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References for this course are [Dem09, Huy05, Laz04, Voi07].

1 Čech cohomology

1.1 Definitions

Let X be a topological space, F a sheaf of abelian groups on X, and U = (Uα)α∈I an open
covering of X. For the sake of simplicity, we set:

Uα0α1...αq = Uα0 ∩Uα1 ∩ · · · ∩Uαq

The group Cq(U ,F ) of Čech q-cochains is the set of families

c = (cα0α1...αq) ∈ ∏
(α0,...,αq)∈Iq+1

F (Uα0α1...αq).

The group structure on Cq(U ,F ) is the obvious one deduced from the addition law on
sections of F . The Čech differential δq : Cq(U ,F ) → Cq+1(U ,F ) is defined by the for-
mula:

(1.1) (δqc)α0 ...αq+1 = ∑
06j6q+1

(−1)jcα0 ...α̂j ...αq+1 |Uα0...αq+1

and we set Cq(U ,F ) = 0, δq = 0 for q < 0. In degrees 0 and 1, we get for example:

q = 0, c = (cα), (δ0c)αβ = cβ − cα on Uαβ(1.2)

q = 1, c = (cαβ), (δ1c)αβγ = cβγ − cαγ + cαβ on Uαβγ

Easy verifications left to the reader show that δq+1 ◦ δq = 0. We get therefore a cochain
complex (C•(U ,F ), δ), called the complex of Čech cochains relative to the covering U .

Definition 1.3. The Čech cohomology group of F relative to U is

Hq(U ,F ) = Hq(C•(U ,F )) = Ker (δq : Cq(U ,F )→ Cq+1(U ,F ))
Im(δq−1 : Cq−1(U ,F )→ Cq(U ,F )) .

Formula (1.2) shows that the set of Čech 0-cocycles is the set of families (cα) ∈ ∏F (Uα)
such that cβ = cα on Uα ∩ Uβ. Such a family defines in a unique way a global section
f ∈ F (X) with f |Uα = cα. Hence:

(1.3) H0(U ,F ) = F (X)

Now, let V = (Vβ)β∈J be another open covering of X that is finer than U ; this means
that there exists a map ρ : J → I such that Vβ ⊂ Uρ(β) for every β ∈ J. Then we can define
a morphism ρ• : C•(U ,A)→ C•(V ,A) by

(1.4) (ρqc)β0...βq = cρ(β0)...ρ(βq)|Vβ0...βq
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the commutation property δρ• = ρ•δ is immediate. If ρ′ : J → I is another refinement
map such that Vβ ⊂ Uρ′(β) for all β, the morphisms ρ•, ρ′• are homotopic. To see this, we
define a map hq : Cq(U ,F )→ Cq−1(V ,F ) by

(hqc)β0...βq−1 = ∑
06j6q−1

(−1)jcρ(β0)...ρ(β j)ρ′(β j)...ρ′(βq−1)|Vβ0...βq−1
.

The homotopy identity δq−1 ◦ hq + hq+1 ◦ δq = ρ′q − ρq is easy to verify. Hence ρ• and ρ′•

induce a map depending only on U ,V :

(1.5) Hq(ρ•) = Hq(ρ′•) : Hq(U ,F )→ Hq(V ,F ).

Now, we want to define a direct limit Hq(X,F ) of the groups Hq(U ,F ) by means of
the refinement mappings (1.5). In order to avoid set theoretic difficulties, the coverings
used in this definition will be considered as subsets of the power set P(X) so that the
collection of all coverings becomes actually a set.

Definition 1.1. The Čech cohomology group Hq(X,F ) is the direct limit

(1.6) Hq(X,F ) = lim−→
U

Hq(U ,F )

when U runs over the collection of all open coverings of X. Explicitly, this means that
the elements of Hq(X,F ) are the equivalence classes in the disjoint union of the groups
Hq(U ,F ), with an element in Hq(U ,F ) and another in Hq(V ,F ) identified if their images
in Hq(W ,F ) coincide for some refinementW of the coverings U and V .

If ϕ : F → G is a sheaf morphism, we have an obvious induced morphism ϕ• :
C•(U ,F )→ C•(U ,G), and therefore we find a morphism

Hq(ϕ•) : Hq(U ,F )→ Hq(U ,G).

Let 0 → F → G → H → 0 be an exact sequence of sheaves. We have an exact sequence
of groups

(1.7) 0→ Cq(U ,F )→ Cq(U ,G)→ Cq(U ,H)

but in general the last map is not surjective, because every section inH(Uα0 ...αq) need not
have a lifting in G(Uα0 ...αq). The image of C•(U ,G) in C•(U ,H) will be denoted C•G(U ,H)
and called the complex of liftable cochains ofH in G. By construction, the sequence

(1.8) 0→ Cq(U ,F )→ Cq(U ,G)→ Cq
G(U ,H)→ 0

is exact, thus we get a corresponding long exact sequence of cohomology

(1.9) Hq(U ,F )→ Hq(U ,G)→ Hq
G(U ,H)→ . . .
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1.2 Čech Cohomology on paracompact spaces

We state here that Čech cohomology theory behaves well on paracompact spaces, namely,
we get exact sequences of cohomology for any short exact sequence of sheaves.

Proposition 1.2. Assume that X is paracompact. If

0 −→ F −→ G −→ H −→ 0

is a short exact sequence of sheaves, there is a "long" exact sequence

Hq(X,F )→ Hq(X,G)→ Hq(X,H)→ Hq+1(X,F )→ . . .

which is the direct limit of the exact sequences (1.9) over all coverings U .

Proof. We have to show that the natural map lim
−→

Hq
G(U ,H) −→ lim

−→
Hq(U ,H) is an iso-

morphism. This follows from the Lifting Lemma, see e.g. [Dem09, Lemma 5.20].

Let us now state the following two useful results which give sufficient conditions for
a sheaf to have vanishing cohomology groups (in positive degree).

Proposition 1.3. Let F be a sheaf of modules over a sheaf of rings R on X. Assume that R is
a soft sheaf (i.e. R admits locally finite partitions of unity for every open covering of X). Then
Hq(U ,F ) = 0 for every q > 1 and every open covering U = (Uα)α∈I of X.

Proof. Let (ψα)α∈I be a partition of unity in R subordinate to U , i.e. we have ψα ∈ R(X)
with Supp(ψα) ⊂ Uα and ∑α ψα = 1. We define hq : Cq(U ,F )→ Cq−1(U ,F ) by

(1.10) (hqc)α0 ...αq−1 = ∑
ν∈I

ψνcνα0...αq−1

where ψνcνα0...αq−1 is extended by 0 on Uα0 ...αq−1 ∩ (X \Uν). It is clear that

(δq−1hqc)α0 ...αq =
q

∑
j=0

(−1)j ∑
ν∈I

ψνcνα0...α̂j ...αq

= ∑
ν∈I

ψν(−(δqc)να0...αq + cα0 ...αq)

= (c− hq+1δqc)α0 ...αq

i.e. δq−1hq + hq+1δq = Id. Hence δqc = 0 implies δq−1hqc = c if q > 1.

Proposition 1.4. Let F be a sheaf such that for any open set U, the restriction map F (X) →
F (U) is onto. Then

Hq(X,F ) = 0, ∀q > 0.

Proof. It is sufficient to prove that given a cover U of X and an element c ∈ Cq(U ,F ) such
that δc = 0, there exists b ∈ Cq−1(U ,F ) such that δb = c. For simplicity, we write the
proof for q = 1.
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We consider

S := {(V, b); V ⊂ X open, b ∈ C0(U ∩V); cij = bi − bj on Ui ∩V},

which we endow with the order (V ′, b′) 6 (V, b) if V ′ ⊂ V and b′ = b|V′ . The proposition
is asserting that there exists an element in S of the form (X, b).

First, we observe that the set S is not empty; indeed pick any Uk ∈ U and set V := Uk,
bi := cik on Uik if i 6= k and bk = 0 otherwise. Next, by Zorn’s lemma, S admits a
maximal element (Vmax, b). We will prove the proposition by contradiction and assume
that Vmax 6= X.

By assumption, one can find k such that Uk 6⊂ Vmax. The elements bi are a priori only
defined on Ui ∩ V, and one would like to extend them to elements b′i on Ui ∩ (V ∪Uk)
still satisfying the relation b′i − b′j = cij on Uijk. To do so, we observe that the sections

σi := bi − cik ∈ F (Uik ∩V)

coincide with bk|Uik∩V hence define a section σ ∈ F (Uk ∩V). By assumption, there exists
an extension σ′ ∈ F (Uk) such that σ′|Uik∩V = σi for all i. Set

b′i :=


bi on Ui ∩V,
σ′ + cik on Ui ∩Uk if i 6= k,
σ′ on Uk if i = k.

This is well-defined since on Uik ∩ V, we have bi = σi + cik = σ′ + cik. To reach the
final contradiction, we are left with checking that cij = b′i − b′j on Uij ∩ (V ∪Uk). This is
clear on Uij ∩V by construction. And on Uijk, we distinguish three cases. If i, j 6= k, then
b′i − b′j = (σ′+ cik)− (σ′+ cjk) = cij by the cocycle condition. If i = k, j 6= k, then b′i − b′j =
σ′ − (σ′ + cjk) = −cjk = cij. Finally, if i = j = k, then b′i − b′j = σ′ − σ′ = 0 = ckk.

1.3 The De Rham-Weil isomorphism theorem

Let (L•, d) be a resolution of a sheaf F :

0 −→ F −→ L0 d0

−→ L1 d1

−→ L2 −→ . . .

Assume all Lq are acyclic (Hs(X,Lq) = 0 for s > 1). Set Z q = ker dq. We have Z0 = F
and for every q > 1, we get a short exact sequence

0 −→ Z q−1 −→ Lq−1 dq−1

−→ Z q −→ 0

hence another exact sequence

0 −→ Hs(X,Lq−1)
dq−1

−→ Hs(X,Z q)
∂s,q
−→ Hs+1(X,Z q−1) −→ Hs+1(X,Lq−1) = 0.

If s > 1, the first group vanishes too and we get an isomorphism

(1.11) ∂s,q : Hs(X,Z q)
∼=−→ Hs+1(X,Z q−1).
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For s = 0, we have H0(X,Lq−1) = Lq−1(X) and H0(X,Z q) = Z q(X), the q-cocycle group
of L•(X) so that the connecting map ∂0,q induces an isomorphism

Hq(L•(X)) = Z q(X)/dq−1Lq−1(X)
∂̃0,q
−→ H1(X,Z q−1).

The composite map ∂q−1,1 ◦ . . . ◦ ∂1,q−1 ◦ ∂̃0,q therefore defines an isomorphism

Hq(L•(X))
∂̃0,q
−→ H1(X,Z q−1)

∂1,q−1

−→ . . . ∂q−1,1

−→ Hq(X,Z0) = Hq(X,F ).

All in all, we have proved

Theorem 1.5 (De Rham-Weil Isomorphism Theorem). If (L•, d) is a resolution of F by
sheaves Lq which are acyclic on X, there is a functorial isomorphism:

Hq(L•(X))
∼=−→ Hq(X,F ).

1.4 Application to singular cohomology

As an application of Theorem 1.5, one can prove the following isomorphism

Theorem 1.6. If X is a manifold, there is an isomorphism

Hq
sing(X, Z) ' Hq(X, ZX)

where the LHS is the singular cohomology of X with values in Z and the RHS is the Čech coho-
mology of locally constant sheaf ZX.

Proof. Consider the sheaf Cq associated to the presheaf U 7→ Cq
sing(U, Z) of singular q-

cochains. It satisfies the following properties:

(i) The natural complex
0→ ZX → C0 → C1 → . . .

induced by the coboundary maps is a resolution of ZX.

(ii) For any open sets U ⊂ V, the restriction map Cq(V)→ Cq(U) is surjective.

The first fact is elementary in degree 0, and it follows from Hq
sing(U, Z) = 0 if U is con-

tractible and q > 0. As for the second one, any element σ ∈ Cq
sing(U, Z) can be extended

by 0 to an element in Cq
sing(X, Z) (i.e. it maps singular chains with supported not in-

cluded in U to zero). This is easily seen to imply that the associated sheaf Cq is flasque,
too. Combining (i)− (ii) with Proposition 1.4 and Theorem 1.5, we see that

(1.12) Hq(X, Z) ' Cq(X, Z)/∂Cq−1(X, Z).

Next, it is not difficult to see that we have an isomorphism

(1.13) Cq(X, Z) ' Cq
sing(X, Z)/Cq

sing(X, Z)0
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where Cq
sing(X, Z)0 consists of cochains which vanish in restriction to (small) open sets Ui

which form a covering of X. E.g. let us explain why we the natural map

Φ : Cq
sing(X, Z)→ Cq(X, Z)

is surjective. If β ∈ Cq(X, Z), it can be represented by βi ∈ Cq(Ui, Z) for (Ui) a covering
of X by small enough open sets, with the natural compatibility conditions. We now define
a singular cochain β̃ ∈ Cq(X, Z) as follows. Let σ ∈ Cq,sing(X, Z); if there exists i such
that Supp(σ) ⊂ Ui, then we set β̃(σ) = βi(σ). Otherwise we decree that β̃(σ) = 0. It is
elementary to check that β̃ is well-defined and that Φ(β̃) = β, as the latter equality can
be checked locally given that Cq is a sheaf.

Recall that the theorem of small chains [Spa82, § 4.4] says that the complex of chains
with support in a given small covering of X computes the singular homology of X. In
other words, the cohomology of the complex

C•sing(X, Z)/C•sing(X, Z)0

coincides with that of the usual complex C•sing(X, Z). The theorem now follows from
(1.12) and (1.13).

Remark 1.7. As we saw in the proof above, a good deal of the difficulty in the proof
above stems from the fact that U 7→ Cq

sing(U, Z) is not a sheaf. Here’s a simple example
that illustrates that fact. Take X = S1 and cover X = U1 ∪U2 by contractible open sets.
We define β ∈ C1

sing(X, Z) by decreeing β(σ) = 1 if Im(σ) = S1 and β(σ) = 0 otherwise.
Clearly, we have β 6= 0 but β|Ui = 0 for i = 1, 2.

2 Cohomology of a compact Kähler manifold

2.1 The de Rham cohomology

Given a differentiable manifold of dimension n and given an integer 0 6 k 6 n, we will
denote by Ak

M := ΛkT∗M the differentiable vector bundle of smooth k-forms. If the base
manifold is fixed, we will sometimes write Ak instead of Ak

M.

Let us start by recalling the well-known Poincaré lemma on the unit ball in the eu-
clidean space.

Lemma 2.1 (Poincaré lemma). Let α ∈ C∞(B,Ak) be a k-form on the unit ball B ⊂ Rm with
k > 0. If dα = 0, then there exists a (k− 1)-form β ∈ C∞(B,Ak−1) such that α = dβ.

Let now M be a differentiable real manifold of dimension m, let Ak
M be the C∞ vector

bundle of differential k forms, and let d be the exterior differential. Closed forms are in
general not exact (take α = dθ on M = S1) and the de Rham cohomology spaces measure
this obstruction.

Definition 2.2 (de Rham cohomology). Let M be a differentiable manifold of dimension
m. For any integer 0 6 k 6 n, one defines

Hk(M, R) := {α ∈ C∞(M,Ak
M); dα = 0}

/
{dβ; β ∈ C∞(M,Ak−1

M )} .
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Remark 2.3 (Comparison with singular cohomology). Consider the following complex

RM ↪→ A0
M

d−→ A1
M

d−→ A2
M

d−→ · · · d−→ Am
M

d−→ 0

where RM is the locally constant sheaf on M with values in R, which is naturally a sub-
sheaf of the sheaf of smooth 0-forms (i.e. functions). The Poincaré lemma says that this
complex is actually a resolution of RM. Since the sheaves Ak

M are soft as C∞
M-modules,

they are acyclic (i.e. they have no cohomology), cf Proposition 1.3. De Rham-Weil iso-
morphism theorem (Theorem 1.5) shows that we have an isomorphism

(2.14) Hk(M, R) ' Ȟk(M, RM)

where the RHS is the Čech cohomology in degree k of RM, itself isomorphic to the singu-
lar cohomology of M with values in R thanks to Theorem 1.6.

Let us give below explicit construction of that isomorphism in degree 2.

Lemma 2.4. There is an explicit isomorphism

(2.15) H2(M, R) ' Ȟ2(M, RM)

Proof. Let [ω] ∈ H2(X, R), such that ω|Uα = dAα for some 1-form Aα and a suitable cover
X = ∪αUα. We get an element (Aα − Aβ) ∈ H1(X,Z1), and one writes Aα − Aβ = d fαβ

on Uαβ for some functions fαβ. This defines a 2-cocycle f = ( fαβγ) with values in R by
fαβγ := fαβ + fβγ − fαγ . We set Φ([ω]) := [ f ], and one checks immediately that Φ is
well-defined.

Conversely, let [c] ∈ Ȟ2(X, RM) be represented by a 2-cocycle c = (cαβγ) with con-
stant coefficients. Let (χν) be a partition of unity subordinate to our cover. We define
bαβ = d(∑ν χνcναβ) which is a 1-cocycle with values in A1. Indeed, bβγ − bαγ + bαβ =
d(∑ν cαβγ) = dcαβγ = 0 since δc = 0 and cαβγ is constant. Next, define a = (aα) with
aα := d(∑ν χνbνα) which is a 0-cocycle with values in locally exact 2-forms. In other
words, a is well-defined closed 2-form. We set Ψ([c]) = [a] which again is easily seen to
be a well-defined map.

It is not hard to see that the two constructions are inverse of each other. E.g. start
with c = (cαβγ) ∈ Ȟ2(X, RM) as above, with associated 2 form a = (aα) such that aα =
d(∑ν χνbνα) and bαβ = d(∑ν χνcναβ). The 2-cocycle f = ( fαβγ) associated to a is obtained
as follows. First, write aα − aβ = −bαβ = −d fαβ with fαβ = ∑ν χνcναβ. This implies that
fαβγ = fαβ + fβγ − fαγ = cαβγ, i.e. f = c. In particular, we have Φ ◦Ψ = −Id.

In the other direction, start with [ω] ∈ H2(X, R) and consider Aα, fαβ, fαβγ as before.
The class Ψ ◦Φ([ω]) is represented on Uα by

d
[
∑
ν

χνd
[
∑
λ

χλ fλνα

]]
= d

[
∑
ν

χνd
[
∑
λ

χλ( fλν + fνα − fλα)
]]

= d
[
∑
ν

χνd
[
∑
λ

χλ fλν

]]
+ d(∑

ν

χν Aν)− dAα

−d
[
∑
ν

χνd
[
∑
λ

χλ fλα

]]
The first two terms are globally defined exact forms, the third term is −ω. As for the last
one, it is equal to −d2(∑λ χλ fλα) = 0. All in all, we have found Ψ ◦Φ = −Id.
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Definition 2.5 (Cup product). The total de Rham cohomology

H•(M, R) =
m⊕

k=0

Hk(M, R)

has a natural ring structure provided by the cup product, which is defined by the wedge
product at the level of forms. More precisely, if α, β are two closed forms of degree k and
` respectively, then one sets [α] ∪ [β] := [α ∧ β] ∈ Hk+`(M, R); which is well-defined
thanks to Leibniz formula.

Recall that a connected differentiable manifold M of dimension m is called orientable
if there exists a non-vanishing top form ω ∈ C∞(M,Am

M); that is a trivialization of the
line bundle Am

M. An orientation is a choice of one such form. If M is compact then
Stokes formula shows that a trivialization ω is never exact, hence Hm(M, R) 6= 0. More
precisely, we have the following duality theorem

Theorem 2.6 (Poincaré duality). Let M be a connected, orientable differentiable manifold of
dimension m and let 0 6 k 6 m be an integer. Then, the pairing

Hk(M, R)× Hm−k(M, R) −→ R

([α], [β]) 7−→
∫

M
α ∧ β

is non-degenerate.

In particular, the integration yields isomorphism Hm(M, R) ' R.

2.2 Complex-valued differential forms

Let X be a complex manifold of dimension n. We denote by TX (resp. ΩX) the holomor-
phic tangent bundle (resp. holomorphic cotangent bundle) of X.

Definition 2.7 (The complex vector bundles T1,0
X and T0,1

X ). The real tangent bundle TX,R,
i.e. the tangent bundle of X seen as a real differentiable manifold, is a C∞ real vector
bundle with rank 2n endowed with an action J : TX,R → TX,R induced by the multiplica-
tion by i on TX; it satisfies J2 = −IdTX,R . We decompose the complexified tangent bundle
TX,C := TX,R ⊗C

(2.16) TX,C = T1,0
X ⊕ T0,1

X

according to its eigenspaces, where T1,0
X,x := {u ∈ (TX,C)x; Ju = iu} and T0,1

X,x := {u ∈
(TX,C)x; Ju = −iu} is the complex conjugate of T1,0

X,x.

