Thanks to Lelong-Poincaré formula, we get
(311) O, (L) = [DI.

In particular, (L, hp) is a singular hermitian line bundle with positive curvature, and L is
pseudoeffective:

Corollary 3.30. Let X be a compact Kihler manifold and let D = Y a;D; be an effective divisor
(i.e. (a; = 0) for all i). Then ¢1(D) is a pseudoeffective class.

Another way to rephrase (3.11) involving the background smooth metric /2 on L is to
write on U, the identity [|s]|? = |fu|?lex |7 = | fa 2e=% where ¢l" is the local weight of 1 in
U, under the chosen trivialization. Taking the log and differentiating, we get

(312) dd°log ||s|| = [D] — ©x(L).
In passing, we get the following corollary

Corollary 3.31. Let X be a compact Kihler manifold, let H be a smooth hypersurface, and let
a1, ...,0,1 € HY(X,R). Then, we have

0(1'...'06,1_1'C1(H) :“1|H"--'lxn—l|H'

When no confusion is possible, we will not distinguish between H and ¢; (H), and we
will write ay - ... ay—1- Hforag - ... a,-1-c1(H).

Proof. Let 6; € a; be a smooth representative. By (3.12), the current of integration along
the hypersurface H, [H|, belong to the cohomology class c;(H). In particular, it follows
from Lemma 1.9 that
Cl(H)%Xl‘...-(Xn_l = /X[H]/\Gl/\.../\(?n_l
— / Oultr A AB1|n
H

:lX]|H'...-Dén,1|H.
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One can make a similar construction given several sections s, ...,sy of L by setting
lle]|? := m, which is again independent of 1. Let us denote this new metric by
hp. Inlocal charts U, trivializing L where s; correspond to a holomorphic function f, ;,
the weight ¢, of hip is log (Zf\il | fui |2) - In particular, the weights are pshand ©;_(L)isa

positive current. Moreover, provided that the common zero locus (s; = -+ =sy =0) =
@ is empty, then ©;, (L) is a smooth semipositive form.

4 Blow-ups

4.1 Normal bundle

Let X be a complex manifold and let Y C X be a smooth submanifold of codimension
r>1

Definition 4.1 (Normal bundle). The normal bundle Ny|x of Y C X is defined as the
cokernel of the map Ty — Txly, i.e.

0 — Ty — Tx|y — Nyjx — 0.
The normal bundle Ny, is a vector bundle on Y with rank r = codimy X.
When no confusion is possible, we sometimes write Ny instead of Ny x.
Proposition 4.2. Let Y C X be a smooth hypersurface. Then Nyx ~ Oy (Y) := Ox(Y)ly.

Proof. Cover X with charts U, where YN U, = (fx = 0). On Uygp, there exists a non-
vanishing function h such that f, = hfg (h is nothing but the transition function of Ox(Y)
relative to (Uy)). We thus have df, = hdfg + fgdh, hence df, = hdfg on Y N Uyg.

By dualizing the exact sequence defining the normal bundle, we get
0 — Ny — Qx|y — Oy — 0.

The kernel Ny is of rank one, locally generated on Y N U, by the differential e, := df,|y.

This means that the cocycle (g5 = e—’g)aﬁ associated to Ny is nothing but %h{ = %h/ =

[

h~1, the cocyle associated to Ox (—Y)|y. This proves the formula. O

4.2 Projectivized bundles

Definition 4.3 (Projectivized bundle). Let X be a complex manifold, and let E — X be
a holomorphic vector bundle of rank » > 2. There exists a locally trivial fiber bundle
P(E) — X such that P(E), = IP(E,) ~ IP""! is the space of complex lines of E.

Example 4.4 (Projectivized normal bundle). Let Y C X be a smooth submanifold of codi-
mension r > 2. The projectivized normal bundle, ]P(Ny‘ x), is the bundle of normal

directions. It fibers over Y with fibers isomorphic to P’ 1.
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Definition 4.5 (Tautological bundle). Let E — X be a holomorphic vector bundle of rank
r > 2, inducing 7 : P(E) — Y. The tautological line bundle Op)(—1) — P(E) is
defined by Opg)(—1) := {((x, [v]),w) € P(E) x Ey|w € Cv} C m*E = P(E) xx E.

In particular, we have for every x € X anisomorphism Op g (—1)|p(g,) = Op(g,)(—1)
O]pr—l (—1)

4.3 Blow-up of a smooth submanifold

If 0 < m < n are integer, one can define the blow-up of C" C C" as
Blen (C") := {([xms1: ... 1 x4),2) € P x C" | ziXj = zjx; Vi, j}.

One can interpret this definition a bit more intrinsically by realizing P" "1 as P(C" ™)
the projectivization of the normal bundle of C" in C" and writing

Blen (C") = {(£,z) € P(C™ ™) x C" | z € (C™, 1)}

The second projection 77 : Blew (C") — C" is easily seen to be isomorphic away from C™,
while 771(z) = P(C" ") x {z} if z € C™. In particular, 7~ }(C") = P(C" ") x C" is a
smooth submanifold of codimension one, that is a smooth hypersurface.

The construction above can be glued in order to define the blow-up of a smooth sub-
manifold Y C X of a complex manifold X.

Theorem 4.6. Let Y C X be a smooth submanifold of a complex manifold X. There exists
a complex manifold denoted by Bly X, endowed with a proper, surjective holomorphic map 7t :
BlyX — X, that is isomorphic away from Y and such that E := 7= (Y) is a smooth hypersurface
and the restriction 7t : E — Y is a holomorphic fiber bundle isomorphic to the projectivized normal
bundle P(Ny|x) — Y.

Proof. We divide the proof into several step. The starting point is to define X := Bly X set
theoretically as the disjoint union of X \ Y and the total space of P(Ny), and 7 : X — X
is defined as the identity map on X \ Y and the projection map on P(Ny).

Step 0. An auxiliary construction.
Let U C X be an open set and let f,¢ € Ox(U) be holomorphic functions vanishing on
Y NU. We define U, C 7'(U) C X by

Ug:={z € U\Y;g(z) #0}U{(z[¢]) € m (YN U);dg:({) # 0} .
=:Ug =:Uy

Note that since dg vanishes on Ty, the set Uy is well-defined. Moreover, the function

Uy > (z,[¢]) — Z(J; - % is also well-defined. Therefore we have defined a function
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extending é on Ué to Us.
Step 1. The coordinate charts on =1 (U).

Let us fix a coordinate chart U C X isomorphic to the unit polydisk such that Y N U =

(Zm41 = ... = zp = 0). Over Y N U, the normal bundle Ny is trivial and a frame is given

by the class of (ﬁm, ey %) modulo Ty, yielding (coordinate) functions 11, ..., ¢, on

the total space of Ny|yny. Foreachj=m+1,...,n, we set Uy = LIZ], as in the step above.

That is,

U] = LI]’UU]” = {Z S U\Y, Zj # 0} U {(Z, [6]) S ]P(Ny)‘ygu ; 6] # 0}
Note that 771 (U) = U4 U--- UU,. Forx € Uj, we set

zk(x) if1<k<m
wi(x) =< zj(x) if k=j .
i—f(x) ifk>m+1,k#]j
This defines a map 7; = (wy,...,wy,) : U; — C". More precisely, we have forz € U\ Y,
resp. (z,[¢]) € P(Ny)|ynu:

Zm+1 Zj—1 Zj+1 Zn
Ti(z) = | 21, Zm) e, /Zj, e, — |,
Zj Zj Zj Zj

‘ _ Cm+1 Gi—1  Gjt+1 Cn)
T](z,[(j])_(zl,...,zm, 3 e, 3 ,0, 3 ,...,gj .