The canonical realization of the holomorphic tangent bundle TX inside TX,R ⊗C is iso-
morphic to T1,0

X (as C∞ complex vector bundles).

Local picture. Under a local trivialization of X ⊃ U ' Cn, we have complex coordi-
nates z1, . . . , zn as well as real coordinates xk = Re(zk), yk = Im(zk) which induce vector
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fields ∂
∂xk

, ∂
∂yk
∈ TX,R and ∂

∂zk
∈ TX. Then TX,R := ⊕n

k=1(R
∂

∂xk
⊕R ∂

∂yk
) and the operator J

satisfies J ∂
∂xk

= ∂
∂yk

and J ∂
∂yk

= − ∂
∂xk

. Since ∂
∂zk

= 1
2

(
∂

∂xk
− i ∂

∂yk

)
, we find J ∂

∂zk
= i ∂

∂zk
. The

conjugation operator TX,R ⊗ C 3 v ⊗ λ 7→ v ⊗ λ̄ is a C-antilinear automorphism such
that ∂

∂zk
= 1

2

(
∂

∂xk
− i ∂

∂yk

)
=: ∂

∂z̄k
satisfies J ∂

∂z̄k
= −i ∂

∂z̄k
. In particular, we find that over U,

T1,0
X = ⊕n

k=1C ∂
∂zk

and T0,1
X = ⊕n

k=1C ∂
∂z̄k

, and finally, T1,0
X = T0,1

X .

We define the complex vector bundles AX,C := T∗X,C,A1,0
X := (T1,0

X )∗, and similarly
A0,1

X := (T0,1
X )∗. Dualizing (2.16), one gets

(2.17) AX,C = A1,0
X ⊕A

0,1
X

and similarly as for the tangent, we see that A1,0
X is spanned by the 1-forms dzk :=

1
2 (dxk + idyk) and Ω0,1

X is spanned by the 1-forms dz̄k := 1
2 (dxk − idyk).

Finally, one defines for any integer 1 6 k 6 n the following complex vector bundle
Ak

X,C := ΛkAX,C as well as for any 1 6 p, q 6 n, Ap,q
X := ΛpA1,0

X ⊗ ΛqA0,1
X . One gets a

decomposition

(2.18) Ak
X,C =

⊕
p+q=k

Ap,q
X .

Locally, a smooth (p, q)-form α can be uniquely represented as α = ∑I,J f I JdzI ∧ dz̄J
where the sum runs over all ordered subsets I, J ⊂ {1, . . . , n} with p (resp. q) elements,
and f I J are smooth, complex-valued functions. Moreover, if I = {i1, . . . , ip}, one writes
dzI := dzi1 ∧ . . . ∧ dzip and similarly for dz̄J .

Definition 2.8 (Real forms). A form α ∈ C∞(X,Ak
X) is real if α = ᾱ. If, moreover, α ∈

C∞(X,Ap,q
X ), then p = q unless α = 0. In local coordinates, a (p, p)-form α = ∑I,J f I JdzI ∧

dz̄J is real if and only if f I J = − f J I .

Definition 2.9 (Kähler metrics, Kähler manifolds). Let X be a complex manifold. A her-
mitian metric on X is a hermitian positive definite form of class C∞ on TX. In local coor-
dinates, h = ∑k,` hk`dzk ⊗ dz̄`. One associate to h the fundamental form ω := −Im(h). In
local coordinates, ω = i

2 ∑k` hk`dzk ∧ dz̄`. It is real, of type (1, 1). On says that ω is Kähler
if dω = 0. Finally, X is a Kähler manifold if it admits a Kähler metric.

2.3 The Dolbeault cohomology

The exterior differential d : Ak
X,R → A

k+1
X,R extends by C-linearity to d : Ak

X,C → A
k+1
X,C .

Moreover, if α is a smooth (p, q)-form, it is clear from Leibniz rule that one can uniquely
decompose dα = (dα)p+1,q + (dα)p,q+1 according to its type. We define ∂α (resp. ∂̄α) to be
the (p+ 1, q)-component (resp. (p, q+ 1)) of dα. In local coordinates, we get the following

11



expression for ∂ and ∂̄:

∂α = ∑
I,J

n

∑
k=1

∂ f I J

∂zk
dzk ∧ dzI ∧ dz̄J

∂̄α = ∑
I,J

n

∑
k=1

∂ f I J

∂z̄k
dz̄k ∧ dzI ∧ dz̄J

In particular, a (p, 0)-form α ∈ C∞(X,Ap,0
X,C) is holomorphic if and only if ∂̄α = 0.

Clearly, we have d = ∂ + ∂̄. Since d2 = 0, we infer

∂2 = ∂̄2 = 0 and ∂∂̄ = −∂̄∂.

In particular, a ∂̄-exact form is ∂̄-closed (and the same holds with ∂). While the converse
is certainly not true (take α = dz̄

z̄ on C∗), it is true locally. More precisely, we have the
complex analogue of Poincaré lemma, cf [Voi07, Proposition 2.31].

Lemma 2.10 (Dolbeault-Grothendieck lemma). Let α be a (p, q)-form on the unit polydisk
D ⊂ Cn with q > 0. If ∂̄α = 0, then there exists a (p, q− 1)-form β on D such that α = ∂̄β.

Definition 2.11 (Dolbeault cohomology). Let X be a complex manifold of dimension n.
For any indices 0 6 p, q 6 n, one defines

Hp,q(X) := {α ∈ C∞(X,Ap,q
X ); ∂̄α = 0}

/
{∂̄β; β ∈ C∞(X,Ap,q−1

X )} .

At this point, the C-vector spaces Hp,q(X) could be infinite dimensional. For instance,
H0,0(X) = OX(X) is the space of holomorphic functions on X.

Remark 2.12 (Comparison with coherent cohomology). Consider the following complex

Ωp
X ↪→ Ap,0

X
∂̄−→ Ap,1

X
∂̄−→ Ap,2

X
∂̄−→ · · · ∂̄−→ Ap,n

X
∂̄−→ 0

where Ωp
X is the sheaf of holomorphic p-forms, which is naturally a subsheaf of the sheaf

of smooth (p, 0)-forms. The Dolbeault-Grothendieck lemma says that this complex is ac-
tually a resolution of Ωp

X. Since the sheaves Ap,q
X are soft (as C∞

X -modules), the De Rham-
Weil isomorphism theorem (Theorem 1.5) shows that we have an isomorphism

(2.19) Hp,q(X) ' Hq(X, Ωp
X)

where the RHS is the coherent cohomology in degree q of Ωp
X (or, equivalenty, the Čech

cohomology of that sheaf).

2.4 The Hodge decomposition theorem

When (X, g) is a compact Riemannian manifold, then Hodge theory shows that the de
Rham cohomology

Hk(X, R) := {α ∈ C∞(X,Ak
X); dα = 0}

/
{dβ; β ∈ C∞(X,Ak

X)}
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is isomorphic to the space Hk
g(X) of harmonic k-forms (i.e. k-forms α such that ∆dα = 0,

where ∆d = dd∗ + d∗d is the Hodge laplacian associated to g). In other words, each de
Rham cohomology class contains a unique harmonic representative. A first consequence
is that Hk(X) is finite dimensional. As another application, one can use this correspon-
dence to prove the Poincaré duality, cf [Voi07, Theorem 5.30]

Let us now assume that X admits a complex structure J such that J ∈ O(g) and ω :=
g(·, J·) is closed; hence ω is a Kähler form. We can consider several laplacians, among
which ∆d = dd∗ + d∗d, ∆∂̄ = ∂̄∂̄∗ + ∂̄∗∂̄ and ∆∂ = ∂∂∗ + ∂∗∂. The last two laplacians have
the advantage of preserving the type, i.e. if α ∈ C∞(X,Ap,q

X ), then ∆∂̄α ∈ C∞(X,Ap,q
X ).

In particular, usual Hodge theory shows that we have an isomorphism between Hp,q(X)
and the spaceHp,q

∂̄
(X) of ∆∂̄-harmonic (p, q)-forms.

One of the main results in Hodge theory states that when ω is Kähler, then we have
the following identity between the real and complex laplacian 1

2 ∆d = ∆∂̄ = ∆∂. In par-

ticular, we have ∆∂̄ = ∆∂ = ∆∂̄ hence Hp,q
∂̄

(X) ' Hq,p
∂̄

(X). Moreover if α is a complex-
valued ∆d-harmonic k-form and α = ∑p+q=k αp,q is its type decomposition, then αp,q is
∆∂̄-harmonic as well. This yields the following foundational result

Theorem 2.13 (Hodge decomposition theorem). Let X be a compact Kähler manifold.There
are isomorphisms

Hk(X, C) '
⊕

p+q=k

Hp,q(X)

Hq,p(X) ' Hq,p(X).

One can even refine the statement making the isomorphisms canonical (i.e. indepen-
dent of the choice of a Kähler metric).

One should insist on the fact that the decomposition above in cohomology does not
arise directly from the decomposition Ak

X,C = ⊕p+q=Ap,q
X . For instance, consider α =

z̄2dz1 + z1dz̄2. Then α is closed (dα = 0) but its components are not ∂̄-closed (∂̄(z̄2dz1) =
−dz1 ∧ dz̄2 6= 0).

For p = q, Hp,p(X) ⊂ H2p(X, C) is a complex vector space which is stable under con-
jugation (recall that H2p(X, C) = H2p(X, R)⊗R C by the universal coefficient theorem).
In particular, there is a real vector space Hp,p(X, R) ⊂ Hp,p(X) such that Hp,p(X, R)⊗R C.
One can identify Hp,p(X, R) with Hp,p(X) ∩ H2p(X, R), i.e. it consists of (p, p)-classes
that can be represented by real, ∂̄-closed (p, p)-forms.

3 Line bundles and divisors

3.1 Basic definitions

Let X be a complex manifold of dimension n.

Definition 3.1 (Line bundle). A line bundle L on X consists of a complex manifold L
endowed with a projection map p : L→ X such that X admits an open covering X = ∪Uα
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and isomorphisms

L|p−1(Uα) Uα ×C

Uα

τα

'

p pr2

such that on the overlaps Uαβ := Uα ∩Uβ, the isomorphism τα ◦ τ−1
β : Uαβ ×C → Uαβ ×

C is given by (x, v) 7→ (x, gαβ(x)v) for some gαβ ∈ OX(Uαβ)
∗. In particular, one has

gαβgβγ = gαγ on Uαβγ.

If x ∈ X, we denote by Lx := p−1(x) the fiber of p at x; which is non-canonically
isomorphic to C. Up to refining the cover, one can assume that the sets Uα are isomorphic
to a polydisk in Cn, and that the double overlaps Uαβ are simply connected.

Given two line bundles L, L′ over X, one can consider their tensor product L ⊗ L′.
This is done fiberwise and yields a well-defined line bundle on X. If X = ∪Uα is a cover-
ing of X trivializing both L and L′ (with respective transition functions gαβ and g′αβ), then
L⊗ L′ is also trivialized with transition functions gαβg′αβ.

A morphism of line bundles φ : L → L′ over X is a holomorphic map such that
p′ ◦ φ = p and such that for any x ∈ X, the induced map φx : Lx → L′x is linear (i.e. it is
an homothety). It is an isomorphism if it admits an inverse. The (abelian) group of line
bundles modulo isomorphism is denoted by Pic(X).

Proposition 3.2. There is an isomorphism

Pic(X) −→ H1(X,O∗X).

Proof. The map is defined by sending L to (gαβ) with the notation above. One can con-
struct an inverse as follows. Given a cocycle (gαβ), we define a sheaf L by L(U) =
{( fα); fα ∈ O(U ∩ Uα), fα|Uαβ∩U = gαβ fβ|Uαβ∩U}. On each Uα, the element eα defined
by eα

β = gβα if β 6= α, eα
α = 1 defines a section of L on Uα. It is elementary to check that if

f ∈ L(Uα), then f = fαeα so that L is indeed a line bundle.
If we change gαβ into g′αβ = gα

gβ
gαβ, we get a new sheaf L′ and the maps gα : L|Uα →

L′|Uα glue to an isomorphism L→ L′.
Conversely, if Φ : L → L′ is an isomorphism, consider local trivialization eα (resp.

e′α) of L|Uα (resp. L′|Uα . There exists holomorphic non-vanishing functions gα such that
Φ(eα) = gαe′α. Since eβ = gαβeα (and likewise for L′), we find g′αβ = gα

gβ
gαβ, hence the

cocycles (gαβ) and (g′αβ) differ by an exact cocycle.

Definition 3.3 (Sections). If U ⊂ X, a smooth (resp. holomorphic) section of L over U is
a smooth (resp. holomorphic) map s : U → L such that p(s(x)) = x for all x ∈ U. That
is, s(x) ∈ Lx for all x ∈ U. We write s ∈ C∞(U, L) (resp. s ∈ H0(U, L)).

If s is a section of L over X, then τα(s(x)) = (x, σα(x)) for some function σα : Uα → C.
On the overlap Uαβ, one has σα = gαβσβ. Conversely, the data of functions σα : Uα →
C satisfying the relation σα = gαβσβ on the overlaps induces a unique section s of L
corresponding to the σα under the trivialization.
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Definition 3.4 (Meromorphic sections). A meromorphic section of a line bundle L on X
consists of the data of meromorphic functions σα ∈ MX(Uα) such that σα = gαβσβ on
every overlap Uαβ.

Let us add a few of remarks:
• Global holomorphic sections s ∈ H0(X, L) may not exist, although C∞(X, L) is an

infinite dimensional vector space, since once can construct many smooth sections using
partitions of unity or even just cut-off functions.
• Locally, the map τα induces a non-vanishing, holomorphic section x 7→ eα(x) :=

τ−1
α (x, 1) called local trivialization of L on Uα.
• If s, s′ are two meromorphic sections of L, then the quotient s

s′ defines a meromor-
phic function on X (provided s′ 6≡ 0).

3.2 First Chern class of a line bundle : two approaches

3.2.1 The cocycle point of view

The data of (Uαβ, gαβ) characterizes L up to isomorphism of line bundles. Moreover, one
has the following relation

gαβgβγ = gαγ on Uαβγ.

In particular, L defines a unique cocycle in H1(X,O∗X) and the map that sends L to that
cocycle induces a group isomorphism

Pic(X)
'−→ H1(X,O∗X),

cf Proposition 3.2.
Now, the exponential exact sequence

0 −→ ZX −→ OX
exp(2πi·)−→ O∗X −→ 0

induces a long exact sequence in cohomology and, in particular, a map

H1(X,O∗X)
ψ−→ Ȟ2(X, ZX)

that can be described as follows. If (Uαβ, gαβ)αβ is a cocycle with values in O∗X, and since
Uαβ is simply connected, there exists fαβ ∈ OX(Uαβ) satisfying

(3.20) e2πi fαβ = gαβ.

On the triple overlap Uαβγ, we have cαβγ := fαβ + fβγ− fαγ ∈ ZX(Uαβγ), and (Uαβγ, cαβγ)αβγ

defines an element in H2(X, ZX). Finally, the inclusion map ZX ↪→ RX induces a map
j : Ȟ2(X, ZX) → Ȟ2(X, RX). One defines the first Chern class of a line bundle L as the
image of the composite map c1 := j ◦ ψ

(3.21) Pic(X) Ȟ2(X, Z) Ȟ2(X, R)

c1

ψ j

where one has used the identification Pic(X) ' H1(X,O∗X).
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3.2.2 The metric point of view

Definition 3.5 (Hermitian metric). Let L → X be a line bundle on a complex manifold
X. A hermitian metric h on L is a collection of hermitian metrics (hx)x∈X on Lx that vary
smoothly with x.

Concretely, h can be viewed in the trivializations L|p−1(Uα) ' Uα×C as a map (x, λ) 7→
|λ|2e−φα where φα : Uα → R>0 is a smooth function. The choice to write a positive
function as an exponential is of course arbitrary, but we will see later that it is particularly
convenient. Alternatively, one can use the trivialization eα ∈ H0(Uα, L) to describe h in
the chart Uα by setting |eα|2h := e−φα . The functions φα ∈ C ∞(Uα, R) are called local
weights of h; of course they depend on the choice of local trivializations of L.

The functions φα do not match on the overlap Uαβ in general, but since eβ = gαβeα,
we find the relation φα − φβ = log |gαβ|2. Since gαβ is holomorphic and non-vanishing on
Uαβ, we have ∂∂̄φα = ∂∂̄φβ on Uαβ.

Conversely, if L is given, one can construct a hermitian metric h on L by setting
|eα|2h := ∑γ χγ|gγα|2 where χγ is a partition of unity subordinate to (Uγ)γ. In other words,
one set

(3.22) φα := − log ∑
γ

χγ|gγα|2.

Given the relation eβ = gαβeα, h is well-defined if and only if we have |eβ|2h = |gαβ|2|eα|2h
on the overlap. This is in turn equivalent to

(3.23) φα − φβ = log |gαβ|2

which follows immediately from the cocyle relation gγαgαβ = gγβ.

Definition 3.6 (Chern curvature form). Let h be a hermitian metric on a line bundle L→
X. The Chern curvature form Θh(L) is the real, closed (1, 1)-form defined on Uα by the
formula Θh(L) := i

2π ∂∂̄φα. It only depends on h and not on the trivializations of L.

Since Θh(L) is locally exact, it is closed. In particular, it defines an element [Θh(L)] ∈
H2(X, R). Moreover, if h, h′ are two hermitian metrics on a line bundle L → X, then it
follows directly from the definition that there exists a smooth function f on X such that
h′ = e f h. In particular, one has Θh(L) = Θh′(L) + i

2π ∂∂̄ f , hence [Θh(L)] = [Θh′(L)] ∈
H1,1(X) and we have a well-defined cohomology class c1(L) ∈ H2(X, R).

Lemma 3.7. The "metric" and "cocycle" definitions of c1(L) coincide under the identification
(2.15) between H2(X, R) and Ȟ2(X, R).

Proof. Let cm
1 (L) ∈ H2(X, R) (resp. cc

1(L) ∈ Ȟ2(X, R)) be the "metric" (resp. "cocycle")
first Chern class of L. We borrow the notation Ψ and Φ from the proof of the isomorphism
(2.15).
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Recall that cm
1 (L) can be represented by the Chern curvature Θh(L) of any hermitian

metric h, e.g. the one defined by (3.22). In that case, we have on Uα the identity Θh(L) =
i

2π d∂̄φα. Now remember that

∂̄(φα − φβ) = ∂̄ log |gαβ|2 = ∂̄(−4πIm( fαβ)) = −2πid( fαβ)

where we have used (3.20). Therefore, we have

i
2π

∂̄(φα − φβ) = d( fαβ).

With the notation of (the proof of) (2.15), the class Ψ(cm
1 (L)) is therefore represented by

(the conjugate of) ( fαβ + fβγ − fαγ)αβγ, i.e. Ψ(cm
1 (L)) = cc

1(L).

Lemma 3.8. Let L→ X be a line bundle on a compact Kähler manifold X and let α ∈ c1(L) be a
closed (1, 1)-form. Then, there exists an hermitian metric h on L such that Θh(L) = α.

Proof. Let h0 be some background hermitian metric on L. The cohomology class of the
closed (1, 1)-form (or current) α− Θh0(L) is zero, hence by the ∂∂̄-lemma, there exists a
function f ∈ C∞(X) (resp. f ∈ L1(X)) such that α−Θh0(L) = i

2π ∂∂̄ f . Set h := e− f h0; it
satisfies the requirements.

3.3 Divisors and line bundles

In this section X is a complex manifold of dimension n.

3.3.1 Divisors

Definition 3.9 (Subvariety). An (analytic) subvariety of X is a closed subset Y ⊂ X such
that for any x ∈ X, there exists an open neighborhood x ∈ U ⊂ X such that Y ∩U is the
zero set of finitely many holomorphic functions f1, . . . , fk ∈ OX(U).

A point x ∈ Y is said smooth or regular if one can choose the functions fi such that the
Jacobian of the holomorphic map f = ( f1, . . . , fk) has rank k under a local trivialization.
Otherwise, x ∈ Y is singular.

Definition 3.10 (Dimension). One can show that the set Yreg of regular points of an ana-
lytic subvariety Y ⊂ X is a non-empty complex submanifold of X. We define the dimen-
sion of Y by dim Y := dim Yreg.

Definition 3.11 (Irreducible subvariety). A subvariety Y ⊂ X is said irreducible if it
cannot be written as the union Y = Y1 ∪ Y2 of two proper analytic subvarieties (i.e. Y1 6⊂
Y2 and Y2 6⊂ Y1)

Definition 3.12 (Hypersurface). An hypersurface of X is a subvariety H ⊂ X of codimen-
sion one, i.e. dim H = n− 1.

Definition 3.13 (Divisors and Q-divisors). A divisor (resp Q-divisor) is a formal linear
combination D = ∑k

i=1 aiDi where Di is an irreducible hypersurface and ai ∈ Z (resp.
ai ∈ Q). We say that D is effective if each ai is non-negative.
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We will admit that similarly to the case of Riemann surfaces, given a meromorphic
function f ∈ MX(X), one can attach its divisor of zeros and poles div( f ) = ∑ aiDi where
f vanishes at order ai along Di if ai > 0 and f has a pole of order −ai if ai 6 0.

Given the local nature of that construction, one can equally define a divisor div(s) for
any meromorphic section of a line bundle L on X.

Definition 3.14 (Equivalence of divisors). We say that two divisors D, D′ are linearly
equivalent if there exists a meromorphic function f ∈ MX(X) such that D−D′ = div( f ).
The group of isomorphism classes of divisors under linear equivalence is denoted by
Div(X).

3.3.2 Line bundle associated to a divisor

A smooth hypersurface H ⊂ X is given locally on a collection of charts Uα ⊂ X as the zero
locus H∩Uα = ( fα = 0) for some holomorphic function fα ∈ OX(Uα) such that d fα never
vanishes on Uα. It is easy to check that on the overlap Uαβ, we have fα = gαβ fβ for some
non-vanishing holomorphic function gαβ ∈ OX(Uαβ)

∗. Clearly, one has gαγ = gαβgβγ on
any triple overlap Uαβγ. This allows one to define a cocycle (gαβ) ∈ Z1(X,O∗X) and it is
not hard to check that its class [(gαβ)] ∈ H1(X,O∗X) is independent of the choice of the
functions fα.

We will admit that the same construction can be carried over similarly if H is merely
an analytic hypersurface.

Definition 3.15 (Line bundle associated to an hypersurface). If H ⊂ X is an analytic
hypersurface, the cocycle [(gαβ)] ∈ H1(X,O∗X) constructed above yields a line bundle
that we denote OX(H).

Lemma 3.16. Let H ⊂ X be an hypersurface. The line bundle OX(H) admits a holomorphic
section sH whose divisor is exactly H. It is unique up to an element of OX(X)∗.

Proof. This is almost tautological, as one can define sH by the data of the holomorphic
function σα = fα on Uα, which satisfies σα = gαβσβ automatically. As for uniqueness, if
s, s′ are two such sections, then s

s′ is a meromorphic function whose divisor of poles and
zero is empty; i.e. it is an element of OX(X)∗.

Definition 3.17 (Line bundle associated to a divisor). Let D = ∑k
i=1 aiDi be a divisor. We

define OX(D) := OX(D1)
⊗a1 ⊗ · · · ⊗ OX(Dk)

⊗ak .

In terms of cocycles, if ( f (i)α = 0) is the equation of Di ∩Uα, then the cocycle associated

toOX(D) is simply ∏k
i=1

(
f (i)α

f (i)β

)ai

. Moreover,OX(D) admits a meromorphic section sD :=

∏k
i=1 s⊗ai

Di
which satisfies div(sD) = D.

Lemma 3.18. Let L be a line bundle on X endowed with a meromorphic section s. Then L is
isomorphic to OX(div(s)).

Proof. The meromorphic section s correspond to meromorphic functions σα on Uα such
that σα = gαβσβ if gαβ are the transition functions of L. Set D = div(s). Since, locally, D ∩
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Uα = div(σα), the line bundle OX(D) can be defined by the cocycle σα
σβ

which coincides
with gαβ. This proves the lemma.

Lemma 3.19. Let D be a divisor. Then OX(D) is isomorphic to the trivial line bundle OX if and
only if D = div( f ) for some meromorphic function f ∈ MX(X).

Proof. If D = div( f ), then one chooses as local equation ( f = 0) on Uα and the cocycle
gαβ is noting but f

f ≡ 1. Conversely assume that we have a trivializing section s ∈
H0(X,OX(D)). Then sD/s is a meromorphic function whose divisor is div(sD) = D.

Corollary 3.20. The map

Div(X) −→ Pic(X)

D 7−→ OX(D)

is an injective morphism of abelian groups. Moreover, the image consists exactly of line bundles
admitting a non-zero meromorphic section.

Proof. The fact that the map is well-defined and injective follows from Lemma 3.19. The
description of the image follows from Lemmas 3.16-3.18.

Remark 3.21. If X is a projective manifold, then the above map is surjective, hence iso-
morphic. Indeed, if L is a line bundle and H is an ample hypersurface, then for p � 1,
L⊗H⊗p is globally generated, hence it has a non-zero section s. Then, s/s⊗p

H is a non-zero
rational section of L.

Lemma 3.22. Let D be a divisor, let L := OX(D) be the associated line bundle and let L be the
sheaf of sections of L. Then L is locally free of rank one and given an open set U ⊂ X, one has a
natural correspondence

L(U) ' { f ∈ MX(U); div( f ) > −D|U}.

Proof. Let sD be a meromorphic section of L such that div(sD) = D. Let F be the sheaf
defined by F (U) = { f ∈ MX(U); div( f ) > −D|U}. We have a sheaf morphism L → F
given by s 7→ s

sD
and its inverse is t 7→ tsD. It remains to see that L is locally free or,

equivalently, that F is locally free. Consider the covering of X by open sets Uα where
D|Uα = div( fα) for fα a meromorphic function on Uα. Then 1

fα
∈ F (Uα) and one has

clearly F|Uα =
1
fα
OUα .

3.4 Basics on intersection theory

Let X be a compact Kähler manifold of dimension n. If α1, . . . , αn ∈ H2(X, R), we set

α1 · . . . · αn =
∫

X
ω1 ∧ . . . ∧ωn

where ωi ∈ αi is an arbitrary representative of its de Rham cohomology class. This de-
fines a multi-linear symmetric product on H2(X, R) called the intersection product.

Let L → X be a holomorphic line bundle which admits a non-zero section s ∈
H0(X, L). We pick a hermitian metric h on L and set D := div(s). We have the following
result
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Theorem 3.23. Assume that D is smooth. For any (n− 1, n− 1)-form ψ on X, we have

i
2π

∫
X
(log |s|2h) · ∂∂̄ψ =

∫
D

ψ|D −
∫

X
Θ(L, h) ∧ ψ.

Remark 3.24. The result holds more generally without the assumption that D is smooth
and is due to Lelong. The formula then reads

i
2π

∫
X
(log |s|2h) · ∂∂̄ψ =

∫
Dreg

ψ|Dreg −
∫

X
Θ(L, h) ∧ ψ

if D is reduced, and generalized to the non-reduced case in the obvious way. The addi-
tional ingredient needed is that D can be locally expressed as a (finite) ramified cover of
Cn−1.

Corollary 3.25. Let α1, . . . , αn−1 ∈ H2(X, R) and let D a smooth hypersurface. Then

α1 · . . . · αn−1 · c1(D) = α1|D · . . . · αn−1|D.

Proof of Corollary 3.25. Choose representatives ωi of αi, set ψ := ω1 ∧ . . . ∧ ωn−1 which is
∂∂̄-closed. Since Θ(L, h) ∈ c1(D), the result follows from Theorem 3.23.

Corollary 3.26. Let L be a line bundle such that c1(L) = 0 ∈ H2(X, R). Then H0(X, L) = 0
unless L is trivial.

Proof of Corollary 3.26. Argue by contradiction and let s ∈ H0(X, L) be a non-zero section.
Write D = ∑ aiDi with ai > 0, Di irreducible. Let α ∈ H2(X, R) be a Kähler class and
ω ∈ α be a Kähler representative. By Theorem 3.23 and Remark 3.24, we have

c1(D) · αn−1 = ∑
i

ai

∫
Di,reg

ω|n−1
Di,reg

> 0,

a contradiction with c1(D) = 0.

Remark 3.27 (Alternative proof of Corollary 3.26). By Theorem 5.2, there exists a hermi-
tian metric h on L such that Θ(L, h) = 0. But then one has for any holomorphic section s
of L

∂∂̄|s|2 = 〈D′s, D′s〉+ 〈s, 2πiΘ(L, h)s〉 = 〈D′s, D′s〉

where D′ is the (1, 0)-part of the Chern connection of (L, h). In particular, we get for any
Kähler metric ω

0 =
∫

X
∆|s|2 ·ωn = n

∫
X
|D′s|2h,ωωn

hence D′s = 0. In particular, |s|2 is constant and either s vanishes identically or it never
vanishes.

Proof of Theorem 3.23. Let us first observe that log |s|2h is integrable with respect to any
volume form on X, so that our integral is well-defined.

Next, choose a partition of unity χα subordinate to a covering (Uα) where Uα ' ∆n is
a polydisk and D|Uα = (zα

1 = 0) under the previous identification. Writing ψ = ∑α χαψ,
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one sees that it is enough to prove the formula when ψ has compact support in some Uα.
Therefore, one will fix such an index α and set ψ := χαψ, U := Uα, zi := zα

i .
One can choose a trivialization e of L|U such that s|U = z1 · e and set φ := − log |e|2h so

that Θ(L, h)|U = i
2π ∂∂̄φ. Then,

i
2π

∫
U
(log |s|2h) · ∂∂̄ψ =

i
2π

∫
U
(log |z1|2 − φ) · ∂∂̄ψ

= lim
ε →0

i
2π

∫
U
(log(|z1|2 + ε2)− φ) · ∂∂̄ψ

= lim
ε →0

i
2π

∫
U

∂∂̄ log(|z1|2 + ε2) ∧ ψ−
∫

U
Θ(L, h) ∧ ψ,

thank to Stokes formula. Therefore, all we have to prove is

(3.24) lim
ε →0

i
2π

∫
U

∂∂̄ log(|z1|2 + ε2) ∧ ψ =
∫

D
ψ|D.

Now we have

∂∂̄ log(|z1|2 + ε2) = ∂

(
z1dz̄1

|z1|2 + ε2

)
=

ε2

(|z1|2 + ε2)2 · dz1 ∧ dz̄1.

Now if f is a smooth function on the disk (of radius two) in C, then

I f ,ε :=
1

2π

∫
|z|<1

ε2

(|z|2 + ε2)2 · f (z)idz ∧ dz̄ =
ε2

2π

∫ 2π

0
dθ
∫ 1

0
f (reiθ)

2rdr
(r2 + ε2)2

=
1

2π

∫ 2π

0
dθ
∫ ε−1

0
f (εseiθ)

2sds
(s2 + 1)2

where one has used the change of variable r = εs. Since s
(s2+1)2 = O( 1

1+s3 ), Lebesgue
dominated convergence theorem shows

lim
ε→0

I f ,ε = f (0)
∫ +∞

0

2sds
(s2 + 1)2 = f (0)

∫ +∞

1

du
u2 = f (0).

Therefore, if one write z = (z1, z) and

ψ = a(z)dz2 ∧ d̄z2 ∧ . . . ∧ dzn ∧ dz̄n + τ,

where τ involves only summands where either dz1 or dz̄1 appears, then

∂∂̄ log(|z1|2 + ε2) ∧ ψ =
ε2a(z)

(|z1|2 + ε2)2 · dz1 ∧ dz̄1 ∧ . . . ∧ dzn ∧ dz̄n

hence

lim
ε →0

i
2π

∫
U

∂∂̄ log(|z1|2 + ε2) ∧ ψ =
∫

z∈∆n−1
a(0, z)dz2 ∧ dz̄2 ∧ . . . ∧ dzn ∧ dz̄n =

∫
D

ψ|D,

hence (3.24) holds. This proves the theorem.
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Lemma 3.28. Let f : Y → X be a map between compact complex manifolds of dimension n and
let α1, . . . , αn ∈ H2(X, C).

1. If f is finite of degree d, then

( f ∗α1 · . . . · f ∗αn) = d(α1 · . . . · αn).

2. If f is bimeromorphic, i.e. if there exists a Zariski open set U ⊂ X such that f | f−1(U) :
f−1(U)→ U is an isomorphism, then

( f ∗α1 · . . . · f ∗αn) = (α1 · . . . · αn).

Proof. Pick representatives ωi ∈ αi. Outside of the ramification divisor R ⊂ Y (which has
Lebesgue measure zero), f is an étale covering hence∫

Y
f ∗ω1 ∧ . . . ∧ f ∗ωn =

∫
Y\Z

f ∗ω1 ∧ . . . ∧ f ∗ωn

= d
∫

X\ f (Z)
ω1 ∧ . . . ∧ωn

= d
∫

X
ω1 ∧ . . . ∧ωn

by Lemma 3.29. The second item is proved similarly (with d = 1 for the étale covering
f | f−1(U)).

Lemma 3.29. Let g : M→ N be a smooth topological cover of degree d between compact oriented
differentiable manifolds of real dimension k. For any k-form ω on N, we have∫

M
g∗ω = d

∫
N

ω.

Proof. Fix a covering N = ∪Nα such that g−1(Nα) = tβ Mαβ is a disjoint union of d
connected open sets (Mαβ)β=1...d such that g|Mαβ

: Mαβ → Nα is an isomorphism. Fix a
partition of unity (χα) subordinate to (Nα). By the chance of variable formula, we have∫

Nα
χαω =

∫
Mαβ

g∗(χαω), hence we have∫
N

ω = ∑
α

∫
Nα

χαω

= ∑
α

1
d ∑

β

∫
Mαβ

g∗(χαω)

=
1
d ∑

α

∫
g−1(Nα)

g∗(χα)g∗ω

=
1
d ∑

α

∫
M

g∗(χα)g∗ω

=
1
d

∫
M

g∗ω.
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3.5 Cyclic coverings

Let f be a holomorphic function on Cn and let m > 1 be an integer. If we define

Y := {(z, w) ∈ Cn ×C; wm = f (z)},

then the first projection p : Y → Cn is surjective with finite fibers and it is a Galois cover
of group Zm := Z/mZ. Moreover, it is étale (i.e. a local biholomorphism) away from
( f = 0) and it is totally ramified along ( f = 0), i.e. p induces a 1:1 map p−1(( f =
0)) → ( f = 0). If ( f = 0) is smooth, then one sees easily that Y is smooth as well.
The second projection g : Y → C satisfies gm = p∗ f , i.e. one should think of g as an
m-th root of f . Set X := Cn, via the finite map p : Y → X one can see OY as a (finitely
generated) OX-module . Clearly, OY(Y) ' ⊕m−1

j=0 gjOX(X) where one sees OX(X) inside
OY(Y) via pullback by p. We can make the previous isomorphism of OX(X)-modules as
an isomorphism of algebras using the relation gm = p∗ f .

One would like to generalize the above construction to a global setting. So let X be a
complex manifold and let π : L → X be a line bundle on X. We denote by L the (rank
one, locally free) sheaf of sections of L. Assume that there for some integer m > 1 and a
non-zero section s ∈ H0(X, L⊗m) such that D = (s = 0) is a smooth hypersurface.

Theorem 3.30. There exist a complex manifold Y and a finite, ramified Galois cover p : Y → X
with Galois group Zm such that

1. There exists a section t ∈ H0(Y, p∗L) such that t⊗m = p∗s.

2. The cover p is étale away from D and is totally ramified along D.

3. One has KY + D′ = p∗(KX + D) where D′ = p−1(D). Moreover, p∗D = mD′.

4. There is an isomorphism p∗OY ' ⊕m−1
j=0 L−j as OX-algebras. The algebra structure is

induced by the map L−i ⊗L−j → L−i−j ⊗s→ L−i−j+m whenever i + j > m.

Remark 3.31. If (s = 0) is not smooth, such a cover Y → X still exists but its source Y
can be very singular (e.g. it is not irreducible).

Proof. Set
Y := {v ∈ L, v⊗m = s} ⊂ L.

To be more precise, one should write v⊗m = s(π(v)), but then the notation becomes quite
cumbersome. The inclusion j : Y → L yields a map

p := π ◦ j : Y → X.

The group Zm acts on L by k̄ · v = ζkv where ζ is a primitive m-th root of unity. This
action preserves Y ⊂ L, and it is transitive on the fibers of p. In other words, the action
allows one to identify Y/Zm with X.
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The fact that Y is smooth is obvious away from D. Near p−1(D), Y is locally isomor-
phic to {(z, w) ∈ Cn × C; wm = z1}, hence it is smooth too. Consider the commutative
diagram

p∗L L

Y X

q

π

p

j

where p∗L = Y ×X L = {(y, `) ∈ Y × L; p(y) = π(`)}. Consider the section t : Y → p∗L
defined by t(y) = (y, j(y)). For any y ∈ Y, q induces an isomorphism qy : (p∗L)y

'→ Lp(y),
under which one finds

p∗s(y) = s(p(y)) = j(y)⊗m = qy(t(y))⊗m.

This means that t⊗m = p∗s, and proves item 1.
Let us now prove Items 2-3. First of all, it is clear from the definition of Y that p

induces a bijection p−1(D)→ D. The problem is local. Pick y ∈ Y and set x = p(y). Near
x, one can trivialize L so that Y is locally isomorphic to a neighborhood of the origin in
{(z, w) ∈ Cn ×C; wm = f (z)}, where f is some holomorphic function f defined near 0.
If f (0) 6= 0, one can find a root g of f near 0 so that Y is locally the graph of z 7→ (z, g(z))
so that p is clearly locally biholomorphic. If f (0) = 0, one can choose the coordinates on
X such that f (z) = z1 and Y is locally biholomorphic to {(z, w) ∈ Cn × C; wm = z1}.
Therefore, (w, z2, . . . , zn) provide a set of coordinates near y and in these coordinates,

(3.25) p(w, z) = (wm, z)

where z = (z2, . . . , zn). This shows that p∗D = mD′.
Since p is étale away from D, the differential of p induces an isomorphism p∗KX ' KY

away from D. More precisely, we get a sheaf map

Λndp : p∗KX → KY,

hence a section OX → KY/X := KY ⊗ p∗K−1
X with is non-vanishing away from D. We

need to show that the divisor of that section is exactly (m− 1)D. This can now be checked
locally; we fix a small open set U ⊂ X intersecting D and pick coordinates (zi) on U such
that (3.25) holds. Set V = p−1(U). The n-form Ω = dz1 ∧ . . . ∧ dzn is a trivialization
of KX|U , but one can also think of Ω as a trivialization of p∗KX|V . The pullback of Ω as
differential form (and not section of a line bundle) is a holomorphic n-form on V which
can be written as

p∗Ω = mwm−1dw ∧ dz2 ∧ . . . ∧ dzn.

Recall that dw ∧ dz2 ∧ . . . ∧ dzn is a trivialization of KY|V . Therefore, the divisors of zeros
of Λndp is (m− 1)D, which concludes the proof of item 3.

It remains to prove Item 4. Since X is arbitrary, it is enough to prove that we have an
isomorphism

M '
m−1⊕
k=0

L−k(X)
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as OX(X)-algebras, where M = OY(Y). First of all, any element σ ∈ L−k(X) induces an
element fσ ∈ M defined by fσ(`) 7→ `k ⊗ σ for any ` ∈ Y ⊂ L (here again, σ is being
understood as σ(p(`))). Moreover, if k̄ ∈ Zm and ζ is a primitive mth-root of unity, then
1̄ · fσ = ζk fσ. Therefore we have an injective map

⊕m−1
k=0 L−k(X)→ M.

In order to see that it is surjective, we proceed as follows. For f ∈ M and k̄ ∈ Zm, set
Mk̄ = { f ∈ M; 1̄ · f = ζk f }. Given f ∈ M, one defines

fk̄(`) =
1
m

m−1

∑
j=0

ζ−jk f (ζ j`)

or in other words, fk̄ =
1
m ∑m−1

j=0 ζ−jk( j̄ · f ). It is elementary to check that fk̄ ∈ Mk̄ and that
f = ∑k̄∈Zm

fk̄. In other words, one has a decomposition

M =
⊕

k∈Zm

Mk̄.

Finally, of f ∈ Mk̄, then the quantity f (`)`−k (seen as a section of p∗(L−k) → Y) is
invariant under Zm hence comes from a section σ ∈ L−k(X) (under the Galois cover
qk : p∗L−k → L−k, see e.g. Lemma 7.8). This proves that Mk ' L−k(X) as desired.

4 The projective space

4.1 The line bundles OPn(k)

Let Pn be the space of lines through the origin in Cn+1 and let L := OPn(1) be the dual
of the tautogical bundle OPn(−1) = {(x, v) ∈ Pn ×Cn+1; v ∈ x} ⊂ Pn ×Cn+1. In other
words, if x = [z0 : . . . : zn] ∈ Pn, then the fiber Lx consists of all linear forms on the line
C(z0, . . . , zn).

One can cover X by the charts Ui = {[z0 : . . . : zn] ∈ Pn; zi 6= 0}which are isomorphic
to Cn via the coordinates w0 = z0

zi
, . . . , ŵi, . . . , wn = zn

zi
. Each linear projection

(λz0, . . . , λzi) 7→ λzi

defines a section ei of L which is non-zero exactly on Ui, and one has ej =
zj
zi
· ei on Uij.

This shows that the transitions function of L on Ui ∩Uj are gij =
zj
zi

.