We infer the following:
e The map 1; is bijective and 7;(U;) is open. Indeed, the range of 7 is

T(U;) = {x € C"% |xj| <1, |xjxi| < 1,Vk > m+1},

and its inverse is given by x — (x1,..., X, X 41X, -+ - Xj-1Xj, Xj, Xj 11X, - -+, xnx]-) if x; # 0,
and x > (X1, .., Xm), [Xmy1 20X 0 12 xjpq ... 0 X)) otherwise.
e We have ENU; = (w; = 0), so that E is a smooth hypersurface of X.
1

e The map 7 is holomorphic for the given charts. Indeed, 77; := 7,

; orisgiven by

(W, .., Wy) = (W1, -+ ) Wiy Wi 1), + -+, Wj_1 W], W, Wi 1 W), . . ., WyTW;)

which is indeed holomorphic.
e The transition functions 7; o T].Tl : Ty (Uy N U;) — 1;(Uy N Uj) are holomorphic. This is
a straightforward computation.

Step 2. Compatibility of the charts.
We are left to checking that the construction above for two open set U, U’ with non-empty
intersection are compatible. The second set of coordinates (27, ..., z),) on X induces new
charts (LIZ;,T]-’ = (w),...,wy)) for j =m+1,...,n. We need to prove that for any j, ¢ =
m+1,...,n, the function w), is a holomorphic function of (wy, ..., w;,) on un llzr/.
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Given the definition of wj, it is enough to show that for any holomorphic functions

f,g on U vanishing on Y N U, the function g : Uy — C is a holomorphic function of

w when restricted to U; N Ug. Now, since f vanishes on Y N U, one can write f(z) =
Y k—ms1zkFr(z) for some holomorphic functions Fi on U. In particular, we get on U]f

4 z
MOk ¥ 2R
] m+1<k<n ~J
k2

=F(mj(w)+ Y, wik(mj(w))

m+1<k<n

kZj

~

which admits a holomorphic extension Zi] : U; — C. Now, if x = (z,[¢]) € ENU; and
y = mt(x) € Y, we have

i<x> — dfz(g) _ i ékF (]/) _ i(x)

zj S kw1 6 zj
Therefore, f is a holomorphic function in w, non-vanishing on u;n Uf In particular,
~\ -1
f_f <g>
8 Z \%
is holomorphic on U; N U. O

Proposition 4.7. Let E be the exceptional divisor of the blow-up BlyX — X. Then the normal
bundle of E = IP(Ny) is isomorphic to Op(—1).

Proof. Set X := BlyX. The differential of the map 7t induces a morphism dr : Ty — " Tx.
Since 71(E) C Y, we have dnt(Tg) C 7*Ty and drt induces a map dr : Ng — 7 Ny. On
U;, NE is generated by %j while 7t* Ny is generated by ﬁiﬂ, ceey az . Moreover, at a point

¥=(z,[¢] = [Zéka%]) € U;NE, we have

(drm)z J =w I +.. tw; L—Fi%—w- L%— + wy—
- Tl’l+1a e ]—1 a ]_1 az ]+1 aZ e n

ow; Zm+1 i j+1 0z
Sm+1 O CJ 0 o Ciy1 0 Eu 0
= +. T
éj azm+1 §] dzj 1 0z §j 9zjin1 Gj 9zn
‘fk :
(:]] ;—1 9z

Now recall that 7r|g : E — Y is isomorphic to P(Ny) — Y and that by definition of
Op(—1) C Ny, (dm)s (aiw]) belongs to Op(—1)¢. This shows that dmr : Np — 7*Ny is

an isomorphism onto Og(—1). O
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Proposition 4.8. Let X be a compact manifold and let 71 : X — X be the blow-up of a smooth
submanifold Y C X of codimension r > 2, and let E be the exceptional divisor. Given any positive
line bundle L — X, the line bundle 7v* (L®*) ® O (—E) is positive for k > 1.

Proof. Let hx be an arbitrary hermitian metric on T; it induces by restriction to Y and
quotient a metric on Ny and then also a metric 1 on Op(y,)(1). For any y € Y, let
E, := P(Ny,) = 7 !(y). The hermitian line bundle (Op(y,)(1),%)|E, is isometric to
(Opr-1(1), hgs) (cf Remark 3.29) hence its Chern curvature form is definite positive.
From Proposition 4.2, O¢(—E)|g ~ N E‘ % = Og(1), hence we can extend h arbitrarily
to a metric kg on O¢(—E) whose Chern form O := @, (Og(—E)) is positive along E (i.e.
in restriction to E, in the directions of E).

Let iy be a hermitian metric on L with positive Chern form, and let F := 7" (L%F) ®
O (—E) be endowed with the metric i := n*h?k ® hg. We have for any t € Tg

O (F)(t, F) = kO, (dr(t), dre(t)) + Op (1, F).

It is enough to check that the above quantity is positive when t € Uy is unitary. We know
that O (t,t) > 0if t € Tr D ker(dr), hence by continuity of @ and compactness of the
unitary tangent bundle, there exist ¢,6 > 0 such that ®¢(t,f) > J if ||d7r(t)||, < € (and
t is unitary). Finally, the set K := {t € Uy;||dm(t)||s, > €} is a compact subset of Uy
that does not meet Tg|. Since d7r is isomorphic on that set, there exists 7 > 0 such that

Oy, (dre(t),dm(t)) > 1 for any t € K. Then, one takes k > %supK |®OF|. O

Corollary 4.9. Let X be a compact manifold and let 7t : X — X be a composition of blow-up with
smooth centers and let E = YN | E; be the exceptional divisor. Given any positive line bundle L —
X, there exist positive numbers ay, . . ., an such that the line bundle 7* (L®k) ® (9;((— Y. a;E;) is
positive for k > 1.

Proof. In order to simplify the notations, we treat the case of two successive blow-ups
X=X 2 X 5 Xy = X.

Let F; (resp. F,) be the exceptional divisor of 711 (resp. 72). The exceptional divisor
E = E; + E; of 7t has too components: E; is the strict transform of F; by 7o while E; = F,.
Note that 77;F; = Eq + DE; where b > 0 is positive if and only if F; intersects the center of
7.

By Proposition 4.8, T; LM ® Ox, (—F,) is positive for some large k; > 0. By the same
token, 75 (71} LM @ Ox, (—F))®* ® Ox, (—E,) is positive for some large k» > 0. But that
bundle is nothing but 77* (L*17%2) @ O (—koEq — (1 + bkz)Ey).

Finally, for k > ki + kp, one sets k' := k — (k1 + k2) > 0 and a; := kp,ap := 1+ bk;.
Then, the decomposition

(L) @ Og(= Y aik) = 7 (L) @ (2*(L972) @ Og (- L aiE) ),

yields the result since the sum of a semipositive form and a positive form is positive. [
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4.4 Behavior of positivity notions under blow-ups

In this paragraph, we will state a few basic properties of bimeromorphic maps. We say
that a proper map f : X — Y between complex manifolds is bimeromorphic if there exists
a closed analytic proper subset Z C Y such that f : X\ f~1(Z) — Y'\ Z is isomorphic. In
particular, X and Y have the same dimension.