If we set φi := − log |zi |2
‖z‖2 on Ui, then φi − φj = log |gij|2 on Uij hence e−φi defines an

hermitian metric hFS on L. Its curvature can be computed on Ui using the w-coordinate
as

ΘhFS(L)|Ui =
i

2π
∂∂̄ log(1 + ‖w‖2).

One has

ΘhFS(L)|Ui =
1

2π

1
(1 + ‖w‖2)2 ∑

j,k
ajkidzj ∧ dz̄k, with ajk = (1 + ‖w‖2)δjk − wkw̄j.
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The hermitian matrix (ajk) has eigenvalues (1 + ‖w‖2) with multiplicity (n − 1) and 1
with multiplicity 1, hence it is definite positive. Hence

ωFS := ΘhFS(L)

is a Kähler form, called Fubini-Study metric, and OPn(1) is positive. One can check that
it satisfies

(4.26)
∫

Pn
ωn

FS = 1.

Alternatively, one can describe hFS more intrinsically as the dual metric of the restric-
tion to OPn(−1) ⊂ Pn × Cn+1 of the euclidean metric on Cn+1. That is, if x ∈ Pn and
φ ∈ OPn(1)x = x∨,

‖φ‖2
hFS

= sup{|φ(v)|2
∣∣ v ∈ x, ‖v‖2 = 1}.

If x = [z0 : . . . : zn] ∈ Ui, we recover

‖ei(x)‖2
hFS

= sup{|λzi|2
∣∣∑

k
|λzk|2 = 1} = |zi|2

∑k |zk|2
.

Since H2(Pn, Z) ' Z is generated by c1(OPn(1)) (cf Proposition 4.3 below), we have
that every class α ∈ H1,1(X, R) is either zero, Kähler, or anti-Kähler.

Remark 4.1. Let A be a definite positive hermitian matrix of size n + 1, and let hA be
the dual of the hermitian metric on OPn(−1) ⊂ Pn × Cn+1 induced by restriction (e.g.
hIn+1 = hFS). The square root of A induces an isomorphism f ∈ Aut(Pn,OPn(−1)) such
that f ∗hFS = hA. In particular, ΘhA(OPn(1)) = f ∗ωFS is definite positive.

Proposition 4.2. For any k > 1, there is an isomorphism

H0(Pn,O(k)) ' Symk(Cn+1)∗

with the space of homogenous polynomials of degree k in n + 1 variables. It has dimension (n+k
n ).

Proof. We have seen above that each degree one monomial zi on Cn+1 for i = 0, . . . , n
induces a global section ei ofO(1). Therefore, a degree k monomial za0

0 · · · z
an
n induces the

global section e⊗a0
0 ⊗ . . .⊗ e⊗an

n of O(∑ ai) = O(k). This gives a map

Symk(Cn+1)∗ → H0(Pn,O(k)), za0
0 · · · z

an
n 7→ e⊗a0

0 ⊗ . . .⊗ e⊗an
n

which is easily seen to be injective e.g. by observing that e⊗a0
0 ⊗ . . . ⊗ e⊗an

n vanishes at
order exactly ai along the hyperplane of Pn defined by the vanishing of the i-th homoge-
neous coordinate.

If one prefers to think in term of local trivializations, recall that O(k) is trivialized by
e⊗k

i on Ui. Now, a homogeneous polynomial P of degree k yields holomorphic functions

fi = P
zk

i
on Ui. These functions satisfy fi =

zk
j

zk
i

f j on the overlap Ui ∩ Uj and the global

section of O(k) is given by the local sections fie⊗k
i on Ui who do indeed glue.
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Next, let s ∈ H0(Pn,O(k)). We view s as a collection of holomorphic functions fi on

Ui such that fi =
zk

j

zk
i

f j on Ui ∩Uj. Let p : Cn+1 \ {0} → Pn the usual projection map. Then

the functions zk
i fi ◦ p glue to a global holomorphic function f̂ on Cn+1 \ {0} satisfying

f̂ (λz) = λk f̂ (z). By Hartogs extension theorem, f̂ extends to a holomorphic function on
Cn+1 which is homogeneous of degree k. Looking at the power series expansion of f̂ near
the origin, the homogeneity forces f̂ to be a homogeneous polynomial of degree k. Since

fi =
f̂

zk
i
, this shows the claim.

To finish the proof of the proposition, one needs to check that the dimension of the
space of homogenous polynomials of degree k in n + 1 variables is (n+k

n ). We have to
counts the number of monomials za0

0 · · · z
an
n with ∑n

i=0 ai = k. If one represents za0
0 · · · z

an
n

as
z0 · · · z0 ∗ z1 · · · z1 ∗ · · · ∗ zn · · · zn,

we see that the choice of each monomial can be represented uniquely with n + k symbols
involving exactly n symbols ∗ and k symbols among the z0, . . . , zn. Now each monomial
is determined by the choice the n symbols ∗ among the n + k, hence the result.

Proposition 4.3. The Picard group of Pn is isomorphic to Z, generated by OPn(1).

Proof. Recall that H1(Pn, Z) = 0 and H2(Pn, Z) ' Z. In particular, we have vanishing
H1(Pn,OPn) = H2(Pn,OPn) = 0 thanks to the Hodge decomposition. Now, the long
exact sequence associated to the exponential exact sequence yields a group isomorphism

ψ : H1(Pn,O∗Pn) −→ H2(X, Z),

cf (3.21). It remains to see that O(1) is primitive. This follows from the fact that the first
Chern class c1(OPn(1)) ∈ H2(X, R) is represented by the Fubini-Study metric ωFS which
satisfies (4.26).

4.2 The Euler exact sequence

The goal of this paragraph is to investigate the (co)tangent bundle of Pn. The key result
is the so-called Euler exact sequence which givens an explicit presentation of Ω1

Pn .

Proposition 4.4 (Euler exact sequence). We have an exact sequence

0 −→ Ω1
Pn

f−→ OPn(−1)⊗ H0(Pn,O(1)) g−→ OPn −→ 0.

Proof. The map g comes from the natural pairing between a bundle and its dual. We will
define the map f in local charts, check that the sequence is exact there, and then check
that the maps can be glued.

Let us fix some notation first. We considered earlier the basis of sections e0, . . . , en of
H0(Pn,O(1)). Next, on each Ui, we have the coordinates wk =

zk
zi

for k = 0, . . . , î, . . . , n. It
is convenient to set wi = 1. Finally,O(−1)|Ui admits the trivialization e∗i = (w0, . . . , wn) ∈
Cn+1 which satisfies ek(e∗i ) = wk for each index k.

The one-forms (dwk)k 6=i give rise to a holomorphic frame for Ω1
Pn |Ui and we define

the map
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fi : Ω1
Pn |Ui −→ OPn(−1)|Ui ⊗ H0(Pn,O(1))
dwk 7→ e∗i ⊗ (wiek − wkei)

whose image has rank n and lies in the kernel of g. This implies that Ker(g|Ui) = Im( fi).
Now we are left to checking that the morphisms fi glue to a morphism f . For this, we

consider another standard open set Uj with coordinates uk = zk
zj

, yielding a map f j. We

have e∗i
e∗j
=

zj
zi
= wj. We need to prove that

fi(duk) = f j(duk) := e∗j ⊗ (ujek − ukej).

For this, we write uk =
wk
wj

so that duk =
1

wj
dwk − wk

w2
j
dwj. Therefore, we find

fi(duk) = wje∗j ⊗
1

wj

(
(wiek − wkei)−

wk

wj
(wiej − wjei)

)
= e∗j ⊗ (ujek − ukej)

since wi = uj = 1 and wk
wj

= uk. This completes the proof of the proposition.

Remark 4.5. By dualizing the Euler exact sequence, we get

(4.27) 0 −→ OPn −→ OPn(1)⊗ H0(Pn,O(1))∗ −→ TPn −→ 0,

which can be interpreted as follows. The homogeneous vector fields ξij := zj
∂

∂zi
on Cn+1

descend to Pn and generate TPn . For i 6= j, ξij integrates to an action of C on Cn+1 given by
t · (z1, . . . , zn) = (z1, . . . , zi−1, zi + tzj, zi+1, . . . , zn) if, say, i < j. If i = j, then ξii integrates
to an action of C on Cn+1 given by t · (z1, . . . , zn) = (z1, . . . , zi−1, et · zi, zi+1, . . . , zn). Both
actions commute with the diagonal action of C∗ on Cn+1 and descend to Pn. Finally, the
Euler vector field ∑n

i=0 zi
∂

∂zi
= ∑i ξii descends to the trivial one as it corresponds to the

diagonal action of C∗ on Cn+1.

4.3 Maps to projective space

Let X be a compact complex manifold and let L→ X be a line bundle on X. Assume that
V := H0(X, L) 6= 0. Set N + 1 := dim V and define

B(L) :=
⋂

s∈V

s−1(0) = {x ∈ X; s(x) = 0 ∀s ∈ V}

which is called the base locus of L. By assumption, Z ( X is a proper analytic subset of
X.

We fix a basis s0, . . . , sN of V. For x ∈ X, pick a local trivialization eL of L near x and
write si(x) = fi(x)eL. This defines holomorphic functions fi near x which depend on the
choice of eL. However, if x /∈ B(L), one can consider the point [ f0(x) : . . . : fN(x)] ∈ PN

which is well-defined and does not depend on the choice of eL. This shows that there
exists a well-defined holomorphic map

ΦL : X \B(L) −→ PN
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which we will (abusively) write as ΦL(x) = [s0(x) : . . . : sN(x)]. This maps depends on
the choice of a basis of V, and any other choice of basis yields a map Φ′L which is related
to ΦL by the relation Φ′L = g ◦ΦL for some g ∈ PGL(N + 1, C).

One can also define ΦL in a more intrinsic way as follows. Consider for x ∈ X the
evaluation map evx : H0(X, L) → Lx. Whenever x /∈ B(L), the kernel Hx := Ker(evx)
defines a hyperplane of V. The set { f ∈ V∗; f |Hx ≡ 0} defines a line `x ⊂ V∗ and one can
define ΦL(x) = `x ∈ P(V∗).

Lemma 4.6. The map ΦL induces an isomorphism

Φ∗LOPN (1) ' L|X\B(L).

Proof. One can assume that h0(X, L) > 2, otherwise there is nothing to prove (both bun-
dles in the sought isomorphism are trivial). Consider the divisor D = div(s0); it is not
included in B(L) (in particular, it is non-empty). The hyperplane H = (z0 = 0) ∈ PN

is the divisor of zeros of the section e0 ∈ H0(PN ,OPN (1)) (cf § 4.2). Clearly, Φ∗Le0
is a section of the line bundle Φ∗LOPN (1) on X \ B(L) and it is enough to show that
div(Φ∗Le0) = D|X\B(L) by Lemma 3.18. Now this is a local property. As sets, we have
(Φ∗Le0 = 0) = D|X\B(L) but we need to prove the equality as divisors. Pick x ∈ D \B(L);
there exists i > 1 such that si(x) 6= 0 so that a small neighborhood W of x is sent to
Ui = (zi 6= 0) ⊂ PN by ΦL. Write sj = f jsi on W so that ΦL = ( f0, . . . , 1̂, . . . , fN) with the
usual coordinates on Ui. Since e0 = w0ei, we find on W

Φ∗Le0 = (w0 ◦ΦL) ·Φ∗Lei = f0 ·Φ∗Lei

so that div(Φ∗Lei)|W = div( f0) = D|W . The lemma follows.

Lemma 4.7. Let L be a line bundle on a compact complex manifold X. Assume that V :=
H0(X, L) is non-empty.

1. ΦL is defined everywhere if for any x ∈ X, there exists s ∈ V such that s(x) 6= 0.

2. ΦL is injective iff given any two distinct points x, y ∈ X \B(L), there exists s ∈ V such
that s(x) 6= 0 and s(y) = 0.

3. ΦL is a local biholomorphism onto its image iff given any x ∈ X \B(L) and v ∈ TX,x \ 0,
there exists s ∈ V such that s(x) = 0 and ds(v) 6= 0.

The third point deserves some explanation. If s ∈ V vanishes at x, then given a
local trivialization eL of L near x one can write s = f eL with f a holomorphic function
vanishing near x. We define that ds(v) := d f (v)⊗ eL as an element of Ω1

X,x⊗ Lx. It is well-
defined independently of the choice of eL. Indeed, if e′L = h−1eL is another trivialization,
then s = f ′e′L with f ′ = h f . We get d f ′(v) = h(x)d f (v) hence d f ′(v)⊗ e′L = d f (v)⊗ eL.

Proof. The first point is clear.
As for the second point, choose sections s1, s2 ∈ V such that s1(x) = 0, s2(y) = 0 and

s2(x) 6= 0, s1(y) 6= 0 and complete to a basis (si) of V. Then ΦL(x) = [0 : 1 : ∗] while
ΦL(y) = [1 : 0 : ∗] thus defining two distinct points in projective space.
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Let us get to the third point. For x /∈ B(L), pick a basis (s1, . . . , sN) of the hyperplane
Vx := {s ∈ V, s(x) = 0} that we complete to a basis of V by adding one element sN+1 ∈
V \ Vx. Near x, one can write si = fisN+1 for i = 1, . . . , N where fi is a holomorphic
function vanishing at x. The map ΦL near x can be read as the map to CN given by
( f1, . . . , fN). By assumption, given any non-zero vector v ∈ TX,x, there exists s ∈ Vx
such that dsx(v) 6= 0. Since Vx is generated by the si = fisN+1 for i = 1, . . . , N, this
means that there exists one such index such that d fi(v) 6= 0. In particular, this shows that
dΦL(v) 6= 0. The lemma now follows from the inverse function theorem.

5 Some applications of Hodge theory

5.1 Lefschetz theorem on (1, 1)-classes

Let X be a complex manifold of dimension n and let 0 6 k 6 n be an integer. Given
a k-form α, its (0, k)-component α0,k = π0,kα satisfies (dα)0,k+1 = ∂̄α0,k. In particular, if
dα = 0 then ∂̄α0,k = 0. Similarly, if α = dβ is d-exact, then α0,k = ∂̄(β0,k−1) is ∂̄-exact. This
shows that there exists a natural map

(5.28) Hk
dR(X, C)→ H0,k(X).

Moreover, if X is compact and Kähler, then the above map coincides with the projection
map arising from the Hodge decomposition theorem. Next, the inclusion of sheaves
C→ OX yields a map Hk(X, C)→ Hk(X,OX) in Čech cohomology. These two maps can
be related as follows.

Lemma 5.1. We have a commutative diagram

Hk
dR(X, C) Hk,0(X)

Hk(X, C) Hk(X,OX)

∼= ∼=

where the vertical arrows are the de Rham-Weil isomorphisms (2.14) and (2.19).

Proof. The following diagram

C A0
X A1

X A2
X · · · Ak

X

OX A0
X A0,1

X A0,2
X · · · A0,k

X

=

d d

π0,1

d

π0,2

d

π0,k

∂̄ ∂̄ ∂̄ ∂̄

is commutative thanks to the above discussion. Using the de Rham Weil isomorphism
theorem, we see that the map Hk(X, C) → Hk(X,OX) corresponds to the map (5.28)
described above.
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We have seen in the previous section (cf Lemma 3.7 and (3.21)) that if L → X is a
complex manifold, then c1(L) ∈ H2(X, R) lies in the image of H2(X, Z) → H2(X, R).
Moreover, it is clear from the metric definition of c1(L) that it can be represented by a
(d-closed) (1, 1)-form. Actually, the converse holds.

More precisely, we say that a class α ∈ H2(X, R) is an integral class if under the iso-
morphism (2.15) between H2(X, R) and H2(X, R), we have α ∈ Im(j : H2(X, Z) →
H2(X, R)). Then we have the following result.

Theorem 5.2 (Lefschetz theorem on (1, 1)-classes). Let X be a complex manifold, and let
ω ∈ C∞(X,A1,1

X,R) be a smooth, real d-closed (1, 1)-form. Assume that [ω] ∈ H2(X, R) is an
integral class. Then there exists a hermitian line bundle (L, h) on X such that Θh(L) = ω. In
particular, [ω] = c1(L).

Proof. We are going to give two proofs; one which is more conceptual and one which a
bit more hands on.

Proof 1. Set α = [ω] ∈ H2(X, R) ⊂ H2(X, C) and write α = j(α̃). Since Z → OX fac-
tors through Z → C → OX, the map H2(X, Z) → H2(X,OX) factors though H2(X, C).
Now the exponential exact sequence yields an exact sequence

Pic(X)→ H2(X, Z)→ H2(X,OX)

so that

Im(Pic(X)→ H2(X, Z)) = Ker(H2(X, Z)→ H2(X, C)→ H2(X,OX)).

Recall from Lemma 5.1 that

Ker(H2(X, C)→ H2(X,OX)) ∩ H2(X, R) = H1,1(X) ∩ H2(X, R)

and α = j(α̃) belongs to the latter space. This shows that α̃ ∈ Im(Pic(X) → H2(X, Z)).
The conclusion now follows from Lemma 3.8.

Proof 2. Cover X by polydisks Uα such that the double overlaps Uαβ are simply
connected. One can write ω|Uα = dvα for some real 1-form vα = v1,0

α + v0,1
α , hence ω|Uα =

∂v0,1
α + ∂̄v1,0

α and ∂̄v0,1
α = ω|0,2

Uα
= 0 so that v0,1

α = ∂̄uα for some function uα by Dolbeault-
Grothendieck lemma. Set φα := i(ūα − uα) ∈ C∞(Uα, R) so that

ω|Uα =
i

2π
∂∂̄φα

Define dc = i
4π (∂̄− ∂) so that ω|Uα = ddcφα. The class [ω] corresponds in Ȟ2(X, R) to the

class of the 2-cocycle ( fαβγ) with real values defined by fαβγ = fαβ + fβγ − fαγ and where
fαβ is any function such that dc(φα − φb) = d fαβ. By assumption, there exists an integral
2-cocyle (nαβγ) and a real 1-cocycle u = (uαβ) such that

fαβγ = nαβγ + (δu)αβγ

where δ is the Čech differential.
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Now, on the overlap Uαβ, we have ∂∂̄(φα − φβ) = 0 so there exists a holomorphic
function gαβ ∈ OX(Uαβ) such that 2Re(gαβ) = φα − φβ by Lemma 5.3 below. This implies
that dc(φa − φb) = Re(dcgαβ) = 1

π Im(dgαβ). By what was said above, there exists uαβ

a real 1-cycle such that if one sets g′αβ := 1
π gαβ − iuαβ, then Im(g′αβγ) ∈ Z. Set ĝαβ :=

eπg′αβ = egαβ−πiuαβ ; it defines an element in H1(X,O∗X) (hence a line bundle L) thanks to
that last integrality property. Moreover, the functions φα define a metric h on L (by the
relation |eα|2h = e−φα ) since φα − φβ = 2Re(gαβ) = log |ĝαβ|2 and also, one has Θh(L) =
ddcφα = ω.

Lemma 5.3. Let U ⊂ Cn be a connected open subset such that H1
dR(U, R) = 0. Then for any

real-valued function u ∈ C∞(U) such that ∂∂̄u = 0, there exists a holomorphic function f on U
such that u = Re( f ).

Proof. Since d∂u = −∂∂̄u = 0 and the first de Rham cohomology group of U vanishes,
there exists a smooth function g such that dg = ∂u. In particular, we have ∂̄g = 0 hence g
is holomorphic. Then

d(2Re(g)− u) = d(g + ḡ− u) = ∂(g− u) + ∂(g− u) = 0

Therefore there exists constant C ∈ R such that u = 2Re(g) + C; set f := 2g + C.

5.2 The Néron-Severi group

Definition 5.4 (Néron-Severi group). Let X be a compact Kähler manifold. The Néron-
Severi group of X, denoted by NS(X), is defined as the image of the Chern class mor-
phism

Pic(X)
c1−→ H2(X, R).

Thanks to Lefschetz theorem, we have NS(X) = H1,1(X) ∩ Im(H2(X, Z)→ H2(X, R)).

The Néron-Severi group NS(X) is a finitely generated abelian subgroup of H2(X, R),
hence torsion-free, of the form NS(X) =

⊕
i∈I Zαi for some αi = c1(Li). The rank of

NS(X), i.e. |I|, is called the Picard rank of X and is usually denoted by ρ(X). One has
the obvious inequality ρ(X) 6 h1,1 where h1,1 = dimC H1,1(X) = dimR H1,1(X, R). We
set NS(X)R := NS(X)⊗Z R to be the vector space generated by NS(X); it has dimension
ρ(X).

Proposition 5.5 (A Kähler manifold without proper submanifolds). Let X = C2/Λ be a
complex 2-torus, where Λ = Ze1 ⊕Ze2 ⊕Ze3 ⊕Ze4. For (ei) "general", X does not admit
any proper submanifold C ⊂ X, ρ(X) = 0 andM(X) = C. In particular, X is not projective
algebraic.