The locus E := {x € X; rk(dfy) < n} is either empty or it is an hypersurface in X
(i.e. it has codimension one) since it coincides with the zero locus of the holomorphic
jacobian J(f) = det(g—Z) in local coordinates (although one could define such a jacobian
intrinsically as section of Kx ® f*K,, linduced by df : Tx — f*Ty).

We will admit a consequence of Zariski’s main theorem saying that E = f~!(f(E))
and that each fiber of E — f(E) is connected and positive dimensional. In particular,

dim(f(E)) <n—2.

Proposition 4.10. Let f : X — Y be a surjective, bimeromorphic map between compact Kihler
manifolds of dimension n. Let a, a1, ..., &, € H"'(Y,R). We have

1. ffaq ..o ffay =a1- ... .

2. If w is nef (resp. psef), then so is f*a.

3. The class f*w is Kihler if and only if « is Kiihler and f is an isomorphism.

4. If w is big and f is a composition of blow-ups with smooth centers, then f*w is big.

Proof. The first item is easy: choose smooth representatives 0; € a;. Since f~!(Z) has
measure zero, the change of variables formula implies

f*oq-...-f*ocn:/f*f)l/\.../\f*en
X

— *9 VANPAN *en
! f

— [ en. . .no,
Y\Z

:/91/\.../\9n
Y

=K1 ... Uy

For 2, we fix a positive definite form wx on X (resp. wy on Y). Up to rescaling wy, one
can assume that f*wy < wx. Now, if « is nef, there exists for each ¢ > 0 a representative
0 € w« satisfies 0; > —ewy, then f*a > "0, > —ef*wy > —ewx and f*w is nef. If «
is psef, it contains a positive current T, hence f*a contains the positive current f*T, cf
Proposition 3.17.

As for 3, assume that f is not isomorphic. In particular, the exceptional divisor
E is non-empty and f(E) has dimension at most n — 2. In particular, (f*a"!)|p =
f*(a”*1)|f(E) is zero. Now, by Corollary 3.31, we have f*a"~!.¢;(E) = (f*a"1)|g = 0.
However, if f*a were to contain a Kéhler form 6 > 0, one would have f*a"~!.¢((E) =
Jp6l > 0.
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Finally, let us prove 4. It is sufficient to prove the claim for « Kidhler. By an imme-
diate generalization of Corollary 4.9 to case of (1,1) classes, we see that f*a« — Y a;cq (E;)
contains a Kahler form 6 for some numbers a; > 0. In particular, 6 + }_a;[E;] is a positive
Kéhler current in f*«. O

4.5 The example of BlyP?.

In this paragraph, we work on the fixed manifold X = BlyIP?, the blow-up of the pro-
jective plane at one point. The choice of the point is irrelevant (since PGL(3,C) acts
transitively on IP?). Let f : X — IP? be the blow-down map.

We set & = ¢1(Op2(1)), this is a Kédhler class containing the Fubini-Study Kidhler met-
ric wrs. Let E be the exceptional divisor.

Lemma 4.11. We have the following:
1. The class f*w is nef and big, but not Kihler.
2. Forany b > 0, the class f*« 4 DE is big but not nef.

Proof. The first item follows from Proposition 4.10. We move on to proving the second as-
sertion now. As a manifold E ~ IP!, and its normal bundle N Ejx = Ox(E)|g =~ Opi1(—1).
By Proposition 3.31, we get

(4.13) E-E= /Ec1(E)\E
= [a©x(®))
= [, a(Op(-1)
= ]Pl(_wFS) = -1

Since f*u is big, so is f*a + DE for any b > 0. Since E is mapped to a point, we have
f*alg = f*(a|g) = 0 hence

(4.14) Fra-E= /Ef*ay,; — 0.

In particular, we get
(ffa+DbE)-E=—bE-E=—b

and f*a 4 bE is never nef when b > 0, cf Lemma 3.26. We could also have used the
computation, using Proposition 4.10 and the identities (4.13)-(4.14) above:

(f*a +bE)? = f*a® +2bf*a - E + b*E?
= b =1-1

which is negative as soon as b > 1. O
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5 The big cone

5.1 Currents with analytic singularities
Let X be a complex manifold.

Definition 5.1. A closed, quasi-positive (1,1)-current T on X is said to have analytic
singularities along a subvariety V = V(Z) if locally, when Z = (fj, ..., fr) one can write

T = (smooth form) + add® log (Z |fk|2>
k=1

for some a > 0.
We denote by Z = Z(T) the singular locus of T, i.e. (the support of) V.

Example 5.2. A current of integration along a smooth hypersurface E C X has analytic
singularities by Lelong-Poincaré formula dd‘log |f|> = [f = 0]. However, as soon as
the subvariety V has codimension greater than or equal to 2, a current with analytic
singularities along V' is not supported on V anymore.

Example 5.3 (Global examples). On IP", it is easy to construct such currents. Indeed,
let Z = (fi,..., fr) be an homogeneous ideal of degree d. We can see f; as a section of
L := Opx(d), and then define T := wgs + add® log (21*:1 | fi |%Fs> . This is a positive current
if and only if ad < 1.

The construction generalizes to projective manifolds in order to construct positive cur-
rents with analytic singularities (in positive rational classes).

Example 5.4. Let X be a compact manifold and let Z C X be a Zariski closed subset. We
can cover X by chart U, where ZNU, = (f{ = ... = f§ = 0) (one can pick the same
N for all charts up to adding redundancy). Let ), be a partition of unity subordinate to

(Uy). Then one check easily that ¢ := log <Za Xe T | |2) is a quasi-psh function such
that { = —o0} = Z.
Theorem 5.5 (Demailly’s regularization theorem). Let X be a compact complex manifold, let
T = 6+ dd°¢ be a closed almost positive (1,1)-current, i.e. 6 is a closed smooth (1,1)-form
and ¢ is quasi-psh. Let vy be a smooth (1,1)-form such that T > <y. Let w be a fixed positive
(1,1)-form.

There exists a decreasing sequence of quasi-psh functions (¢y) such that

1. Ty := 0 + dd° @y has analytic singularities
2. ¢x | @ ask — +oo. In particular, T — T weakly.
3. Ty = v — exw for some sequence € |. 0.

The proof is quite involved, but it is easier to explain what happens locally. If ¢
is a psh function on a open set U C C", then one can consider for any integer m >
1 the Hilbert space Hyyy = {f € O(U)NL*(U,e ™)} = {f € OWU); [, |f[Pe™ <
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+00}. Choose a Hilbert basis (fk(m)) of Hyp and set ¢, := L log (2,';"1’ \fk(m) ]2> One can
check that ¢, is well-defined, psh with analytic singularities, and almost decreasing. The
difficult task is then to show that ¢,, converges to ¢ as m — +oo.

Corollary 5.6. Let X be a compact Kihler manifold, and let « € H'(X,R) be a big class. There
exists a Kihler current T € a with analytic singularities.