Proof. Arguing by contradiction, let C be a compact complex curve in X. Since X is dif-
feomorphic to the standard torus C2/Z4, we have H2(X, Z) ' Z6 with generators given
by 6 cycles Sij, the image in X of the planes Rei + Rej, 1 6 i < j 6 4. Then one can
decompose [C] = ∑ aijSij for aij ∈ Z. In homology, one has [C] 6= 0 since

∫
C ω > 0 where

ω is the Kähler form on X coming from the euclidean Kähler form idz1 ∧ dz̄1 + idz2 ∧ dz̄2
on C2 which is invariant under Λ.
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Now, let η be the holomorphic 2-form on X coming from the Λ-invariant form dz1 ∧
dz2 on C2. Write ei = (αi, βi) ∈ C2. The inclusion map Sij ↪→ X can be read as a map f :
R2/Z2 → C2/Λ sending (u, v) to (uαi + vαj, uβi + vβ j) so that f ∗η = (αiβ j− αjβi)du∧ dv
hence

∫
Sij

η = αiβ j − αjβi. Moreover, one has
∫

C η = 0 for degree reason, so we get the
relation ∑i,j aij(αiβ j − αjβi) = 0.

Now, if we choose the αi, βi in such a way that αiβ j are linearly independent over Z,
we get a contradiction. It is easy to construct such numbers αi, β j explicitly. Alternatively,
for each (aij) ∈ Z6, the equation ∑i,j aij(αiβ j − αjβi) = 0 defines a hypersurface in Ha ⊂
C8 and it is enough to choose (α, β) ∈ (C2)4 \ ∪a∈Z6\0Ha linearly independent over C (an
open condition).

The claim on the Picard rank of X follows easily from the argument above. Indeed,
we have showed more generally that any class [c] ∈ H2(X, Q) such that

∫
c η = 0 must be

zero. We claim that H2(X, Q)∩H1,1(X) = 0, which clearly implies that ρ(X) = 0. Indeed,
let [α] ∈ H2(X, Q)∩ H1,1(X), it induces a unique linear form Φα ∈ H2(X, Q)∨ defined by
[γ] 7→

∫
X α ∧ γ. By the universal coefficient theorem, the map δ : H2(X, Q)→ H2(X, Q)∨

sending [c] to [c]∩ is an isomorphism. Therefore, there exists [cα] ∈ H2(X, Q) such that
δ([cα]) = Φα. In other words, we have

∀[γ] ∈ H2(X, Q), Φα([γ]) =
∫

X
α ∧ γ = [cα] ∩ [γ] =

∫
cα

γ.

Applying this to γ = η, we find
∫

cα
η = 0, hence [cα] = 0 and [α] = 0.

Finally, if X had a non-constant meromorphic function f , then the support of div( f )
would yield compact curves inside X, but the existence of those has been ruled out al-
ready.

Remark 5.6 (On the Picard rank). The vector space NS(X)R ⊂ H1,1(X, R) can be very
small even though h1,1 is large. For instance, a "general" torus X = Cn/Λ satisfies ρ(X) =

0, while h1,1(X) = n(n−1)
2 , cf Proposition 5.5. Such an example can of course never be a

projective manifold (for which ρ(X) > 1, thanks to the existence of an ample line bundle
arising as the restriction of OPN (1) under an embedding X ↪→ PN).

The gap phenomenon ρ < h1,1 may still occur if X is projective, but of course in
that case one has ρ > 1. Examples can already be found dimension two, as there exist
projective surfaces (called K3 surfaces) for which ρ(X) = 1 but h1,1(X) = 20.

5.3 The Picard and Albanese varieties

5.3.1 The Picard variety

Definition 5.7. Let X be a compact Kähler manifold. We set

Pic◦(X) := Ker
(
Pic(X)→ H2(X, Z)

)
.

In particular, a line bundle L such that c1(L) = 0 belongs to Pic◦(X), but the con-
verse need not be true since H2(X, Z)→ H2(X, R) is not injective in general (essentially
because H2(X, Z) may have torsion).
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Since the exponential map induces a surjection H0(X,OX) → H0(X,O∗X), the expo-
nential exact sequence yields a short exact sequence

(5.29) 0 −→ H1(X, Z) −→ H1(X,OX) −→ Pic◦(X) −→ 0.

Proposition 5.8. The group Pic◦(X) is naturally isomorphic to a complex torus of dimension
b1(X).

Proof. First, it follows from (5.29) that H1(X, Z) has no torsion. By the universal coeffi-
cient theorem, we have

H1(X, R) = H1(X, Z)⊗Z R.

In particular, the map H1(X, Z)→ H1(X, R) induced by the inclusion of sheaves Z ⊂ R

is injective and its image generates H1(X, R).
Next, let us consider at the decomposition H1(X, C) = H1,0(X) ⊕ H0,1(X) and the

duality H1,0(X) = H0,1(X). In restriction to H1(X, R), the projection map

H1(X, R)→ H0,1(X)

is an isomorphism. Thanks to Lemma 5.1, the map

H1(X, R)→ H1(X,OX)

induced by the sheaf injection R ⊂ OX is an isomorphism. In particular, H1(X, Z) ⊂
H1(X,OX) has discrete image and generates H1(X,OX), i.e. it is a lattice. The proposition
now follows from (5.29).

Let us now discuss a little bit the case of torsion line bundles. These are bundles
L ∈ Pic(X) such that there exists an integer m > 1 such that L⊗m ' OX. Now, et us recall
the diagram

0 Pic◦(X) Pic(X) H2(X, Z) H2(X,OX)

H2(X, R)

cZ
1

c1
j

where the top row is exact. Write H2(X, Z) = Zr ⊕ G where r = b2(X) and G is torsion
(abelian finite). If L is torsion, then c1(L) = 0 ∈ H2(X, R). If cZ

1 (L) = 0, then L ∈ Pic◦(X).
Otherwise, cZ

1 (L) = (0, g) for some g ∈ G non trivial. Let us study the converse. Since
{0} × G is in the kernel of H2(X, Z)→ H2(X,OX), any element of the form γ = (0, g) ∈
H2(X, Z) lies in the image of cZ

1 . That is, there exists Lγ ∈ Pic(X) such that cZ
1 (Lγ) = γ.

Therefore, L⊗m
γ ∈ Pic◦(X) for m = |G|. Since Pic◦(X) is a complex torus, an element

in Pic◦(X) has a root of any given order. Therefore, up to twisting Lγ by an element of
Pic◦(X), one can always achieve that Lγ is torsion and cZ

1 (Lγ) = γ. Therefore, we get an
exact sequence

0 −→ Pic◦(X)tor −→ Pic(X)tor −→ H2(X, Z)tor −→ 0.

Note that the universal coefficient theorem enables to identify H2(X, Z)tor with H1(X, Z)tor.
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5.3.2 The Albanese variety

Let us consider the map

ψ : H1(X, Z) −→ H0(X, Ω1
X)
∗

[γ] 7→
(
ω 7→

∫
γ ω
)

where a homology class [γ] is represented by a closed path γ. It is well-defined by Stokes
formula since any holomorphic form on a compact Kähler manifold is d-closed. This map
need not be injective because of potential torsion in H1(X, Z).

Proposition 5.9. Given a compact Kähler manifold X, the quotient

Alb(X) := H0(X, Ω1
X)
∗/Im(ψ)

is a complex torus of dimension b1(X). It is called the Albanese variety of X.

Proof. First, we observe that ψ factors as H1(X, Z) → H1(X, C) → H1,0(X)∗. Next, recall
that Serre duality identifies H1,0(X)∗ with Hn−1,n(X) = Hn(X, Ωn−1

X ) while Poincaré du-
ality shows that the cap product with the fundamental class [X] yields an isomorphism
H2n−1(X, C)→ H1(X, C). All in all, we get a diagram

H1(X, Z) H1,0(X)∗ Hn−1,n(X)

H1(X, C) H2n−1(X, C)

ψ ∼=

[X]∩

∼=

where the rightmost vertical arrow is the projection induced by the Hodge decomposition
under the isomorphism (2.14) between de Rham and singular cohomology. We claim that
the diagram is commutative. Indeed, let [γ] ∈ H1(X, C) which we realize as the cap
product of [X] and [α] ∈ H2n−1(X, C). We view α as a d-closed form of degree 2n − 1.
Without loss of generality, one can assume that α is harmonic with respect to some fixed
Kähler metric on X. We need to show that for any ω ∈ H1,0(X), we have

ψ([γ])(ω) =
∫

γ
ω =

∫
X

αn−1,n ∧ω.

Now since ω is (1, 0), one has∫
X

αn−1,n ∧ω =
∫

X
α ∧ω = [X] ∩ ([α] ∪ [ω]) = ([X] ∩ [α]) ∩ [ω] = [γ] ∩ [ω]

and the latter does indeed coincide with
∫

γ ω.
Poincaré duality works over Z so that we have another commutative diagram

H1,0(X)∗ Hn−1,n(X)

H1(X, C) H2n−1(X, C)

H1(X, Z) H2n−1(X, Z)

∼=

PD
ψ

PD

ψ̂
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By the universal coefficient theorem, H2n−1(X, Z)⊗Z R = H2n−1(X, R). Therefore,
the image Im(H2n−1(X, Z)→ H2n−1(X, R)) is a lattice. Since

H2n−1(X, C) = Hn−1,n(X)⊕ Hn−1,n(X),

the projection map
H2n−1(X, R)→ Hn−1,n(X)

is an isomorphism. We infer that the image of

ψ̂ : H2n−1(X, Z)→ Hn,n−1(X)

is a lattice, hence so is Im(ψ). This ends the proof of the proposition.

Remark 5.10. The proof shows more generally that Alb(X) is isomorphic to the torus

Hn−1,n(X)/Im(H2n−1(X, Z)→ H2n−1(X, C)→ Hn−1,n(X)).

In particular, if X is a curve (n = 1), then Alb(X) is isomorphic to Pic◦(X).

Given a fixed basepoint x0 ∈ X, we define

alb : X −→ Alb(X)
x 7→ H0(X, Ω1

X) 3 ω 7→
∫ x

x0
ω

A few comments are in order.
• The integral is taken over any path from x0 to x. If two different paths are chosen,

the integrals
∫ x

x0
ω will differ by a complex number of the form

∫
γ ω where γ is a loop

at x0. The latter integral only depends on the homotopy class of γ (if γ1 and γ2 are
homotopy equivalent, then γ1 − γ2 = ∂S for some 2-chain S), and only the class of γ
under the map π1(X) → H1(X, Z). Therefore alb(x) is well-defined as an element in
H0(X, Ω1

X)
∗/H1(X, Z).

• The choice of a different basepoint x0 results in a translation in the torus Alb(X).

Proposition 5.11. The map alb is holomorphic and its differential induces an isomorphism

H0(Alb(X), Ω1
Alb(X))

'−→ H0(X, Ω1
X)

α 7→ alb∗α

on the space of global holomorphic 1-forms.

Proof. Let us start with the first assertion, which can be checked locally in a coordinate
chart. Then ω = ∑ fi(x)dzi and one can choose γ(t) = tx for t ∈ [0, 1]. One then has to
see that x 7→

∫ 1
0 fi(tx)xidt is holomorphic, which is clear.

For the second assertion, since both spaces have the same dimension, it suffices to
show injectivity. It is convenient to fix a basis {ω1, . . . , ωk} of H0(X, Ω1

X). The space

Λ :=
{( ∫

γ
ωi

)
i=1...k

, γ ∈ H1(X, Z)
}
⊂ Ck
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forms a lattice in Ck and under the natural identifications one can write

alb(x) =
( ∫ x

x0

ω1, . . . ,
∫ x

x0

ωk

)
∈ Ck/Λ.

An elementary computation shows that

(5.30) alb∗(dzi)(v) = ωi(v)

for any x ∈ X and v ∈ TX,x. The sought injectivity follows.

Remark 5.12. Let X = V/Γ be a complex torus. The universal cover π : V → X allows to
identify TX,0 with V. Moreover, we have H0(X, Ω1

X) ' V∗ so that H0(X, Ω1
X)
∗ ' V∗∗ '

V. Next, under the identification H1(X, Z) ' Γ the embedding H1(X, Z)→ H0(X, Ω1
X)
∗

is given by the inclusion Γ ⊂ V ' V∗∗. Choosing the basepoint x0 = 0 the Albanese map
X → Alb(X) = V/Γ is the identity.

One way to see this is as follows. Choosing a basis allows one to identify V ' Ck. If
x = [(xi)] ∈ Ck/Γ, we have

alb(x) =
[( ∫ x

0
dz1, . . . ,

∫ x

0
dzk

)]
= [(xi)] = x,

as claimed.

Proposition 5.13. Let X be a compact Kähler manifold, fix x0 ∈ X that we use to define alb. Let
f : X → T be a holomorphic map to a complex torus such that f (x0) = 0. There exists a unique
morphism of complex tori g : Alb(X)→ T such that f = g ◦ alb.

Proof. Let us start with existence. Write T = W/Γ. We also set V := H1,0(X) and Λ =
Im(H1(X, Z) → V∗). The differential of f induces a pullback map W∗ ' H0(T, Ω1

T) →
H0(X, Ω1

X) = V hence a map g̃ : V∗ → W∗∗ ' W. Let π : X̃ → X be the universal cover
of X. We have a diagram

V∗

X̃ W

X W/Γ

g̃ãlb

f̃

π

f

Here, we pick a point x̃0 ∈ X̃ above x0 and require that the lifts ãlb and f̃ send x̃0 to 0.
We claim that

(5.31) g̃ ◦ ãlb = f̃ .

More precisely, we claim that for any x̃ ∈ X̃, the element ev f̃ (x̃) ∈ W∗∗ coincides with

g̃(ãlb(x̃)). . Given v ∈ V, we have ãlb(x̃)(v) =
∫ x̃

x̃0
π∗v. Therefore, we have for any

τ ∈W∗

g̃(ãlb(x̃))(τ) =
∫ x̃

x̃0

f̃ ∗τ =
∫ f̃ (x̃)

0
τ = τ( f̃ (x̃))
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where we see τ respectively as a constant 1-form on W or an element in the dual of W.
This shows (5.31).

Finally, we need to show g̃ induces a map V∗/Λ → W/Γ. Equivalently, one needs to
check that g̃(Λ) ⊂ Γ. This is a consequence of the formula∫

γ
f ∗τ =

∫
f∗γ

τ,

where γ is any closed path on X and τ ∈ W∗ is any global 1-form on T. This establishes
the existence of g.

As for uniqueness, it follows from Lemma 5.14 below. Indeed, given y ∈ Alb(X),
choose a decomposition y = ∑j alb(xj) for some points xj ∈ X. Then one must have
g(y) = ∑j g(alb(xj)) = ∑j f (xj) so that f determines g uniquely (once existence of g is
established).

Lemma 5.14. The image alb(X) ⊂ Alb(X) generates Alb(X) as a group.

Proof. It is enough to show that the map

am : Xm → Alb(X), (x1, . . . , xm) 7→
m

∑
j=1

alb(xj)

is a submersion at one point, for some m large enough. We first observe that if we pick
enough points xi, then an element ω ∈ V := H1,0(X) such that ωxi = 0 for all i has to
vanish identically. Indeed, let us consider the kernel of the evaluation map

Kx1,...,xm = Ker
(

V →
m⊕

i=1

Ω1
X,xi

)
.

One can certainly choose x1 such that Kx1 ⊂ V is a proper subspace. If Kx1 6= 0, pick
ω ∈ Kx1 \ {0} and pick x2 such that ωx2 6= 0. This yields a proper subspace Kx1,x2 ( Kx1 .
Eventually the process stops and

(5.32) Kx1,...,xm = 0.

Given x = (x1, . . . , xm) ∈ Xm and v = (v1, . . . , vn) ∈ TXm,x, one has seen in (5.30) that

dam(v) =
(

V 3 ω 7→
m

∑
i=1

ωxi(vi)
)

.

To show that dam is surjective at x, we prove that is any linear form on V∗ vanishing on
the image of dam must be zero. So we pick ω ∈ V ' V∗∗ such that ∑m

i=1 ωxi(vi) = 0 for all
v. This implies that ωxi = 0 for all i, hence ω = 0 by our choice of xi, cf (5.32). This ends
the proof of the lemma.
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5.3.3 The Abel-Jacobi map

In this paragraph, we will assume that dim X = 1, i.e. X is a compact Riemann surface.
We fix a point x0 ∈ X. We have seen in Remark 5.10 that

(5.33) Pic◦(X) ' Alb(X)

in that case. More precisely, consider the diagram

H1(X,OX) H1,0(X)∗

H1(X, Z) H1(X, Z)

Φ

where Φ is the composition of the isomorphism H1(X,OX) → H0,1(X) with the map
H0,1(X) → H1,0(X)∗, η 7→ (ω 7→

∫
X η ∧ ω), the vertical arrows are induced by the

exponential exact sequence and ψ respectively, and the bottom horizontal arrow is the
Poincaré duality α 7→ [X] ∩ α; it is an isomorphism. We claim that the diagram is com-
mutative, which will imply (5.33). Indeed, if α ∈ H1(X, Z), we view α as a d-closed
1-form and we need to check that

∫
α0,1 ∧ω = 〈ω, [X] ∩ α〉 for any ω ∈ H1,0(X). But this

follows from
∫

α0,1 ∧ω =
∫

α ∧ω and the basic properties of cap and cup products.

For x ∈ X, we look at the degree zero divisor

D = x− x0

with associated line bundle L := OX(D). Since X is a curve, Poincaré duality shows
that H2(X, Z) = Z and the map Pic(X) → H2(X, Z) induced by the exponential ex-
act sequence is simply the degree map one divisors are identified with line bundles. In
particular, Pic◦(X) corresponds to degree zero divisors.

Proposition 5.15. Under the isomorphism (5.33), we have OX(x− x0) = alb(x).

Remark 5.16. A similar result holds in higher dimension for divisors cohomologous to
zero, but one has to replace the Albanese variety (and map) by a different Hodge theoretic
object, cf [Voi07, Proposition 12.7].

Proof. The fact that L ∈ Pic(X) maps to zero in H2(X, Z) in the exponential exact se-
quence means that one can find a cover (Ui) of X trivializing L and such that the transi-
tion functions gij of L satisfy

gij = e2πi fij , fij ∈ OX(Uij) and fij + f jk + fki = 0 on Uijk.

Up to refining the covering, one can find fi ∈ C∞(Ui) such that fij = fi − f j since
H1(X, C∞

X ) = 0, cf Proposition (1.3). Consider the (0, 1)-forms

αi = −∂̄ fi ∈ A0,1(Ui).
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Since fij is holomorphic, the αi glue to a global (∂̄-closed) (0, 1)-form α. It is not dif-
ficult to check that under the isomorphism H1(X,OX) ' H0,1(X), the image of α in
H1(X,OX)/H1(X, Z) coincides with the class ofOX(x− x0). Therefore, in order to prove
the proposition it is enough to show that

(5.34)
∫

X
α ∧ω =

∫ x

x0

ω, for any ω ∈ H0(X, Ω1
X).

In order to do that, we first show that L is C∞-trivial and D is C∞-linearly equivalent to
zero. One could argue abstractly by saying that the map H1(X, (C∞

X )∗)→ H2(X, Z) is an
isomorphism. Or, in a more down to earth way, define gi := e2πi fi ∈ C∞(Ui) and observe
that gi = gijgi so that the (gi) glue to a smooth trivializing section τ of L. Let σ be a
meromorphic section of L such that div(σ) = D and set

χ :=
σ

τ
: X → P1.

The function χ is smooth, and takes values in C∗ in restriction to X \ {x0, x}. Moreover,
we have

α =
1

2πi
∂̄ log χ on X \ {x0, x}.

Of course log χ is multi-valued on X \ {x0, x}. Consider a smooth path γ : [0, 1] → P1

such that γ(0) = 0, γ(1) = ∞. Using the parametric transversality theorem, one can
show that if γ is generic, then Γ := χ−1(γ) is a smooth manifold with boundary such that
∂Γ = D. For ε > 0, we denote by Γε an open neighborhood if Γ ⊂ X of size ε with smooth
boundary. On X \ Γ, one has

α ∧ω =
1

2πi
d(log χ ·ω)

for degree reasons. Then∫
X

α ∧ω =
∫

X\Γ
α ∧ω = lim

ε→0

∫
X\Γε

α ∧ω =
1

2πi
lim
ε→0

∫
∂Γε

log χ ·ω.

As ε → 0, the boundary ∂Γε projects via χ to two very close paths γ±ε almost connecting
0 to ∞ (resp. ∞ to 0). Moreover, we have

lim
ε→0

log χ|γ+
ε
= lim

ε→0
log χ|γ−ε − 2πi.

This shows that ∫
X

α ∧ω =
∫

γ
ω =

∫ x

x0

ω,

which proves the proposition.

Corollary 5.17. If X has genus at least one, then the Albanese map alb : X → Alb(X) is
injective.