Proof. Let T = 6 4 dd°¢p be a Kdhler current in «; that is, T > w for some Kéhler form w.
The currents Ty produced by Demailly’s regularization satisfy Ty > (1 — & )w hence they
are Kahler for k > 1. d

Definition 5.7. Let X be a compact Kdhler manifold, and leta € H 11 (X, R) be a big class.
Let S be the set of Kéhler currents in « with analytic singularities. The non-Kahler locus

Enx(«) is defined as
Enx(®) = [ Z(T).
TeS

Proposition 5.8 (Boucksom). The non-Kihler locus Enk («) of a big class is an analytic subva-
riety of X, and there exists Ty € S such that Enx(«) = Z(Ty). Moreover, Enx(x) = @ if and
only if w is Kiihler.

Proof. Let T; = 0 +ddp; € S fori = 1,2. Defined ¢3 = max(¢1, ¢2). Then Tz :=
0 + dd°@s is again a Kahler current and (93 = —oo) C Z(T1) N Z(T2). By Demailly
regularization, one can find a Kahler current T = 6 + dd“p with analytic singularities
such that ¢ > ¢@3. In particular, Z(T) C (@3 = —o0) C Z(Ty) N Z(T).

Now, if the claim fails, given an initial T; € S, we have E C Z(T;). Therefore,
there exists T| € S such that Z(T;) C Z(Tj). By the above, we can find T, such that
Z(T,) C Z(T1) N Z(T{) € Z(Ti). Iterating the construction, we find a decreasing se-
quence of analytic subsets, which has to be stationary by the Noetherian property. The
"limit" current T satisfies Enx () = Z(Tp).

Finally, if Enx («) = @, then there exists a Kdhler current T with analytic singularities
such that Z(Ty) = @; that is, Ty is a K&hler form. O

Theorem 5.9 (Hironaka’s theorem). Let X be a complex manifold and let T C Ox be a coherent
ideal sheaf. There exists a sequence of blow-ups with smooth centers 7w : X — X such that
n 1T = Ox(—D) for some divisor D in X.

Recall that if Z = (fy,..., f;) locally, then 77717 is defined by (fi o 7, ..., f, o 7). We
call 7 : X — X a resolution of singularities of (X, Z).

Let T be a current with analytic singularities along V(Z) and if 7 : X — X is a
resolution of singularities of (X,Z). Let x € D, and let U be a neighborhood of x in
X such that DNU = (§ = 0). We can find functions g1,...,g, € Ox(U) such that
o fi = ggi with (1,...,8,) = Og,ie. (g1 =... = g = 0) = @. On U, we thus find

7*T|y = (smooth form) + add® log |g|*

hence we get globally on X

T = B+ «a[D],
where f is a smooth, closed (1,1)-form on X. Moreover, we have T > 0 if and only if
g = 0.
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5.2 Currents with minimal singularities

Let X be a compact Kihler manifold, and let 6 be a smooth, closed (1,1)-form. We set
a:= [0] € HY(X,R) and define

Vo :=sup{y < 0;¢ € PSH(X,0)}.

Lemma 5.10. The function Vy is not identically —oo if and only if « is pseudoeffective. In that
case, Vy € PSH(X, 0).

Proof. The set in the supremum is non-empty if and only if « admits a positive current,
hence the claim. As for the second fact, we can assume that Vjy is obtained as an increasing
limit of a sequence of 8-psh functions. It is then quasi-psh if and only if it is usc. But if
Vp is not usc, its upper continuous regularization Vj satisfies Vg < Vi < 0 and V' €
PSH(X, 6), hence V; < Vp and we get equality. d

If ¢ € PSH(X,0), then ¢ — supy ¢ < Vp, hence ¢ < Vy + supy ¢ is "more singular”
than Vj.

Definition 5.11. A function ¢ € PSH(X, 0) is said to have minimal singularities if ¢ >
Vo 4+ O(1). In that case, ¢ = Vy + O(1). A positive current T = 6 + dd“¢p € « has minimal
singularities if ¢ has minimal singularities.

Definition 5.12. Given two closed positive currents T = 0 + dd°¢p, T' = 6 + dd°¢’, we
say that T is less singular than T" if ¢’ < ¢ + O(1). In particular, a positive current
with minimal singularities is less singular than any other positive current in the the same
cohomology class.

Example 5.13. Let f : X — P2 be the blow-up of IP? at one point, let E be the exceptional
divisor, let s be the canonical section of Ox(E) and let i be a hermitian metric on Ox(E)
with curvature form 6, normalized so that supy log|s|? = 0. Then V, = log [s|?.

Example 5.14. Let f : X — IP? be the blow-up of IP? at one point, let E be the excep-
tional divisor and let « = f*[wgs|. For any b > 0, the current f*w + b[E] has minimal
singularities. Indeed, let 6 be the curvature of a hermitian metric 7 on Ox(E) and let
T = f*w + b + dd°¢ be a positive current. Then ¢ — blog [s|? is f*wps-psh on X \ E =~
P2\ {pt}, hence it is bounded above near the point. In particular, ¢ < blog|s|? + O(1) on
X'\ E, hence on X globally since quasi-psh function are determined by their data almost
everywhere.

Example 5.15. Let a,a’ be big classes and let T, T' be positive currents with minimal
singularities in « (resp. a’). Then T 4+ T’ needs not have minimal singularities. An easy
example is with X = BlgP?, a = f*[wps] — ¢E, a’ = ¢E. For small ¢ > 0, T will have
bounded potentials while T’ will be singular along [E|; hence so will T + T’ although
« + o' is semipositive.

Remark 5.16. The type of singularity of Vp (i.e. theset {Vp+ f, f € L*(X)}) only depends
on [0]. If [0] is semipositive, then Vj is bounded. It may not be the case if [f] is only
assumed to be nef.
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The following proposition summarizes a few properties of currents with minimal sin-
gularities.

Proposition 5.17. Let X be a compact Kihler manifold, let a be a psef class and let 0 € « a
smooth representative.

1. If w is big, then Vy is locally bounded on the Zariski open set X \ Enx («).
2. If a contains a Kihler current with minimal singularities, then w is Kihler.
3. If f : Y — Xis a proper surjective bimeromorphic map, then Ve.g = f*V,.

Proof. The first point is obvious since any current T with analytic singularities along
Enx («) has locally bounded potentials away from that set.

The second item is due to Boucksom and goes as follows. Let T = 6 + dd¢ be such
a current. For € small enough, 6 + dd°(1 —¢)¢p = (1 —¢)T + €0 is still a Kéhler current
hence it is positive and (1 — €)¢ > ¢ + O(1). This implies that ¢ is bounded. Another
regularization theorem of Demailly then ensures that one can regularize ¢ into a smooth
strictly 6-psh function.

As for the last point, we have seen in Proposition 3.17 that f induces an isomorphism
f*: PSH(X,0) — PSH(Y, f*6). The conclusion follows. O

5.3 Non-pluripolar Monge-Ampere product

Recall that Bedford and Taylor defined a Monge-Ampere operator for bounded psh func-
tions u by iterating (ddu)? = dd®(u(dd‘u)),...,(ddu)" = dd°(u(dd‘u)"!). The result-
ing current (dd“u)" is a positive measure which satisfies the following crucial property:
if uy | u is a sequence of psh functions decreasing to u, then (dduy)" — (dd°u)" weakly.
Moreover, (dd“u)" puts no mass on pluripolar sets (in particular, on proper analytic sets).

Back to the global setting, let 6 be a closed (1,1)-form. If ¢ € PSH(X,6) N L*(X), one
can define the Monge-Ampere measure (6 + dd°p)" using Bedford-Taylor theory. More
precisely, one can defined (6 + dd“¢p)" inductively by setting

(04 dd°p)F =0 A (6 +dd°) 1 4 dd° (p(6 + dd°g)F ).

By Stokes theorem, it is easy to see that

/9+dd" /9"

For instance, if n = 2, one has (8 + dd°@)? = 6 + 20 A dd°¢ + dd°(pdd° ). The last two
summands are d-exact (2,2)-currents, hence their integral is zero.

Let us consider a more general situation where ¢ € PSH(X, ) is such that ¢ € L{>.(U)

for some Zariski-open subset U C X. We set Z := X \ U. A typical case is when ¢ has
analytic singularities, or when ¢ has minimal singularities and [0] is big.
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Proposition 5.18. There exists C = C([0]) such that for any ¢ € PSH(X,0)N € L2 (U), one
has

/ (6 + dd°g)" < C.
u

In particular, the integral is finite.

Proof. Let w be a Kidhler form on X. There exists C > 0 such that « + C[w] is Kéhler.
Since 0 + dd°p < 6 + Cw + dd°g, one can assume that « is Kdhler. In order to simplify
the notation, one will assume that 8 itself is Kdhler, although we don’t actually need it.

For k > 0, set ¢ := max(¢, —k). This is a decreasing sequence of 6-psh functions. In
particular, we have for any relatively compact set V € U:

/ (0 +dd°g)" < liminf/ (0 + ddgp)" < liminf/ (0 + dd°gp)" = / o,
14 14 X X
Since V' C U is arbitrary large, we get the result. O

Definition 5.19. The (non-pluripolar) Monge-Ampeére measure ((6 + dd“p)") of a func-
tion ¢ € PSH(X, #) which is locally bounded on some Zariski-open subset U C X is the
trivial extension of the positive measure (6 4+ dd°¢)" on U. It has finite mass by Proposi-
tion 5.18.

Remark 5.20. The construction shows that more generally, given Ty, ..., T, closed posi-
tive (1,1)-currents on X which are locally bounded on some Zariski-open subset U C X,
then the trivial extension of Ty A ... A T, yields a positive (p, p)-current (Ty A ... A Tp)
with finite mass on X. Moreover, it is a closed current by Skoda-El Mir theorem. In
particular, it induces a cohomology class [(T; A ... A Tp)] € HPP(X,R).

Example 5.21. Let E be an hypersurface on X, and let 0 be the curvature of some hermi-
tian metric h on Ox (E). The canonical section s of E induces a 6-psh function ¢ = log |s|2
such that 6 + dd°¢p = [E]. The function ¢ is smooth outside E, and its Monge-Ampere
vanishes there. Hence ((0 + dd“¢)") = 0.

We can construct slightly more involved examples where mass is only partially lost.
For instance, let E = (Y/',z? = 0) C IP" be a smooth quadric, and let s = ¥_z? seen as
section of Opn(2). Define ¢ = 1 log|s i% ; it satisfies 2wps + dd°gp = wps + 3[E], hence

((2wps +dd°p)") = wjg which has mass

/]P,,l<(2wFs+ddC§0)n> = /prs - zln/x(szs)”.

Theorem 5.22 (Boucksom-Eyssidieux-Guedj-Zeriahi). Let X be a compact Kihler manifold
and let T, T' be two positive currents in the same cohomology class, locally bounded on a Zariski
open subset, and such that T' is more singular than T. Then

Jarm < [ .

Proof. One proves the following statement instead. For any T;, T, positive currents as in
the assumptions, then one has the following inequality in cohomology

(TIA AT S Ti A ATy,
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i.e. the difference contains a positive (p, p)-current. By duality, this means that for any
d-closed, positive smooth (n — p, n — p)-form T, one has

/}((T{/\.../\T{,>/\T</X<T1/\.../\Tp>/\'r.

By induction, one can assume that for i > 2, one has T; = TZ-’ .OnesetsT : =T =
0+dd°p, T' := T, = 6+ dd°¢’, one picks an arbitrary smooth semipositive (1 — p,n — p)-
form 7, and one sets ® := (To A ... A T;) A T, which is a closed, positive (n —1,n — 1)-
current. Everything now comes down to showing that

dde ’A@g/ddc AO,
J da9 ne< [ ddq

where U is a Zariski open subset on which ¢, ¢’ are locally bounded and satisfy ¢’ < ¢.

Let ¢ be a quasi-psh function such that Z := X\ U = {¢ = —co}. By the weak
convergence dd® (¢’ + ep) AN©® — dd°¢p’ A © and the fact that mass does not increase at
the limit, it is enough to show the statement for ¢’ + eyp. That is, one can assume that
¢’ — ¢ — —oconear Z.

For k fixed, set ¢y = max(¢’, ¢ — k) so that 4 = ¢ — k in a neighborhood of Z
(depending on k). The current S := d°(¢ — ¢) A ® has compact support in U and can be
extended to X trivially. By Stokes theorem, dd°(¢x — ¢) A ©® = dS has integral zero on X,
hence on U. That is,

dde /\@z/ddc AO.
J dapen@= [ dacy

Now, i, converges to ¢’, hence dd“ip, AN©® — dd°¢p’ A © weakly on U. The sought in-
equality follows. O

As a consequence, if T, T’ have minimal singularities in a given big class, then they
are locally bounded on a Zariski open subset and [, (T") = [, (T"").

Definition 5.23 (Volume of a big class). Let X be a compact Kdhler manifold of dimension
n and let &« € H"!(X,R) be a big class. The volume of a, denoted by vol(a), is the total
non-pluripolar Monge-Ampére mass

vol(a) = [ (i)
X
of any positive current Tryin € @ with minimal singularities.

More generally, we have showed that if T; € &; have minimal singularities in the big
class ;, then the product

(1. ) = [(Ty A... AT,)] € HPP(X,R)

is well-defined, i.e. it depends only on the cohomology classes aj, ..., a,. If p = 1, then
(... 00) = [((T1 A...AT,) € Ry isanumber.

However, the product (&7 . .. a;,) is not multi-linear, since the sum of two currents with
minimal singularities needs not have minimal singularities. Yet, we have the following
monotonicity property
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Proposition 5.24. Let a, o’ be big classes such that o’ > a, in the sense that o' —a € . Then,
vol(a) < vol(a').

Proof. We reformulate the statement as follows. Let a be a big class and let &’ be a psef
class. Then vol(a) < vol(a + a').

We let 6 € a (resp. 6" € a’) be a smooth representative, and we let T = 0 4+ dd“p € «
(resp. T' = 0' +dd°¢’ € a’) be a positive current with minimal singularities (resp. a
positive current).

We know that Vjy, V¢ are bounded on a Zariski open set U C X. By definition

(5.15) vol(a) = / (04 dd°p)" = lim [ (6+ dde)"
u k—+oc0 JU
for any increasing sequence of measurable sets U 1 U.
We choose Uy = UN (Y > Voo — k) where P = max(¢ + ¢', Vo g — k). Note
that Uy may not be an open set. However, §; and ¢ + ¢’ are locally bounded on Uy and
Bedford and Taylor proved that

(5.16) 1y, (0 + 6" +ddyy)" =1y, (040" +dd (¢ + ¢'))".

The inequality of currents 6 + dd“¢ < 6 + 6" + dd°(¢ + ¢’) combined with (5.16) allows
us to say that the respective Bedford-Taylor products satisfy

(5.17) 1Uk (9 + ddcq))n < 1Uk (9 + 0’ + ddclpk>n.