Proof. By Proposition 5.15, it is enough to prove thatOX(x− x0) is isomorphic toOX(y−
x0) if and only if x = y. But the former happens iff x − y is a principal divisor div f
where f ∈ M(X). Then f would yield a map X → P1 with degree one, hence an
isomorphism.
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5.4 The Hard Lefschetz theorem

Let (X, ω) be a Kähler manifold of dimension n. The Kähler form ω is real, so it defines
a linear map

L : Ωk
X,R → Ωk+2

X,R, α 7→ ω ∧ α.

Lemma 5.18. For k 6 n, the map

Ln−k : Ωk
X,R → Ω2n−k

X,R

is an isomorphism.

Remark 5.19. In particular, Lr : Ωk
X,R → Ωk+2r

X,R is an isomorphism for any 0 6 r 6 n− k.

Remark 5.20. The bound is optimal as Ln−k+1 need not be injective on Ωk
X,R anymore

even when the target space is not trivial, i.e. 2n− k + 2 6 2n. E.g. take k = n and α a
(n, 0)-form, then L(α + ᾱ) = 0 for degree reasons.

Proof. Since the two vector bundles have the same rank, it is sufficient to show that for
every U ⊂ X the morphism

Ln−k : C∞(U, Ωk
X,R)→ C∞(U, Ω2n−k

X,R ), α 7→ ωn−k ∧ α

is injective. Recall the commutation relation

[L, Λ]α = (k− n)α

for every α ∈ C∞(X, Ωk
X,R). By definition [Lr, Λ] = L[Lr−1, Λ] + [L, Λ]Lr−1, so we get

inductively for every k-form α

(5.35) [Lr, Λ]α = (r(k− n) + r(r− 1))Lr−1α.

We will prove by induction over k + r (with k ∈ {0, . . . , n} and r ∈ {0, . . . , n− k}, so that
k + r 6 n) that Lr : Ωk

X,R → Ωk+2r
X,R is injective. For k + r 6 1 this is clear, thus let α be a

k-form such that Lrα = 0, with k + r > 2. We can assume r > 1 without loss of generality.
By (5.35) this implies that

(5.36) Lr−1(LΛα− (r(k− n) + r(r− 1))α) = 0,

so by the induction hypothesis we find

LΛα− (r(k− n) + r(r− 1))α = 0.

Therefore we get (r(k− n) + r(r− 1))α = Lβ with β = Λα of degree k− 2. Furthermore
Lr+1β = 0 so by the induction hypothesis, we have β = 0. Since

r((k− n) + r− 1) 6 −r 6 −1,

we infer α = 0, thus concluding the proof of the lemma.

Definition 5.21. Let (X, ω) be a Kähler manifold of dimension n and let k 6 n be a non-
negative integer. We say that a form α ∈ C∞(X, Ωk

X,R) is primitive if Ln−k+1α = 0.
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Proposition 5.22. Let α ∈ C∞(X, Ωk
X,R) for some arbitrary 0 6 k 6 2n.

(i) If k 6 n, then α is primitive if and only if Λα = 0.

(ii) α admits a unique decomposition of the form

α = ∑
r

Lrαr

such that αr is primitive of degree k− 2r 6 inf(2n− k, k).

The decomposition above is called the Lefschetz decomposition of α.

Proof. (i) Set r := n− k + 1; by (5.35), we have

LrΛα = ΛLrα.

If α is primitive, then LrΛα = 0 hence Lemma 5.18 applies (since r = n− k + 1 6 n−
(k− 2) = n− deg(Λα)) to show Λα = 0.
Conversely, if Λα = 0, then ΛLrα = 0. Recall that Λ = ?−1L?, so that Lβ = 0 where
β = ?Lrα has degree k − 2. Since 1 6 n − (k − 2), Lemma 5.18 shows β = 0, hence
Lrα = 0.

(ii) First of all, one can assume k 6 n. Indeed, if k > n, Lemma 5.18 allows us to
write α = Lk−nβ with deg(β) = 2n− k < n and apply the result to β = ∑ Lsβs so that
α = ∑ Lk−n+sβs and we indeed have deg(βs) = 2n− k− 2s 6 2n− k = inf(2n− k, k).

Next, let us show uniqueness; we assume k 6 n for now. We assume ∑r Lrαr = 0 with
αr primitive and proceed by induction on the degree k. If the smallest r appearing in the
sum is non-zero (i.e. α0 = 0), then we have L

(
∑r Lr−1αr

)
= 0 with 1 6 n−deg(Lr−1αr) =

n − k + 2 so that Lemma 5.18 yields ∑r Lr−1αr = 0 hence αr = 0 for all r by induction.
It remains to see what happens if α0 6= 0. Since α0 is primitive, we have Ln−k+1α0 = 0.
Hence

Ln−k+1 ∑
r>0

Lrαr = 0 = Ln−k+2 ∑
r>0

Lr−1αr,

so that Lemma 5.18 implies ∑r>0 Lr−1αr = 0, which by induction shows αr = 0 for all
r > 0, hence α0 = 0, too.

If k > n, we have r > k− n and 0 = Lk−n(∑r Lr−(k−n)αr
)
. By Lemma 5.18, since k−

n 6 k−n+ 2r = n−deg(Lr−(k−n)αr), we find ∑r Lr−(k−n)αr = 0. But now, deg(Lr−(k−n)αr) =
2n− k 6 n hence one can apply the first part.

It remains to show existence. As we explained above, one can assume k 6 n. The
element Ln−k+1α has degree 2n − k + 2 hence Lemma 5.18 guarantees the existence of
β of degree k − 2 such that Ln−k+2β = Ln−k+1α. The k-form α0 := α − Lβ is therefore
primitive and α = α0 + Lβ. It is now clear that one can argue by induction to show the
existence of a Lefschetz decomposition for β, hence for α, too.

Note now that since ω is d-closed, the linear map L induces a linear map on the de
Rham cohomology groups

(5.37) L : Hk(X, R)→ Hk+2(X, R), [α] 7→ [ω ∧ α].
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Theorem 5.23 (Hard Lefschetz theorem). Let (X, ω) be a compact Kähler manifold of dimen-
sion n. Then for every k 6 n, the map

(5.38) Ln−k : Hk(X, R)→ H2n−k(X, R)

is an isomorphism.

Proof. Since [∆d, L] = 0, the image L(α) of a harmonic form α is harmonic. Since X is
compact, Hodge theory shows that it is equivalent to show that the induced morphism

(5.39) Ln−k : Hk(X, R)→ H2n−k(X, R)

is an isomorphism. By Poincaré duality, both vector spaces have the same dimension;
furthermore by Lemma 5.18, the morphism

(5.40) Ln−k : C∞(X, Ωk
X,R)→ C∞(X, Ω2n−k

X,R )

is injective. In particular it is injective on harmonic forms, so the statement follows.

Definition 5.24. Let (X, ω) be a compact Kähler manifold of dimension n. We say that
[α] ∈ Hk(X, R), k 6 n is primitive if Ln−k+1[α] = 0. We denote by Hk(X, R)prim ⊂
Hk(X, R) the subspace of primitive classes.

As a consequence of Proposition 5.22, we obtain

Corollary 5.25. Let (X, ω) be a compact Kähler manifold. Then every element [α] ∈ Hk(X, R)
admits a unique decomposition of the form

(5.41) [α] = ∑
r

Lr[αr]

such that αr ∈ Hk−2r(X, R)prim with k− 2r 6 inf(2n− k, k). In particular we have

(5.42) Hk(X, R) =
⊕

r
Lr Hk−2r(X, R)prim.

This Lefschetz decomposition plays an important role in the Hodge index theorem
(cf. Theorem 5.30 below). The Hard Lefschetz theorem also holds for the de Rham co-
homology with complex coefficients. Since the Kähler form ω is ∂-closed, the Hodge
decomposition shows immediately that for all p + q 6 n, we have an isomorphism

Ln−p−q : Hp,q(X)→ Hn−q,n−p(X).

5.5 The Hodge index theorem

We will now consider the Hodge index theorem for the intersection form on H2(X, C).
For the sake of simplicity of notation, we will restrict ourselves to the case of a compact
Kähler surface and refer to [Voi07, § 6.3.2] for an account of the full picture in arbitrary
dimension. We start with a technical lemma.
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Lemma 5.26. Let U ⊂ C2 be an open subset and endow TU with the standard metric h =
2(dz1 ⊗ dz1 + dz2 ⊗ dz2). Let α ∈ C∞(U, Ωp,q

U ) be a primitive two-form. Then we have

∗α = (−1)qα.

Proof. We will prove the claim where α is of type (1, 1), the other cases are analogous. Let
ω = i(dz1 ∧ dz1 + dz2 ∧ dz2) be the Kähler form, and set

α = α1,2dz1 ∧ dz2 + α2,1dz2 ∧ dz1 + α1,1dz1 ∧ dz1 + α2,2dz2 ∧ dz2

where the αj,k are differentiable functions. The volume form is

ω2

2!
= i2dz1 ∧ dz1 ∧ dz2 ∧ dz2,

so α ∧ ∗α = {α, α} vol implies

∗α = −α1,2dz1 ∧ dz2 − α2,1dz2 ∧ dz1 + α1,1dz2 ∧ dz2 + α2,2dz1 ∧ dz1.

Furthermore, Lα = ω ∧ α = i(α1,1 + α2,2)dz1 ∧ dz1 ∧ dz2 ∧ dz2 equals zero if and only if
α1,1 = −α2,2. This implies the claim.

The above result easily implies the following

Lemma 5.27. Let (X, ω) be a Kähler manifold of dimension two, and let α ∈ C∞(X, Ωp,q
X ) be a

primitive 2-form. Then we have
∗α = (−1)qα.

Let now X be a compact Kähler manifold of dimension two. Then the Poincaré duality
shows that we have a non-degenerate symmetric bilinear pairing

Q : ([α], [β]) 7→
∫

X
α ∧ β.

Therefore Q : H2(X, R) × H2(X, R) → R defines a non-degenerate hermitian form on
H2(X, C) via H(α, β) := Q(α, β).

Lemma 5.28. Let (X, ω) be a compact Kähler manifold of dimension two. The Lefschetz decom-
position

H2(X, C) = H2(X, C)prim ⊕ LH0(X, C) = H2(X, C)prim ⊕C[ω]

is orthogonal.

Proof. As before we reduce the statement on cohomology to a statement on harmonic
forms. By definition, a two-form α is primitive if ω ∧ α = 0. Therefore

H(α, ω) =
∫

X
α ∧ω =

∫
X

α ∧ω = 0.

44



Proposition 5.29. The subspaces Hp,q(X) ⊂ H2(X, C) are orthogonal with respect to H. Fur-
thermore (−1)qH is definite positive on the subspace

Hp,q(X)prim := H2(X, C)prim ∩ Hp,q(X)

and we have an H-orthogonal decomposition

H2(X, C)prim = H2,0(X)⊕ H1,1(X)prim ⊕ H0,2(X).

Proof. The orthogonality is obvious for type reasons. Note that H2,0
prim = H2,0(X) and

H0,2
prim = H0,2(X). Let γ ∈ Hp,q

prim be a non-zero class. Note also that Hp,q(X) ' Hp,q(X)

and the Lefschetz operator commutes with ∆∂. Thus if α is the harmonic representative
of γ, we have ∆∂Lα = ∆∂α = 0 so that Lα is the harmonic representative of Lγ = 0. That
is, Lα = 0 and α is primitive. Then we have by Lemma 5.27:

∗α = (−1)qα

so
(−1)qH(α, α) = (−1)q

∫
X

α ∧ α = (−1)2q
∫

X
α ∧ ∗α = ‖α‖L2 > 0.

Let us prove the last claim. If γ ∈ H2(X, C)prim, one can consider its harmonic repre-
sentative α, which is primitive as we explained above. Now, consider the decomposition
α = α2,0 + α1,1 + α0,2 into types. Each αp,q is harmonic and primitive (this is obvious for
α2,0 and α0,2, hence it follows for α1,1 since Lα = 0). This gives the sought decomposi-
tion.

Theorem 5.30 (Hodge Index Theorem). Let X be a compact Kähler surface. Then the signature
of the intersection form

Q([α], [β]) =
∫

X
α ∧ β

on H2(X, R) ∩ H1,1(X) is (1, h1,1 − 1). More generally, the signature of Q on H2(X, R) is
(1 + 2h2,0, h1,1 − 1).

Proof. By Lemma 5.28 and Proposition 5.29 we have a H-orthogonal decomposition

H2(X, C) = H2,0(X)⊕ H1,1(X, C)prim ⊕C[ω]⊕ H0,2(X).

Now, on H2(X, R), H coincides with Q and we have an orthogonal decomposition

H2(X, R) = (H2,0(X)⊕ H0,2(X))R ⊕ H1,1(X, R)prim ⊕R[ω].

where H1,1(X, R)prim = H1,1(X)prim ∩ H2(X, R) and

(H2,0(X)⊕ H0,2(X))R = {u + ū; u ∈ H2,0} ' H2,0(X),

which has dimension 2h2,0 over R. By Proposition 5.29, the form Q is negative definite
on H1,1(X, R)prim. Moreover, if u ∈ H2,0(X), we have Q(u + ū, u + ū) = 2H(u, u) > 0 by
Proposition 5.29, too. Finally, H is definite positive on Rω since

∫
X ω∧ω =

∫
X ω∧ω > 0.

The theorem is proved.

Exercise 5.31. Let (X, ω) be a compact Kähler surface, and let γ be a real closed 2-form
such that [γ] ∈ H1,1(X). Show that

Q([γ], [γ]) ·Q([ω], [ω]) 6 Q([γ], [ω])2.
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6 Blow-ups

6.1 Refresher on the canonical bundle

Definition 6.1. Let X be a complex manifold of dimension n. The canonical bundle of X
is the line bundle KX := det T∗X = ΛnΩ1

X, whose sections are holomorphic n-forms.

If (z1, . . . , zn) is a local system of coordinates on an open set U ⊂ X, then KX|U admits
the non-vanishing section dz1 ∧ . . . ∧ dzn.

We have the following result.

Lemma 6.2. Let
0 −→ S

g−→ E
f−→ Q −→ 0

be an exact sequence of vector bundles. Then there is an isomorphism

det E ' det S⊗ det Q.

Proof. Set p = rk(S) and q := rk(Q). We aim to define a vector bundle map det S ⊗
det Q → det E which is not zero anywhere. We have two maps Λpg : det S → ΛpE and
Λq f : ΛqE → det Q. The first one is injective while the second one is surjective. The
kernel of Λq f is generated by image of the map g⊗ Id∧q−1

E : S⊗Λq−1E→ ΛqE.
At a given point x ∈ X, consider two elements σ ∈ det Sx, τ ∈ det Qx. One can write

τ = Λq f (τ̂) while τ̂ is only well-defined up to an element ρ ∈ Im(g ⊗ Id∧q−1
E ). Since

σ ∧ ρ = 0 for any such ρ, this means that the element σ ∧ τ̂ ∈ det E only depends on σ
and τ but not the choice of τ̂. This gives the desired isomorphism det S⊗ det Q→ det E,
σ⊗ τ 7→ σ ∧ τ̂.

As a consequence of Proposition 4.4 and Lemma 6.2 above, we find

Corollary 6.3. There is an isomorphism KPn ' OPn(−n− 1).

Proof. The Euler exact sequence yields KPn ' detO(−1)⊕(n+1) ' O(−1)⊗(n+1), hence
the result.

6.2 Normal bundle, projective bundles

Let X be a complex manifold and let Y ⊂ X be a smooth submanifold of codimension
k > 1.

Definition 6.4 (Normal bundle). The normal bundle NY|X of Y ⊂ X is defined as the
cokernel of the map TY −→ TX|Y, i.e.

0 −→ TY −→ TX|Y −→ NY|X −→ 0.

The normal bundle NY|X is a vector bundle on Y with rank k = codimYX.

When no confusion is possible, we sometimes write NY instead of NY|X.

Proposition 6.5. Let Y ⊂ X be a smooth hypersurface. Then NY|X ' OY(Y) := OX(Y)|Y.
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Proof. Cover X with charts Uα where Y ∩ Uα = ( fα = 0). On Uαβ, there exists a non-
vanishing function h such that fα = h fβ (h is nothing but the transition function ofOX(Y)
relative to (Uα)). We thus have d fα = hd fβ + fβdh, hence d fα = hd fβ on Y ∩Uαβ.

By dualizing the exact sequence defining the normal bundle, we get

(6.43) 0 −→ N∗Y −→ ΩX|Y −→ ΩY −→ 0.

The kernel N∗Y is of rank one, locally generated on Y ∩Uα by the differential eα := d fα|Y.

This means that the cocycle (gαβ =
eβ

eα
)αβ associated to N∗Y is nothing but d fβ

d fα
|Y =

fβ

fα
|Y =

h−1, the cocyle associated to OX(−Y)|Y. This proves the formula.

As a consequence of Lemma 6.2 and Proposition 6.5, we get

Corollary 6.6. Let Y ⊂ X be a smooth hypersurface. Then KY ' (KX ⊗OX(Y))|Y.

In the case of complete intersections in Pn, Corollary 6.3 and Corollary 6.6 yield

Corollary 6.7. Let Y ⊂ Pn be a codimension k submanifold which is obtained as a complete
intersection of k smooth hypersurfaces of respective degree d1, . . . , dk. Then

KY ' OPn(
k

∑
i=1

di − (n + 1))|Y

.

As an application, we can see that the twisted cubic cannot be a complete intersection.
More precisely, consider the intersection X ⊂ P3 of the three quadrics X = (xz− y2 =
yw− z2 = xw− yz = 0) in homogeneous coordinates [x : y : z : w]. One has

1. X is smooth, and the map P1 → P3, [u : v] 7→ [u3 : u2v : uv2 : v3] induces an
isomorphism onto X.

2. X cannot be obtained as a complete intersection (otherwise its canonical bundle
would be either trivial or ample, since X does not lie in any hyperplane)

3. Set-theoretically, X is the complete intersection (xz − y2 = z(yw − z2) − w(xw −
yz) = 0).

Definition 6.8 (Projective bundle). Let X be a complex manifold, and let E→ X be a holo-
morphic vector bundle of rank r > 2. There exists a locally trivial fiber bundle P(E)→ X
such that P(E)x = P(Ex) ' Pr−1 is the space of complex lines of E.

Example 6.9 (Projectivized normal bundle). Let Y ⊂ X be a smooth submanifold of codi-
mension r > 2. The projectivized normal bundle, P(NY|X), is the bundle of normal
directions. It fibers over Y with fibers isomorphic to Pr−1.

Definition 6.10 (Tautological bundle). Let E → X be a holomorphic vector bundle of
rank r > 2, inducing π : P(E) → Y. The tautological line bundle τ : OP(E)(−1) → P(E)
is defined by OP(E)(−1) := {((x, [v]), w) ∈ P(E)× Ex

∣∣w ∈ Cv} ⊂ π∗E = P(E)×X E.
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The situation is described in the diagram below

OP(E)(−1) π∗E E

P(E) X

⊂

τ

π

In particular, we have for every x ∈ X an isomorphism

(6.44) OP(E)(−1)|P(Ex) ' OP(Ex)(−1) ' OPr−1(−1).

6.3 Blow-up of a smooth submanifold

Let X be a complex manifold, and let Y ⊂ X a complex submanifold of codimension
k. Locally along Y, there exist holomorphic functions f1, . . . , fk with independent differ-
entials, such that Y = {z| fi(z) = 0}. These equations are not unique, but we have the
following.

Lemma 6.11. If g1, . . . , gk form another system of local equations for Y, then locally in the neigh-
bourhood of Y , there exists a matrix Mij of holomorphic functions such that

(6.45) gi = ∑
j

Mji f j.

Moreover, the matrix Mij is invertible along Y, and its restriction to Y is uniquely determined by
the fi, gj.

Proof. It suffices to prove the lemma in the case where the f j(z) are the first k coordinates.
The functions gi then have the property of vanishing on {z|z1 = · · · = zk = 0}. Taking
the power series expansion of gi we see immediately that we must have gi = ∑k

j=1 Mjizj.
The fact that Mji is uniquely determined can be shown by taking the differentials of

(6.45) along Y, which gives the relations dgi = ∑j Mjid f j. Uniqueness comes from the
fact that the d f j are independent along Y. The invertibility of Mji along Y, and thus in a
neighbourhood of Y, also follows from the previous identity.

Recall that the conormal bundle N∗Y|X sitting in the exact sequence

0 −→ N∗Y|X −→ ΩX|Y −→ ΩY −→ 0

is the bundle of 1-forms along Y which vanish in restriction to Y, or equivalently whose
evaluation against vectors in TY ⊂ TX|Y is zero. If we cover Y by (small) open sets U on
which Y ∩U = { f U

i = 0, i = 1 · · · k}, then N∗Y|X|U is trivialized by the d f U
i restricted to

Y ∩U. If U, V are two overlapping sets, then the previous construction yields matrices
MUV

ji such that f U
i = ∑j MUV

ji f V
j . In particular,

d f U
i = ∑

j
MUV

ji d f V
j
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holds in restriction to Y ∩U ∩ V so that the restrictions of MUV
ji to Y are nothing but the

transition matrices for N∗Y|X corresponding to the chosen cover.