Now, ¢ € PSH(X, 6 +6’) has minimal singularities, hence [};(6 46" +dd“y;)" = vol(a +
). Combining (5.15) and (5.17), we get

vol(a) = kgrfoo | (04 ddg)"
k

< i 0+ 60 +ddp)"
Jm uk( + 0+ dd“yy)

< i 040 +ddy)"
Jm u( + 6"+ dd )
= vol(a +a').

O]

Corollary 5.25. The volume functional is continuous on the big cone £ and it can be extended
continuously to the boundary of the psef cone. Moreover, we have vol(a) = «™ whenever w is nef.

Proof. The volume is homogeneous and non-decreasing with respect to the partial order
induced by positive currents thanks to the lemma above. Fix a big class « and a Kéhler
form w. One can assume that & > [w].

If oy — a, one can find ¢y — 0 such that & — & [w] < ax < & + ¢ [w], hence (1 —g;)a <
ar < (14 &)a and the result follows.

Similarly, if « € o€, then vol(« + ¢[w]) is non-increasing when ¢ — 0, and the limit is
independent of w.

As for the last statement, it follows from the continuity of the volume and the inter-
section numbers that it is enough to show it for « Kihler. But then, any Kéahler form w € «
has minimal singularities, hence vol(a) = [, w" = a”. O
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Remark 5.26. More generally, if a1, ..., «, are nef, then (aq...ap) = (a1...4p).

Lemma 5.27. Let « be a Kihler class and let B be a big class. Then, one has

(- (")) = (a- p"71).

Proof. Let w € a be a Kahler class, and let T € B be a positive current with minimal
singularities. By definition, the RHS is [ x\z @A T"~! where Z is the complement of
the locus where T has locally bounded potentials. Said otherwise, the RHS is equal to
Jxw A(T" 1) where (T""!) is the extension by zero of T"~! across Z. By definition,
(1) = [(T"1)] € H" '""1(X,R) so that the RHS coincides with [w] - [{T"!)] =
(- (B"71)). 0

Lemma 5.28. Let f : Y — X be a surjective bimeromorphic map between compact Kihler
manifolds and let « € HV'(X,R) be a big class. Then vol(f*a) = vol(a).

Proof. Let T € a be a positive current with minimal singularities. From Proposition 5.17,
f*T € f*a has minimal singularities.

There exists a Zariski open set U such that T has locally bounded potentials on U
and f induces an isomorphism f : f~}(U) — U. In particular we have vol(f*a) =

ff,l(u)(f*T)” = [, T" = vol(a). O

Note that we are hiding in the proof the fact that f*« is big, which we have proved
only when f is a composition of blow ups with smooth centers.

We will admit the following theorem and only give a proof when the classes at stake
are nef.

Theorem 5.29 (Hovanskii-Teissier inequalities). Let a, € HY'(X,R) be psef classes, and
let 1 < p < n be an integer. Then, one has
)4

(@b - B7PY = (a)yn - (M)

Proof. We assume that «, § are nef. By continuity, one can assume that they are Kéhler.
Let w € a and w' € B be representatives. By homogeneity, one can assume that " = 1.
We claim that

P
n

n
(5.18) WP NP > (w > w™.
w/n

Indeed, this can be check at a point x where w = Y} _; Agidzy A dzy and w’ = Y} _; idzg A
dzy. The LHS becomes (Zz‘1<,..<z‘p Ajy - -/\ip) w'" while the RHS is simply (A - - )™,
Reorder the indices so that Ay > - > A,,. We have

( Z )‘il”’)‘ip> 2()\1'--/\;;)"

i1<...<ip

(Ar---Ay)P - AZ("_”)
(Ao AP - (Apgr -+ AP



Finally, set V. = &"; by Yau’s theorem, one can find a (new) representative w € & such
that w" = Vw. Apply (5.18) to w, w’ and integrate over X to get

O]

We end this section with the follow characterization of big classes due to Bouck-
som, and relying on the method of concentration of Monge-Ampere mass introduced
by Demailly-Paun:

Theorem 5.30 (Boucksom). Let X be a compact Kithler manifold and let « € H"'(X,R) be a
pseudoeffective class. Then a is big if and only if vol(a) > 0.

In other words, the volume functional vol on the psef cone £ coincides with the ex-
tension by zero of V01|§ to £.

It will be convenient to extend vol by zero over the entire space H!(X,R). In this
way, we have vol(«) = 0 unless « is big.

5.4 Alternative characterizations of the volume

Theorem 5.31. Let X be a compact Kihler manifold and let « be a big class. Then
vol(a) = sup {/ (T™); T Kihler current in a with analytic singularities} .
X

Recall that when T has analytic singularities along a subvariety Z, then [, (T") =
Sz T

Proof. From Theorem 5.22, we have [, (T") < vol(a) for any positive current T € a with
analytic singularities. We have to show the (asymptotic) converse.

Let Tmin = 6 + dd°¢p be a current with minimal singularities in «, and let T" = 6 +
dd°¢’ € w be a fixed Kéhler current with analytic singularities; say T’ > w for some
Kéhler form w. By Demailly’s regularization theorem, on can find a sequence (T})>1 of
currents with analytic singularities in « such that

o T, =0+ dd°¢, with ¢ | ¢;
* T > —gw for g | 0.

In particular,
T =T + (1 —¢)T) > etw

is a Kdhler current in a with analytic singularities. Let U be a Zariski open set where

¢, ¢ € L2 (U). Since ¢, | ¢, ¢} € L (U) and we have weak convergence T'" AT]" 7 —

TP A Tgﬁ_np on U for any 0 < p < n. It follows that T}' — T

min

weakly on U.
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Now, choose § > 0 arbitrarily small and fix a relatively compact subset V € U such
that [, T/, > vol(«) — 6/2. For k large enough, we have [, T} > [, Th —d/2 >
vol(a) — 6. O

Theorem 5.32. Let X be a compact Kihler manifold and let a be a big class. Then

vol(a) = sup f(ﬁ ,

where the supremum is taking over all modifications 7t : X — X such that B is Kihler and E is
an effective divisor.

Proof. First of all, if 7t is as in the statement, then we have

vol(a) = vol(7r*«)
> vol(B)

Y

where we have used successively Lemma 5.28, Proposition 5.24 and Corollary 5.25. So
we have to show the asymptotic converse.

Let 6 > 0. By Theorem 5.31, there exists a Kédhler current T € a with analytic singu-
larities such that [, (T") > vol(a) — 6. We choose a Kéhler form w such that T > w.

By Theorem 5.9 and the few lines past it, one can find a composition of smooth blow
ups 77 : X — X such that 77*T = 6 4 [D] where 6 is semipositive and D is effective. In
particular, we get

(5.19) /Xe" :/X<(7(*T)”> :/<T”> > vol(a) — 5/2.

X

Moreover, we have *T > 7m*w, hence 8 > m*w. From Corollary 4.9, there exists
an effective divisor F = ¥ a;F; on X supported on the exceptional locus of 7t such that
7" [w] — €F is a Kéhler class. In particular, [0] — ¢F is a Kéhler class (as a sum of a Kihler
class and a semipositive class).

In conclusion, we have

m'a = ([0] —eF)+ (D +¢€F).
—— N——

=:p =:E
and " = [30"+O(e) > vol(a) —6/2+4 O(e) by (6.26). Choosing ¢ > 0 sufficiently
small, one can ensure that " > vol(a) — § as expected. O

Similar arguments show that we have the more general statement:

Theorem 5.33. Let a be a big class. One can find a sequence py = X; — X of blow ups with
smooth center such that for any integer 1 < p < n, we have

(@) = (ue)sBy in HPP(X,R).

lim
k—+o0

where pyx = By + Ex with By Kihler and Ey is an effective divisor.
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Proof. Indeed, take the same sequence Tj of Kdhler currents with analytic singularities
approximating Ty, and desingularize Ty as before by a map i : X — X. We decompose
‘uz T, = 0 + [Ek] with B = [Qk] Kahler.

In order to test the sought convergence, it is enough to do it against a class [y] €
HP?(X,R) which is represented by a closed, positive form 7. By the proof of Theo-
reom 5.22, we have

(me)+By - [7v] = /gk 0F A uiy

= [ (T Ny

k

(TF) Ay

< [ (Tha) Ay = @) - .

R

We are left to proving that if ¢ is any positive number, we can find k large enough
so that [ (T[) Ay = [((TV..) Ay —e. Let U be a Zariski open subset where Ty, and

Ty have locally bounded potentials. By week convergence T} — T?. on U, we can find

min
V € V' € U large enough and k big enough so that

TfAv>/ TiinA7—§>/<T£in>A7—e-
4 14 u

6 The duality theorem

6.1 The movable cone

Let X be a compact Kdhler manifold. Recall that we have the Poincaré duality; i.e. the
pairing

HY(X,R) x H" """ 1(X,R) — R

(0= w7 =[] — (@7 = [ wnd

is non-degenerate.
We would like to characterize the dual cone £¥ C H"~"*~1(X,R) of the pseudoeffec-
tive cone &; that is

EVi={yeH" "V HX,R); (a-7) =0, Va € E}.

Clearly, £ is a closed, convex cone inside H" 1"~1(X, R).
For instance £V contains all (non-negative combinations) of classes [w"~!] where w is
Kéhler. We can actually find more elements in this cone:
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Definition 6.1. Let X be a compact Kahler manifold and let y € H" "~1(X,R). One

-~

says that  is a movable class if there exists a bimeromorphic map  : X — X and a
Kihler class f € H'1(X,R) such that v = p, (" 1).

The movable cone M C H”*L”*l(X, R) is the closed, convex cone generated by all
movable classes.

Example 6.2. For any big class « € H'' (X, R), the class (a"~1) € H"~""~1(X,R) belongs
to the movable cone. This is a consequence of Theorem 5.33 and the fact that M is closed.

Lemma 6.3. We have M C EV.

Proof. It is sufficient to see that if a is psef and 7y = p.. ("~ !) is movable, then (a - 7) > 0.
Let w € B be a Kdhler form, and let T € « be a positive current and let § € a be a smooth
representative. The current u*T € pu*wa is positive hence

The lemma follows. O
The culminating point of these lectures is the duality theorem stating that the reverse

inclusion in Lemma 6.3 holds i.e. M = £V; cf Theorem 6.10.

6.2 Holomorphic Morse inequalities and the orthogonality estimate

The proof of the holomorphic Morse inequalities in the (half)-transcendental case relies
on the following result of Berman:

Theorem 6.4 (Berman). Let 0 be a smooth, real, closed (1,1)-form on a compact Kiihler manifold
such that « = (0] is a Kihler class. Defined

¢ :=sup{y <0; p € PSH(X,0)},
and let D = {¢ = 0}. Then ¢ € PSH(X, 0) is bounded, dd°¢ is also bounded and
(6 +dd°¢p)" =1po".
In particular, vol(a) = a" = [, (6 + dd°¢p)" = [, 6".

If 6 > 0, then of course ¢ = 0 and D = X. More generally, on the open set X \ (6 > 0),
we can find local disks along which ¢ is strictly psh. In particular, ¢ < supy ¢ = 0 at
these points. In other words, (¢ = 0) C (6 > 0). This is consistent with the fact that 156"
is a positive measure (as a Monge-Ampere of a psh function).

Using Bedford-Taylor solution of the Dirichlet problem, one can show that (6 + dd“¢)"
puts no mass on (¢ < 0). Heuristically, if ¢ € C?, then 6 + dd°¢ is a form with continuous
coefficients. If it is strictly positive at a point x and ¢(x) < 0, then the same holds in a the
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neighborhood U of x with coordinates (z;) centered at x. If x is a cutoff function, then
¢ + ex |z|? is still -psh and non-positive for 0 < e < 1, but it is strictly bigger than ¢ near
x. This is absurd, hence 0 4 dd°¢ > 0 implies ¢(x) = 0. Moreover, since 6 + dd“¢p > 0, the
continuous volume form (0 + dd“¢$)" is strictly positive at x iff 6 + dd°¢ is strictly positive
at x.

If f is a smooth function on X, one can consider the envelope

¢ :=sup{y < f; p € PSH(X, 0)}.
Clearly ¢¢ — f = sup{y < 0; ¢ € PSH(X,0 +dd°f)}, so that

(6.20) vol(a) = /X (0 + ddp)" = /D (6 + dd )",
f

where Dy = {¢; = f}.

Theorem 6.5 (Witt-Nystrom). Let X be a projective manifold, and let a, B € H' (X, R) be two
nef classes where p € NSr(X). Then,

n = (n n—k  pk
vol(a =) 2 () = 1 <k>(o¢ ).

Remark 6.6. Boucksom proved that Theorem (6.5) actually implies the stronger state-
ment that for any nef classes «, f (without assuming f rational), we have the improved
inequality vol(a — B) > (a") — n(a""1 - B).

Remark 6.7. When both « and p are rational (i.e. they are the Chern class of nef Q-
divisors D and E respectively), the the stronger inequality in the remark above is a rather
simple consequence of Riemann-Roch theorem. Indeed, an easy continuity argument
shows that one can assume that D and E are very ample Cartier divisors. Next, fix a
(large) integer m and pick Ey, ..., E, € |E| general members so that H*(X, m(D — E)) =~
H°(X,mD — Y | E;) corresponds to sections of mD vanishing along each E;. Use the
exact sequence

m
0 — HY(X,m(D — E)) — H°(X,mD) — @ H*(E;,mD|E,)
i=1
and asymptotic Riemann-Roch for nef line bundles to obtain

h(X,m(D — E)) > h°(X,mD) — }_ h°(E;, mD|g,)
i=1

(o . DD -
= _;(n—El)!m Lyrom™
_ mfn ny __ l - n n—1_ r, mfl
= S (P =5 Eon(D" - E) + O(m ™))
_ Z—T((D”) —n(D""E) +O(m ™))

hence the expected inequality follows.
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Proof. We proceed in several steps.

Step 1. Reduction step.
First of all, one can assume that the RHS is positive, otherwise there is nothing to prove.
In particular, (a") > 0 and « is big. Next, assume that we can show the inequality when
« — B is big. Then, for general a, B, we can consider the positive number ) = sup{t €
[0,1];« — tpB is big}. We have

vol(a — tpB) = lim vol(a —tB) > (a") — i (:) (k. gF)

=ty k=1

hence « — toB is big and tp = 1. So we can assume that « — f is big from now on.

Next, up to replacing a by a + €0 (and similarly for ) for an integral Kahler class o,
the continuity of intersection numbers allows us to assume that « and B are Kéhler. By
continuity of the volume, one can assume that f is a rational class. Finally, by homogene-
ity of the formula, one can assume that f is integral. In summary, « is a Kdhler class and
B = c1(L) for some positive line bundle L — X with a non-zero section s.

We choose Kihler representatives 6 € a, w € B. There exists an hermitian metric on L
such that ©, (L) = w, hence

g := logls;
is an w-psh function. We can rescale / so that supy g = 0. Setting Y := (s = 0), we get
‘g =1[Y] — w.

Step 2. Construction of a limit envelope.
We would like to define the envelope of 0-psh that are dominated by g, but we can’t
do it directly since g is singular. Instead, we consider for any (large) number R > 0 a
(regularized) maximum

gr := max(g, —R).
Clearly, gr € PSH(X, w) and it decreases to g when R — +o0. We introduce

¢r = {$ < gr; € PSH(X,0)}

and set Dr = (¢r = gr). The function ¢r is bounded (by —R) hence it has minimal
singularities, and

621) (") = vol(a) = / (6 + ddpr)".
X

Furthermore, it follows from (6.20) that

(6.22) (9+ddc(,bR)n = 1DR (9+ddcg1{)n

Let ¢ := limg_, 1 ¢r, which exists since ¢r decreases. It is a 8-psh function unless
it is identically —oo. Let us show that it is not the case. Since « — f is big, we can consider
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a function v € PSH(X, 0 — w) with minimal singularities, normalized by sup, v = 0.
Clearly, 0 + dd°(v+ g) = (6 — w + ddv) 4+ (w + dd°g) > 0 hence v + g € PSH(X, 0) and
it satisfies v + g < ¢ < gr for all R. This implies that v 4 ¢ < ¢, hence ¢, Z —o0.
Next, we claim that ¢, — g € PSH(X, 6 — w) has minimal singularities. Indeed, ¢, —
¢ < 0 by construction, and 6 — w + dd°(¢oo — g) = (0 + dd“p) > 0 on X\ Y hence
$oo — g € PSH(X, 0 — w). Since ¢poo — § > v, it has minimal singularities too.
Finally, let us prove that

6.23) vol(a — B) = /X (0 + ddpes)™).

Let Z = X \ Eqk(a — B). Since ¢oo — ¢ has minimal singularities, we have vol(a — ) =
J5 (6 —w +dd (e — g))"). On X\ (YU Z), we have 6 — w + dd(¢poo — §) = 0 + dd oo
and all the relevant functions are locally bounded there. Since the non-pluripolar Monge-
Ampere puts no mass on Y U Z, we have

JlO-wrdt g -g)) = [ (00t di (g )"

- 9+dd€ o) n
x\(wz)( 9)

= [ (0 +ddge)).

Step 3. A Monge-Ampere mass computation.
Choose a large open set U € X \ (YU Z). Since ¢r | ¢, we have weak convergence
(0 +dd¢pr)" — (0 + dd°¢Pe)" on U. In particular, we get from (6.23) that

(o — >/9 ddpe)" > i 6+ dd°pg)".
vol(a—B) > [ (0+ddge)" > lim [ (0+dd¢)
In combination with (6.21)-(6.22), we thus get
6.24 l(a—B) > (a")— 1 0+ dd°qr)".
(629 vol(a ) > (&)~ lim [ (6+di'g)

Although the function g is not 0-psh, it is dd°-bounded and satisfies

n
(6.25) 1p, (6 +ddgr)" < (0 + (w +dd°gr))" = ) (Z) 0" A (w + ddgr)".
k=0

For U large enough, [, 6" gets arbitrary small, while for the other terms (k < 1), we
have

/Cenfk/\(w_i_ddch)k < /Xenfk/\(w_i_ddch)k — (Dcnik-ﬁk)

by Bedford-Taylor, since gr is bounded. The conclusion now follows from (6.24) by inte-
grating (6.25). O

The above volume estimate, often referred to as a holomorphic Morse inequality, has
the following striking application, due to Boucksom-Demailly-Paun-Peternell in the ra-
tional case and Witt-Nystrom in general, which is the key for the duality theorem as we
will see later.
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Theorem 6.8 (Boucksom-Demailly-Peternell-Padun, Witt-Nystrom). Let X be a projective
manifold and let a be a big class. Then

vol(a) = (a- (a"71)).

Proof. Thanks to Theorem 5.33, we can find a sequence of modifications py : Xz — X
such that
pro = oy + E,

where ay is Kadhler, E; is effective, and
(6.26) vol(a) = lim(a}); and (a"') = lim(pe).af .

In particular,

(6.27) vol(a) — (a- (&" 1)) = lim (af — (uo-a™")
k—+o0
— L a1
= kginoo(Ek w ).

Let o be an integral Kahler class (whose existence is guaranteed by the projectivity of X);
up to scaling, one can assume that ¢ — « is a Kéhler class too. Moreover, the class

Hi0 = Ex = pi(0 — &) + ax
is both integral and Kéhler and we can decompose for any ¢ € [0,1]
ap + tE = (ax + tugo) — t(pzo — Ex)
as a difference of two Kéhler classe. Applying Theorem 6.5, we get the following

vol(a) = vol(ag + Ex) >vol(ay + tEy)
> (o + tyugo)" — nt(ag + tyZo)”_l - (ugo — Ex)

" /n
-3 () + o o - )
k=2 k

Since ay < pja < pjo and pio — Ex < pjo, Lemma 6.9 below shows that (ay + o) % -
(pjo — Ex)* < 27K(¢™). In particular, we find a constant C > 0 such that

vol(a) > (af) + nt(a} ' Ex) — Ct2.
<

Take t = 1, this yields (ocZ_l - Ex) < C' for some constant C’. Up to increasing C, one can

n—1,
assume that C' < % Now, take t = n(akzc Eo) € [0,1]; it yields
_ 4C
(' Ey) < ~z (vol(a) — (ag)).

Combining this with (6.26) and (6.27), the corollary is proved. O

In the course of the proof of Corollary 6.8, we have used the lemma below.
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Lemma 6.9. Let X be a compact Kihler manifold and let ay,. .., a, (resp. af, ..., «)) be nef
classes such that a; < « in the sense that «} — w; is psef. Then

S TR P, A TR S
Proof. We do it one class at a time:
< / !/
(2% IR % AR ST € TR &/ IR

since the classes «», . .., &, are nef, and we iterate. O

6.3 The duality theorem

Theorem 6.10. Let X be a projective manifold. The pseudoeffective cone is the dual cone of the
movable cone; that is £ = M.

Proof. By Lemma 6.3, we have MY D &YV = &, so it is enough to show the reverse
inclusion M"Y C &. Since € is closed, it is enough to show that M"Y C £. And since M"

contains &, it comes down to showing that MV NE C €£.

Let o be a Kéhler class and let « € £ be in the interior of M". Clearly a + €0 is big
for any ¢ > 0, and moreover, & — g0 € M" for some ¢y > 0. Thanks to Example 6.2, it
follows that for any big class B, we have

a- (") > eo0 (B7)

Using successively Theorem 6.8, the property above, Lemma 5.27 and Theorem 5.29, we
find

At the end of the day, one finds vol(a + e0) > ejvol(c), and by Theorem 5.30, we con-
clude that « is big. O
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