To an open set U as before, associate

ŨY := {(z, Z = [Z1 : . . . : Zk]) ∈ U ×Pk−1 | Zi f j(z) = Zj fi(z), ∀i, j 6 k},

called the blow up of U along Y. It is not difficult to see that ŨY is a smooth manifold and
that the first projection π : ŨY → U induces an isomorphism over U \ Y, whose inverse
is given by z 7→ (z, [ f1(z) : . . . : fk(z)]). Moreover, π−1(Y) ' Y×Pk−1.

Now, if we have two overlapping sets U, V as before, we obtain two manifolds ŨY, ṼY
with respective projections πU : ŨY → U and πV : ṼY → V.

Lemma 6.12. There exists a natural isomorphism

φUV : π−1
U (U ∩V)→ π−1

V (U ∩V)

such that πU = πV ◦ φUV .

Proof. Thee existence of φUV is clear outside Y, so it is enough to construct it locally in the
neighborhood of π−1

U (Y ∩U ∩ V) hence we can shrink U, V as needed. Set P := PUV :=
t(MUV)−1 so that f V

j = ∑i Pji f U
i for all j. Next, set W = PZ viewed as column vectors of

length k, i.e. Wi = ∑k PikZk. Then we have for any indices i, j and (z, Z) ∈ π−1(U ∩V) :

Wi f V
j = ∑

k
PikZk ∑

`

Pj` f U
` = ∑

k,`
PikPj`Zk f U

` = ∑
k,`

PikPj`Z` f U
k = ∑

`

Pj`Z` ∑
k

Pik f U
k = Wj f V

i ,

that is, (z, PZ) ∈ π−1
V (U ∩V) ⊂ ṼY. Therefore, one can define φUV(z, Z) = (z, PZ) which

is clearly invertible and commutes with the projections to U ∩V.

Definition 6.13. If Y ⊂ X is a submanifold, the local blow-ups ŨY for U an open covering
of Y in X glue to a global manifold X̃Y called the blow-up of X along Y. It comes equipped
with a projection π : X̃Y → X which is an isomorphism away from Y.

Set E := π−1(Y). It follows from the local description of X̃Y that the restriction map
π|E : E → Y is a Pk−1-bundle; in particular, E ⊂ X̃Y is a smooth hypersurface. More-
over, the transition matrices are the matrices PUV = t(MUV)−1 introduced in the proof of
Lemma 6.12 above. It follows from the discussion above that we have an isomorphism

(6.46) E ' P(NY|X)

of Pk−1-bundles over Y. Moreover, we have the following.

Lemma 6.14. The normal bundle NE|X̃Y
' OE(E) of E ⊂ X̃Y is isomorphic to the tautological

bundle OP(NY|X)
(−1) under the isomorphism (6.46).

Proof. In the following, we write X̃ for X̃Y in order to lighten the notations. The differen-
tial of π induces a map TX̃ → π∗TX which we then restrict to E, yielding the morphism
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f : TX̃|E → π∗TX|Y. Since π send E to Y, we have, f (TE) ⊂ π∗TY so that f induces
f̄ : NE|X̃ → π∗NY|X.

It is perhaps a bit clearer to denote by V := NY|X the bundle over Y of rank k− 1. Its
pullback π∗V to E ' P(V) fits in the cartesian square

π∗V V

P(V) Yπ

and admits the tautological subbundle S := OP(V)(−1) ⊂ π∗V defined by

S = {([v], w) ∈ P(V)×V; v ∈ V \ {0}, w ∈ Cv}.

Moreover, S has rank one. The lemma is a consequence of the fact that f̄ induces an
isomorphism NE|X̃ → S. This is now a local problem.

So one picks local coordinates (z1, . . . , zn) on an open set U centered around a given
point y ∈ Y such that Y = (z1 = . . . = zk = 0). In particular, V|U∩Y is trivialized by the
vector fields ξi =

∂
∂zi

for i = 1, . . . , k. Next, one picks a point x ∈ E such that π(x) = y.
Note that on Ũ := π−1(U) ⊂ E, one has E|Ũ = P(V)|Ũ ' U × Pk−1. Without loss of
generality, one can assume that x = (0, [Z1 : . . . : Zk]) with Z1 6= 0. That is, we have
identified [Z] ∈ Pk−1 with the class of the vector field ∑k

i=1 Ziξi in P(V|U). Set wi =
Zi
Z1

for i = 2, . . . , k so that the functions (z1, w2, . . . , wk, zk+1, . . . , zn) yield a coordinate system
on some open set near x in X̃ under which the map π reads

(6.47) π(z1, w2, . . . , wk, zk+1, . . . , zn) = (z1, z1w2, . . . , z1wk, zk+1, . . . , zn)

and such that E is given by the equation (z1 = 0). In particular, NE|X̃ is trivialized by the

class [ξ] of ξ := ∂
∂z1
|E = ξ1|E. Since

π∗ξ =
∂

∂z1
+

k

∑
i=2

wk
∂

∂zi
=

1
Z1

k

∑
i=1

Ziξi

does not vanish and satisfies (π∗ξ)x ∈ Sx, it follows that f̄ induces an isomorphism onto
its image S, as claimed.

Corollary 6.15. Let X be a compact manifold, let π : X̃ → X be the blow-up of a smooth
submanifold Y ⊂ X of codimension k > 2, and let E be the exceptional divisor. Given any
positive line bundle L → X, the line bundle π∗(L⊗m) ⊗ OX̃(−E) is positive for m � 1. In
particular, X̃ is a Kähler manifold.

Proof. Let hX be an arbitrary hermitian metric on TX; it induces by restriction to Y and
quotient a metric on NY and then also a metric h on OP(NY|X)

(1). For any y ∈ Y, let
Ey := P(NY,y) = π−1(y). The hermitian line bundle (OP(NY|X)

(1), h)|Ey is isometric to
(OPk−1(1), hFS) (cf Remark 4.1) hence its Chern curvature form is definite positive.
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From Proposition 6.5, OX̃(−E)|E ' N∗
E|X̃ ' OE(1), hence we can extend h arbitrarily

to a metric hE onOX̃(−E) whose Chern form ΘE := Θh(OX̃(−E)) is positive along E (i.e.
in restriction to E, in the directions of E).

Let hL be a hermitian metric on L with positive Chern form, and let F := π∗(L⊗m)⊗
OX̃(−E) be endowed with the metric hF := π∗h⊗m

L ⊗ hE. We have for any v ∈ TX̃

ΘhF(F)(v, v̄) = mΘhL(dπ(v), dπ(v)) + ΘE(v, v̄).

Write a C∞ decomposition TX̃|E = V ⊕W where V = ker(dπ) and W = V⊥ so that
dπ induces a isomorphism W → π∗TY. For v ∈ V, we have ΘE(v, v) > c|v|2 while
for w ∈ W, we have ΘhL(dπ(w), dπ(w)) > c′|w|2, for some positive constants c, c′. By
Cauchy-Schwarz, it follows that ΘhF(F)(v, v̄) > c′′|v|2 for any v ∈ TX̃|E up to taking m
large enough. By continuity of ΘhF(F) on the unitary tangent bundle of X̃, we see that
there exists an open neighborhood U of E such that

ΘhF(F)(v, v̄) >
1
2

c′′|v|2 ∀v ∈ TX̃,x, x ∈ U.

On the complement of U, π is an isomorphism hence π∗ΘhL is a positive (1, 1)-form there.
By compactness of X̃ \U, there exists m such that mπ∗ΘhL + ΘE is still positive on that
set. This implies that ΘhF(F) is a Kähler form on the whole X̃ for m large enough.

Corollary 6.16. Let X be a compact manifold and let π : X̃ → X be a composition of blow-
up with smooth centers and let E = ∑N

i=1 Ei be the exceptional divisor. Given any positive line
bundle L → X, there exist positive numbers a1, . . . , aN such that the line bundle π∗(L⊗k) ⊗
OX̃(−∑ aiEi) is positive for k� 1.

Proof. In order to simplify the notations, we treat the case of two successive blow-ups

X̃ = X2
π2−→ X1

π1−→ X0 = X.

Let F1 (resp. F2) be the exceptional divisor of π1 (resp. π2). The exceptional divisor
E = E1 + E2 of π has too components: E1 is the strict transform of F1 by π2 while E2 = F2.
Note that π∗2 F1 = E1 + bE2 where b > 0 is positive if and only if F1 intersects the center of
π2.

By Proposition 6.15, π∗1 Lk1 ⊗OX1(−F1) is positive for some large k1 > 0. By the same
token, π∗2(π

∗
1 Lk1 ⊗OX1(−F1))

⊗k2 ⊗OX2(−E2) is positive for some large k2 > 0. But that
bundle is nothing but π∗(Lk1+k2)⊗OX̃(−k2E1 − (1 + bk2)E2).

Finally, for k > k1 + k2, one sets k′ := k − (k1 + k2) > 0 and a1 := k2, a2 := 1 + bk2.
Then, the decomposition

π∗(L⊗k)⊗OX̃(−∑ aiEi) = π∗(L⊗k′)⊗
(

π∗(Lk1+k2)⊗OX̃(−∑ aiEi)
)

,

yields the result since the sum of a semipositive form and a positive form is positive.

Lemma 6.17. Let π : X̃ → X be the blow up of a smooth submanifold Y ⊂ X of codimension
k > 1. Then we have

KX̃ ' π∗KX + (k− 1)E

where E ⊂ X̃ is the exceptional divisor of π.
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Proof. The differential of π induces a map TX̃ → π∗TX. Dualizing, we get a map π∗Ω1
X →

Ω1
X̃

. Taking the n-th exterior power, we get a map π∗KX → KX̃, hence a holomorphic
section s of the line bundle KX̃ ⊗ π∗K−1

X . This section does not vanish away from E since
π is an isomorphism there. Using e.g. Lemma 3.18, our present lemma is then equivalent
to the assertion that s vanishes at order exactly k− 1 along E. This can now be checked
by a local computation.

Near a given point x ∈ E, one can find an open set U endowed with coordinates
(z1, . . . , zn) such that E = (z1 = 0) on our chart and

π(z) = (z1, z1z2, . . . , z1zk, zk+1, . . . , zn),

cf (6.47). Denote by V ⊂ Cn an open set such that π(U) ⊂ V. On U (resp. V), we have a
trivialization τ := dz1 ∧ . . . ∧ dzn of KU (resp. σ := dw1 ∧ . . . ∧ dwn of KV) and s is noth-
ing but the ratio π∗σ

τ . Given the expression of π above, an straightforward computation
shows that π∗σ = zk−1

1 τ, ending the proof of the lemma.

Lemma 6.18. Let X be a compact complex manifold and let L be a line bundle on X. Let π :
X̃ → X be the blow-up of a submanifold of codimension at least two and let E be the exceptional
divisor. Finally, let sE ∈ H0(X̃,OX̃(E)) be a section cutting out E. Then for any non-negative
integer m > 0, the map

H0(X, L) −→ H0(X̃, π∗L⊗OX̃(mE))

sending s to π∗s⊗ s⊗m
E is an isomorphism.

Proof. Clearly, this map is injective. Now, let τ ∈ H0(X̃, π∗L⊗OX̃(mE)). Consider the
meromorphic section σ := τ

s⊗m
E

of π∗L. The restriction σ|X̃\E is holomorphic and since

π|X̃\E : X̃ \ E → X \ Y is an isomorphism, we get a section s ∈ H0(X \ Y, L) such that

σ|X̃\E = π∗s. In other words, we have τ = π∗s ⊗ s⊗m
E over X̃ \ E. By Hartogs, s actu-

ally extends across Y to a holomorphic section of L on X, hence we get τ = π∗s ⊗ s⊗m
E

everywhere on X, hence the lemma.

7 Geometric application of Kodaira’s vanishing theorem

7.1 Kodaira’s vanishing theorem

We recall the following fundamental theorem:

Theorem 7.1 (Kodaira vanishing theorem). Let X be a compact complex manifold and let L
be a positive line bundle on X. We have

Hq(X, KX + L) = 0 ∀q > 0.

More generally, one has
Hq(X, Ωp

X ⊗ L) = 0 if p + q > n.

A few remarks before going any further.
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(a) In this section and from now on, we will use the additive notation for the tensor
product on line bundles. E.g. KX + L corresponds to KX ⊗ L.

(b) Recall that a line bundle L is said to be positive if it admits a hermitian metric h
such that its Chern curvature form Θh(L) is a positive (1, 1)-form. In particular, the
latter is a Kähler form and X is a Kähler manifold.

(c) The above vanishing can be interpreted in coherent cohomology or in Dolbeault
cohomology. In the latter case, it is equivalent to saying that any given any L-
valued form α of type (n, q) with q > 0 such that ∂̄α = 0, there exists an L-valued
form β of type (n, q− 1) such that α = ∂̄β.

We will sometimes also use the following variant of Kodaira vanishing known as
Serre vanishing, which can be obtained in a similar fashion.

Theorem 7.2 (Serre vanishing). Let L be a positive line bundle on a compact complex manifold.
There for any vector bundle E on X, there exists m0 > 0 such that

∀q > 0, ∀m > m0, Hq(X, E⊗ L⊗m) = 0.

7.2 Cohomology of Fano manifolds

An important application of Kodaira’s vanishing concerns Fano manifolds, which are
compact Kähler manifolds X such that −KX is positive.

Corollary 7.3. Let X be a Fano manifold of dimension n. Then

∀q > 0, Hq(X,OX) = H0(X, Ωq
X) = 0.

Proof. Write OX = KX ⊗ K−1
X and apply Theorem 7.1. The equality between the two

cohomology spaces follows from Hodge duality.

Let us now focus more specifically on the projective space, where much more can be
said.

Proposition 7.4. Let n > 1 be an integer. We set d(n, k) = (n+k
n ) = dim SkCn+1. We have

hq(Pn,O(k)) =


d(n, k) if q = 0, k > 0,
d(n,−k− n− 1) if q = n, k 6 −(n + 1),
0 otherwise.

Proof. The first two cases can be seen using Proposition 4.2, Serre duality Hn(Pn,O(k)) '
H0(Pn, KPn(−k))∗ and the isomorphism KPn ∼ O(−n − 1), see Corollary 6.3. If q = 0
(resp. q = n) and k < 0 (resp. k > −(n + 1)), then one sees similarly that hq(O(k)) = 0.
Now, if q 6= 0, n, Kodaira vanishing yields hq(O(k)) = hq(KPn(k+ n+ 1)) if k > −(n+ 1).
If k 6 −(n + 1), we use Serre duality to get hq(O(k)) = hn−q(KPn(−k)) which vanishes
since −k > 0, thanks to Kodaira vanishing again.

Proposition 7.5. The tangent bundle of Pn satisfies the following properties:
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1. The space of global holomorphic vector fields is given by

(7.48) H0(Pn, TPn) ' V ⊗V∗/CIdV

where V = H0(Pn,O(1)) and where we have identified V ⊗V∗ with End(V).

2. There is an isomorphism

Hn−1(Pn, KPn ⊗ TPn) ' Hn,n(Pn) ' C

In particular, the Griffiths positive bundle TPn is not a Nakano positive vector bundle.

3. TP2 is not isomorphic to a direct sum of two line bundles.

Proof. The first item follows from Proposition 7.4 and the Euler exact sequence (4.27).
As for the second item, remember that Hq(Pn, KPn ⊗O(1)) = 0 for q > 0 by Kodaira

vanishing. Therefore, the long exact sequence in cohomology one gets after tensoring
(4.27) with KPn gives

Hn−1(Pn, KPn ⊗O(1)) = 0→ Hn−1(Pn, KPn ⊗ TPn)→ Hn(Pn, KPn)→ Hn(Pn, KPn ⊗O(1)) = 0

hence the result.
Let us get on to the last assertion. Arguing by contradiction, write TP2 = O(a)⊕O(b)

with a > b, cf (4.3). Taking the determinant, we see that one must have a + b = 3. From
the first item we see that

h0(P2,O(a)) + h0(P2,O(b)) = 8.

In particular, one must have a > 0. If b 6 0, then a > 3 and but h0(P2,O(a)) = (2+a
2 ) >

(5
2) = 10 > 8, cf Proposition 7.4. Therefore the only combination left is (a, b) = (2, 1).

Since (4
2) + (3

2) = 9, this is not possible either.

7.3 Lefschetz hyperplane theorem for cohomology

Theorem 7.6 (Weak Lefschetz theorem). Let Y ⊂ X be a smooth hypersurface in a compact
Kähler manifold X of dimension n such that OX(Y) is positive. Then the canonical restriction
map

Hk(X, C) −→ Hk(Y, C)

is bijective for k 6 n− 2 and injective for k 6 n− 1.

Proof. For any integers 0 6 p, q 6 n− 1, we have natural restriction maps Hp,q(X) −→
Hp,q(Y). Moreover, the Hodge decompositions of Hp+q(X, C) and Hp+q(Y, C) are com-
patible with the said maps. Therefore it is sufficient to prove that Hq(X, Ωp

X)→ Hq(Y, Ωp
Y)

is bijective for p + q 6 n− 2, and injective for p + q = n− 1.
By tensoring the exact sequence

0 −→ OX(−Y) −→ OX −→ OY −→ 0

by Ωp
X, we get

0 −→ Ωp
X(−Y)→ Ωp

X → Ωp
X|Y −→ 0.
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Now Serre duality and Kodaira vanishing yield

Hq(X, Ωp
X(−Y)) = Hp,q(X,OX(Y)) ' Hn−q,n−p(X,OX(Y))

which vanishes for p + q < n. In particular, the induced map in cohomology

(7.49) Hq(X, Ωp
X) −→ Hq(Y, Ωp

X|Y)

is bijective for p + q < n− 1 and injective for p + q = n− 1. Next, taking the p-th exterior
power of the exact sequence (6.43), one obtains the following exact sequence

0 −→ OY(−Y)⊗Ωp−1
Y → Ωp

X|Y → Ωp
Y −→ 0.

Indeed, the wedge product induces a map N∗Y|X ⊗Ωp−1
Y → Ωp

X|Y and it is clear (e.g. by
taking local coordinates adapted to Y) that this map is injective with image the kernel of
the restriction map Ωp

X|Y → Ωp
Y. Similarly to what we explained above, we have that

Hq(Y, Ωp−1
Y (−Y)) ' Hn−1−q,n−p(Y,OY(Y))

vanishes for p + q < n. Therefore, the induced map

(7.50) Hq(Y, Ωp
X|Y) −→ Hq(Y, Ωp

Y)

is bijective for p + q < n− 1 and injective for p + q = n− 1. Since the restriction map
Hq(X, Ωp

X) → Hq(Y, Ωp
Y) is the composition of the two maps (7.50) and (7.49), the result

follows.

Here are a few applications/comments:

1. The only complex tori that can be embedded as a complete intersection in the pro-
jective space are elliptic curves.

2. An hypersurface in Pn with n > 3 does not admit any non-zero one forms.

3. Show that the bounds are sharp (e.g. look at H2 of a quartic surface).

4. One can deduce Kodaira’s vanishing theorem from Theorem 7.6 using cyclic cov-
ers, cf [Laz04, Chapter 4]. Of course, one can prove an even stronger version of
Theorem 7.6 without relying on Kodaira’s vanishing theorem, but rather on Morse
theory.

7.4 Calabi-Yau hypersurfaces

The goal of this section is to investigate some properties of smooth projective hypersur-
face (P = 0) ⊂ Pn of degree d = n + 1 for n > 3. Adjunction’s formula shows that KX is
trivial, but here we can give construct explicitly a trivialization of KX.

First, we start with a smooth affine hypersurface ( f = 0) ⊂ Cn. One can cover the
hypersurface by the open sets Vi := ( f = 0) ∩ (∂i f 6= 0). On Vi, we consider

Ωi :=
(−1)i

∂i f
dz1 ∧ . . . ∧ d̂zi ∧ . . . ∧ dzn|Vi .
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Since ∂i f dzi = −∂j f dzj on ( f = 0), one checks easily that Ωi induces a global, non-
vanishing holomorphic (n− 1)-form Ω f on ( f = 0).

Let us now go back to the case of a smooth projective hypersurface X = (P = 0) ⊂
Pn of degree d = n + 1. On the standard open set Ui = (zi 6= 0), we have coordi-
nates x` = z`

zi
for ` = 0 . . . n, ` 6= i and X ∩ Ui = (Pi = 0) where Pi(x) = 1

zd
i
P(z) =

P(x0, . . . , xi−1, 1, xi+1, . . . , xn). By the previous paragraph, the (n− 1)-forms

Ωik :=
(−1)k+i

∂kPi
dx0 ∧ . . . ∧ d̂xi ∧ . . . ∧ d̂xk ∧ . . . ∧ dxn

defined on Ui ∩ (∂kPi 6= 0) for k = 0 . . . n, k 6= i glue to a non-vanishing (n− 1)-form Ωi
on Ui.

In order to show that the Ωi glue to a non-vanishing (n− 1)-form on X, it is enough
to show that given any j 6= i and k /∈ {i, j}, we have Ωik = Ωjk on the relevant overlap.
So we pick such j, k. Without loss of generality, one can assume that i < j < k. We set
y` =

z`
zj

so that y` =
x`
xj

for ` 6= i and yi =
1
xj

on Uij. Therefore, we have

dy` =
1
xj

dx` −
x`
x2

j
dxj, dyi = −

1
x2

j
dxj.

We infer that dy0 ∧ . . . ∧ d̂yj ∧ . . . ∧ d̂yk ∧ . . . ∧ dyn is equal to

−1
xn

j
dx0 ∧ . . . ∧ dxi−1 ∧ dxj ∧ dxi+1 ∧ . . . ∧ dxj−1 ∧ d̂xj ∧ dxj+1 ∧ d̂xk ∧ . . . ∧ dxn

and the latter is noting but

(−1)j−i

xn
j

dx0 ∧ . . . ∧ d̂xi ∧ . . . ∧ d̂xk ∧ . . . ∧ dxn.

Finally, since
∂

∂yk
= xj

∂

∂xk
, and Pj(y) = yd

i Pi(x) = x−d
j Pi(x),

we find
∂kPj =

∂

∂yk
Pj(y) = xj

∂

∂xk

(
x−d

j Pi(x)
)
= x1−d

j ∂kPi.

Putting everything together, we find

Ωjk =
(−1)k+i

x1−d
j ∂kPi

(−1)j−i

xn
j

dx0 ∧ . . . ∧ d̂xi ∧ . . . ∧ d̂xk ∧ . . . ∧ dxn = xd−(n+1)
j Ωik.

Since d = n + 1, one can glue the Ωi’s as claimed.

Let us now consider the particular case of the Fermat hypersurface, where

P(z) = zd
0 + . . . + zd

n.
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Since dP only vanishes at 0 ∈ Cn+1, the hypersurface X is indeed smooth. Next, let
G := Z/dZ act on Pn by

[k] · z = [z0 : ζkz1 : . . . : ζk(d−1)zn]

where ζ := e
2πi

d . It is not hard to check that the fixed points of G are the n + 1 points hav-
ing only one non-zero coordinate. Moreover G fixes X and Fix(G) ∩ X = ∅. Therefore,
one can define

Y := X/G

which is a smooth projective manifold. Moreover, the projection p : X → Y is a Galois
étale cover, hence KX = p∗KY.

Proposition 7.7. The canonical bundle of Y is a non-trivial torsion line bundle. Moreover, its
image under the integral first Chern class map cZ

1 : Pic(Y)→ H2(Y, Z) is non-trivial.

Proof. We argue by contradiction. If KY were trivial, generated by a non-vanishing section
ΩY, then p∗ΩY would be a G-invariant trivialization of KX; up to normalization, it would
coincide with the trivialization Ω of KX constructed above. So it is sufficient to show that
Ω is not G-invariant.

First, let us note that G fixes Ui for all i. On Ui, we have Pi = 1+∑` 6=i xd
` . In particular,

G fixes Ui ∩ (∂kPi 6= 0) = Uik for any k 6= i and we have

Ωik =
(−1)k+i

d · xd−1
k

dx0 ∧ . . . ∧ d̂xi ∧ . . . ∧ d̂xk ∧ . . . ∧ dxn|Uik∩X

with the notations as above. Therefore,

[1] ·Ωik = ζ∑` 6=i,k `−k(d−1)Ωik = ζ
n(n+1)

2 −iΩik.

In particular, the equality [1] ·Ω = Ω holds on Ui only for the index id defined by

id =

{
0 if n ≡ 0 [2]
d
2 otherwise.

This implies that Ω is not G-invariant.
Let us now prove that L := KY is torsion. For any g ∈ G, we have g ·Ω = χ(g)Ω

for some χ(g) ∈ Ud ⊂ C∗. This implies that the section Ω⊗d ∈ H0(X, p∗(L⊗d)) is G-
invariant. By Lemma 7.8, there exists σ ∈ H0(X, L⊗d) such that p∗σ = Ω⊗d. In particular,
σ is non-vanishing and trivializes L⊗d.

It remains to prove the last assertion. By Theorem 7.6, we have H1(X, C) = 0. In
particular, H0(X, Ω1

X) = 0. This implies that H0(Y, Ω1
Y) = 0 (otherwise the pullback of

a non-zero one-form on Y would yield a non-zero 1-form on X). In particular, we get
Pic◦(Y) = {0} so that the exponential exact sequence yields an embedding

cZ
1 : Pic(Y)→ H2(Y, Z).

The conclusion follows.
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Lemma 7.8. Let p : X → Y be a Galois cover of group G between complex manifolds. Let L be a
line bundle on Y. We have an isomorphism

p∗ : H0(Y, L)→ H0(X, p∗L)G.

Proof. Let us first detail how G acts on V := H0(X, p∗L). If s ∈ V, then for x ∈ X we
have s(x) ∈ (p∗L)x = Lp(x). Now we set (g · s)(x) = s(g · x) which is legitimate since
p(g · x) = p(x).

Clearly, p∗ is injective. It remains to show that it is surjective. Start from s ∈ VG, and
fix a covering Uα of Y such that L|Uα is trivialized by eα. On Wα := p−1(Uα), the section
p∗eα trivializes p∗L|Wα

. There are holomorphic functions fα on Wα such that s|Wα
= fα p∗eα.

Since s and p∗eα are G-invariant, fα is G-invariant on Wα.
Now, let U◦α ⊂ Uα be the locus over which p|Wα

is étale and set W◦α = p−1(U◦α). Clearly,
there exist holomorphic functions hα on U◦α such that fα = p∗hα on W◦α . This implies that
hα is locally bounded near the ramification locus of pα, hence extends to a holomorphic
function on Uα still satisfying fα = p∗hα. Then the local sections tα = hαeα of L|Uα are
easily seen to glue to a global section t ∈ H0(X, L) such that p∗t = s.

7.5 The embedding theorem

The main theorem of this section is the following

Theorem 7.9 (Kodaira’s embedding theorem). Let X be a compact complex manifold admit-
ting a positive line bundle L. Then for k � 1, the linear system |kL| yields a holomorphic
embedding

ΦkL : X ↪→ P(H0(X, kL)∗).

Remark 7.10. Coupled with Chow’s lemma, the above theorem shows that a compact
complex manifold endowed with a positive line bundle is a projective manifold. That is,
it can be realized as the zero locus of homogenous polynomials in some projective space.

Corollary 7.11. Let (X, ω) be a compact Kähler manifold such that [ω] ∈ Im(H2(X, Z) →
H2(X, R)). Then X is a projective manifold.

Proof of Corollary 7.11. Thanks to Lefschetz theorem on (1, 1)-classes, Theorem 5.2, there
exists a hermitian line bundle (L, h) on X such that Θh(L) = ω. In particular, L is positive
and one can now apply Kodaira’s embedding theorem, Theorem 7.9.

Proof of Theorem 7.9. We will prove that for k large enough, the three properties stated in
Lemma 4.7 are satisfied for the line bundle kL. They can each be proved similarly, so we
will prove the first one in detail and only sketch the tweaks needed to prove the other
two.

1. We fix x ∈ X and consider the blowup π : X̃ → X of X along {x} with exceptional
divisor E. We aim to find a section s ∈ H0(X, kL) such that s(x) 6= 0. By Lemma 6.18, it
is equivalent to finding a section s ∈ H0(X̃, π∗(kL)) which does not vanish along E. Let
v ∈ Lx be a non-zero vector; then π∗v is a non-vanishing section of (π∗L)|E. It would be
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enough to find s ∈ H0(X̃, π∗(kL)) such that s|E = π∗(v⊗k).

Now, we have the exact sequence

0 −→ OX̃(−E) −→ OX̃ −→ OE −→ 0

which we twist by π∗(kL) to find

0 −→ π∗(kL)− E −→ π∗(kL) −→ π∗(kL)|E −→ 0.

The long exact sequence induced in cohomology yields the following maps

H0(X̃, π∗(kL)) −→ H0(E, π∗(kL)|E) −→ H1(X̃, π∗(kL)− E)

If one can show that H1(X̃, π∗(kL)− E) = 0 for k large enough, then we will be able to
lift the non-vanishing section π∗(v⊗k) of π∗(kL)|E to a section of π∗(kL) as desired.

Let a be an integer such that π∗(aL) − E is positive. Such an integer exists thanks
to Corollary 6.15. Next, let b be an integer such that bL − KX is positive. Finally, set
k := na + b. Since KX̃ = π∗KX + (n− 1)E by Lemma 6.17, we find that

π∗(kL)− E− KX̃ = n(π∗(aL)− E) + π∗(bL− KX)

is the sum of a positive and a semipositive bundle, hence it is positive. By Kodaira van-
ishing, i.e. Theorem 7.1, we find that

H1(X̃, π∗(kL)− E) = 0,

which ends our first step.
Actually at this point the chosen integer k depends on x. Say that x /∈ B(k0L) and pick

y ∈ B(k0L). The previous argument shows that there exists k0|k1 such that y /∈ B(k1L).
Since B(k1L) ⊂ B(k0L), the previous inclusion is strict. By induction, one can construct
integers k0|k1| . . . |ki| . . . such that B(kiL) ( B(ki−1L). Since the latter sets are analytic,
one must have B(kN L) = ∅ for some N.

2. This is very similar. We fix two points x, y ∈ X and consider the blow up of X along
Z := {x} ∪ {y}. We then work with v section of kL|Z such that vx 6= 0 and vy = 0 and lift
it to a section of kL using the same arguments.

3. Given x ∈ X and v ∈ TX,x \ 0, let us consider a trivialization eL of L near x and a
holomorphic function f defined in the neighborhood of x such that f (x) = 0 and d f (v) 6=
0. We aim to show that for k large enough, there exists s ∈ H0(X, kL) such that s(x) = 0
and ds(v) = d f (v)⊗ e⊗k

L .
It can be helpful to consider the exact sequence

0 −→ I2
x −→ Ix −→ Ox ⊗Ω1

X,x −→ 0

where the second arrow sends f ∈ Ix to d fx. The property we are trying to prove is that
once tensored with kL, the induced map H0(X, kL⊗ Ix)→ (kL)x ⊗Ω1

X,x is surjective for
k large enough.
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On X̃, we similarly have an exact sequence

0 −→ OX̃(−2E) −→ OX̃(−E) −→ OE(−E) −→ 0

where the second map is given by f 7→ d f |E, and the differential d f |E is seen as an

element of Ker
(

Ω1
X̃
|E → Ω1

E

)
= N∗

E|X̃ which is indeed isomorphic to OE(−E) thanks to
Lemma 6.14.

Next, we have the usual pullback maps π∗ : Ix → OX̃(−E) as well as π∗Ω1
X,x →

Ω1
X̃
|E. The latter is easily seen to be injective and its image actually lands in N∗

E|X̃. More-
over, they induce a commutative diagram

0 I2
x Ix Ox ⊗Ω1

X,x 0

0 OX̃(−2E) OX̃(−E) OE(−E) 0

π∗ π∗ π∗

Moreover, the proof of Lemma 6.18 shows that for any k > 0, π∗ induces an isomor-
phism H0(X, kL⊗ Ix)→ H0(X̃, π∗(kL)− E). Piecing everything together, once sees that
H0(X, kL⊗ Ix)→ (kL)x ⊗Ω1

X,x is surjective as soon as

H0(X̃, π∗(kL)− E)→ H0(E, π∗(kL)|E ⊗OE(−E)) ' H0(E,OE(−E)) ' Cn

is surjective. Therefore, all we have to show is the vanishing H1(X̃, π∗(kL)− 2E) = 0 for
k large enough, and this can be proved exactly as in 1.

7.6 Kodaira’s projectivity criterion

In this section, we will prove the following important application of Kodaira’s embed-
ding theorem.

Theorem 7.12. Let X be a compact Kähler manifold such that H2(X,OX) = 0. Then X is a
projective manifold.

Remark 7.13. Thanks to the Hodge duality H2(X,OX) ' H0(X, Ω2
X), one can rephrase

the condition by saying that a compact Kähler manifold without non-zero holomorphic
2-form is necessarily projective. Of course, there are plenty of projective manifolds admit-
ting non-zero two forms (e.g. product of elliptic curves, a quartic in P3 (cf Corollary 6.7),
etc.)

Proof. By the Hodge decomposition theorem and Hodge duality, i.e. Theorem 2.13, the
assumption implies that

H2(X, C) ' H1,1(X).

Fix a Kähler metric ω and pick a basis {ω1, . . . , ωd} of the space of harmonic real (1, 1)-
forms on X. We denote by [ωi] ∈ H2(X, R) their de Rham class. By the universal coef-
ficients theorem, there is an isomorphism H2(X, Q)⊗R ' H2(X, R). In particular, one
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can see the Q-vector space H2(X, R) as a dense subspace of H2(X, R). In particular, there
exists a tuple of sequences εk = (ε1,k, . . . , εd,k) of real numbers such that

[ω] +
d

∑
i=1

ε i,k[ωi] ∈ H2(X, Q), εk −→k→∞
0.

Set ωk := ω + ∑d
i=1 ε i,kωi. This is a closed (1, 1)-form and it is positive for k � 1. By

the universal coefficient theorem again, we have H2(X, Q) ' H2(X, Z)⊗Q. In partic-
ular, there exists N ∈ Z>0 such that [Nωk] ∈ Im(H2(X, Z) → H2(X, Q)). We can now
conclude by Corollary 7.11.

Example 7.14. Let S be a ruled surface, that is S is compact Kähler surface admitting a
submersion f : S→ C over a curve such that each fiber Sc := f−1(c) is isomorphic to P1.
Then S is projective. Indeed, for each c ∈ C, the divisor OS(Sc) is trivial in a neighbor-
hood of Sc hence KS|Sc ' OP1(−2) by Corollaries 6.6-6.7. Since H0(P1,OP1(−2)) = 0 and
the former vanishing holds for any c ∈ C, we find H0(S, KS) = 0, hence H2(S,OS) = 0.

7.7 Characterization of abelian varieties

Recall that complex torus X = Cn/Γ (Γ lattice of Cn) is called an abelian variety if it is
projective (equivalently, if it carries a positive line bundle).

Theorem 7.15. A complex torus X = Cn/Γ is an abelian variety if and only if there exists a
positive definite hermitian form h on Cn such that

Im
(

h(γ1, γ2)
)
∈ Z for all γ1, γ2 ∈ Γ.

Proof. Assume that such an hermitian form h exists and set ω := −Imh. Then ω defines
a constant Kähler metric on Cn, hence also on X. We aim to prove that the cohomology
class [ω] ∈ H2(X, R) is integral. For that purpose, pick an integral basis a1, . . . , a2n of Γ.
Define for 1 6 j 6 2n (resp. 1 6 i < j 6 2n) the real 1-tori (resp. 2-tori)

Tj = R/Zaj, Tjk = Tj ⊕ Tk.

They come equipped with an embedding Tj → X (resp. Tjk → X) via the topological
identification

X =
2n

∑
i=1

Rai/
2n

∑
i=1

Zai ' T1 × . . .× T2n.

By Künneth formula, we have

H2(X, Z) '
⊕

16j<k62n

H1(Tj, Z)⊗ H1(Tk, Z) '
⊕

16j<k62n

H2(Tjk, Z)

and the projection H2(X, Z)→ H2(Tjk, Z) is induced by the embedding Tjk → X.
Write ω = i ∑j,k ωjk̄dzj ∧ dz̄k. If u, v ∈ Cn, then the restriction of ω to the real 2-plane

P := Ru + Rv say with coordinates x, y is equal to

ω|P = i ∑
j,k

ωjk̄(ujv̄k − vjūk)dxdy = ω(u, v)dxdy.
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In particular, we have ω|Tjk = ω(aj, ak)dxdy under the identification Tij ' (R/Z)2. Now,
under the identification H2(Tjk, R) ' R via integration, we find

(7.51) [ω]|Tjk =
∫

Tjk

ω|Tjk = ω(aj, ak)
∫
(R/Z)2

dxdy = ω(aj, ak) = −Im(h(aj, ak)).

Thanks to our assumption, we find [ω]|Tjk ∈ H2(Tjk, Z) for all j, k, hence [ω] ∈ H2(X, Z)
and X is projective by Corollary 7.11.

Conversely, if X is projective, consider a Kähler metric ω such that [ω] ∈ H2(X, Z).
There is no reason that ω should be invariant under the translations τx(y) = y− x of X,
but we can consider

ω̃ :=
1

vol(X, dx)

∫
x∈X

(τ∗x ω) dx,

where dx is the volume element associated to an invariant metric on X. Since τx is ho-
motopic to the identity, τ∗x induces the identity on H2(X, R). In particular, [ω̃] = [ω] ∈
H2(X, Z). Now ω̃ is the imaginary part of a constant positive definite hermitian form h
on Cn hence (7.51) shows that Im(h(aj, ak)) ∈ Z for all j, k.

Corollary 7.16. Let X be a projective manifold. Then Pic◦(X) and Alb(X) are abelian varieties.

Proof. Recall that Pic◦(X) = H1(X,OX)/H1(X, Z) and that H1(X,OX) ' H0,1(X). Set
V := H0,1(X) and Γ = H1(X, Z). Pick a Kähler metric ω such that [ω] ∈ H2(X, Z). It
induces a hermitian metric h on V by

h(u, v) = −2i
∫

X
u ∧ v̄ ∧ωn−1.

One has −2iu ∧ u ∧ ωn−1 = 2
n |u|2ωn hence h is definite positive. Now, if γ1, γ2 ∈ Γ, one

can decompose γi = αi + ᾱi with αi of type (1, 0). Since

(γ1 ∧ γ2)
1,1 = α1 ∧ ᾱ2 + ᾱ1 ∧ α2 = 2Re(ᾱ1 ∧ α2)

and
h(γ1, γ2) = −2i

∫
X

ᾱ1 ∧ α2 ∧ωn−1

we find

Im
(

h(γ1, γ2)
)
= −2Re

(∫
X

ᾱ1 ∧ α2 ∧ωn−1
)
= −

∫
X

γ1 ∧ γ2 ∧ωn−1 ∈ Z.

Let us move on to Alb(X) ' H1,0(X)∗/H1(X, Z). Since H1,0(X)∗ ' H0,1(X)
∗
, we

can choose on the latter the dual hermitian metric h∗. Using that the Poincaré pairing
H1(X, Z)× H2n−1(X, Z) → Z is non-degenerate, one infers that h∗ satisfies the require-
ments.

62



References

[Dem09] Jean-Pierre Demailly. Complex Analytic and Differential Geometry, September
2009. OpenContent Book, freely available from the author’s web site.

[Huy05] Daniel Huybrechts. Complex geometry. An introduction. Universitext. Berlin:
Springer, 2005.

[Laz04] Robert Lazarsfeld. Positivity in algebraic geometry. I, volume 48 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys
in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series
of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004. Classical
setting: line bundles and linear series.

[Spa82] Edwin H. Spanier. Algebraic topology. (1st corr. Springer ed. of the orig. publ.
by McGraw- Hill, 1966). New York - Heidelberg - Berlin: Springer-Verlag. XIV,
528 p. DM 69.00; $ 32.20 (1982)., 1982.

[Voi07] Claire Voisin. Hodge theory and complex algebraic geometry. I. Translated from
the French by Leila Schneps, volume 76 of Camb. Stud. Adv. Math. Cambridge:
Cambridge University Press, 2007.

63


	Cech cohomology
	Definitions
	Cech Cohomology on paracompact spaces
	The De Rham-Weil isomorphism theorem
	Application to singular cohomology

	Cohomology of a compact Kähler manifold
	The de Rham cohomology
	Complex-valued differential forms
	The Dolbeault cohomology
	The Hodge decomposition theorem

	Line bundles and divisors
	Basic definitions
	First Chern class of a line bundle : two approaches
	The cocycle point of view
	The metric point of view

	Divisors and line bundles
	Divisors
	Line bundle associated to a divisor

	Basics on intersection theory
	Cyclic coverings

	The projective space
	The line bundles O¶n(k)
	The Euler exact sequence
	Maps to projective space

	Some applications of Hodge theory
	Lefschetz theorem on (1,1)-classes
	The Néron-Severi group
	The Picard and Albanese varieties
	The Picard variety
	The Albanese variety
	The Abel-Jacobi map

	The Hard Lefschetz theorem
	The Hodge index theorem

	Blow-ups
	Refresher on the canonical bundle
	Normal bundle, projective bundles
	Blow-up of a smooth submanifold

	Geometric application of Kodaira's vanishing theorem
	Kodaira's vanishing theorem
	Cohomology of Fano manifolds
	Lefschetz hyperplane theorem for cohomology
	Calabi-Yau hypersurfaces
	The embedding theorem
	Kodaira's projectivity criterion
	Characterization of abelian varieties


