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References for this course are [Dem09, Huy05, Laz04, Voi07].

1 Cech cohomology

1.1 Definitions

Let X be a topological space, F a sheaf of abelian groups on X, and i = (U, )e; an open
covering of X. For the sake of simplicity, we set:

szoa]...aq = uzxo N uu(] N---N an
The group C7(U, F) of Cech g-cochains is the set of families

c= (Cagtxl...(xq) € H F(uagal...aq)-

(... ttq) €19+1

The group structure on C7(U, F) is the obvious one deduced from the addition law on
sections of F. The Cech differential 67 : C7(U,F) — C1+1(U, F) is defined by the for-
mula:

(11) (5qc)ﬂéo...txq+1 = E (_1)]C060...ﬁ(]'...04q+1 |ua0,,,aq+l
0<j<g+1

and we set C7(U, F) = 0,67 = 0 for g < 0. In degrees 0 and 1, we get for example:
(1.2) g=0, c¢=(cu), (50C)aﬁ = cp — o on Uyg
g=1, c=(cap), ((510)“/57 = Cpy — Cay + Cap ON Uyp,

Easy verifications left to the reader show that 697! 0 69 = 0. We get therefore a cochain
complex (C*(U, F),0), called the complex of Cech cochains relative to the covering U.

Definition 1.3. The Cech cohomology group of F relative to U is

_ Ker (87: CI(U, F) — CT7Y(U, F))

HIU,7) = HUCWUF)) = 50t G, 7) = G, 7))

Formula (1.2) shows that the set of Cech 0-cocycles is the set of families (c,) € T]F(U,)
such that cg = ¢, on U, N Ug. Such a family defines in a unique way a global section
f € F(X) with f|y, = cs. Hence:

(1.3) H' (U, F) = F(X)

Now, let V = (Vp)ges be another open covering of X that is finer than I/; this means
that there exists amap p : ] — I'such that V C U, g) for every f € J. Then we can define
a morphism p* : C*(U, A) — C*(V, A) by

(1.4) (07€) o8y = Co(Bo)-p(B) | Vi



the commutation property 6p® = p*J is immediate. If p’ : | — [ is another refinement
map such that Vs C Uy ) for all B, the morphisms p*®, p'® are homotopic. To see this, we
define a map h7: C1(U, F) — C1=1(V, F) by

(W10 poprr = 2o (“1)VColpo)..o8) (B’ (By-1) Vi, 1

0<j<g—-1

The homotopy identity 87! o h7 + 1171 0 §1 = p1 — pf is easy to verify. Hence p® and p’®
induce a map depending only on ¢/, V:

(15) Hi(p*) = H(p'*) : HY(U, F) — HI(V, F).

Now, we want to define a direct limit H7(X, F) of the groups H7(U, F) by means of
the refinement mappings (1.5). In order to avoid set theoretic difficulties, the coverings
used in this definition will be considered as subsets of the power set P(X) so that the
collection of all coverings becomes actually a set.

Definition 1.1. The Cech cohomology group H7(X, F) is the direct limit

(1.6) HY(X, F) = lim H9(U, F)
u

when U runs over the collection of all open coverings of X. Explicitly, this means that
the elements of H7(X, F) are the equivalence classes in the disjoint union of the groups
H1(U, F), with an element in H7(U, F) and another in H7(V, F) identified if their images
in H1(W, F) coincide for some refinement )V of the coverings ¢/ and V.

If  : F — G is a sheaf morphism, we have an obvious induced morphism ¢° :
C*(U,F) — C*(U,G), and therefore we find a morphism

H(¢*): H1(U,F) — H1(U,G).

Let0 - F — G — H — 0 be an exact sequence of sheaves. We have an exact sequence
of groups

(17) 0 — CIU, F) — CI(U,G) — CIU,H)

but in general the last map is not surjective, because every section in H (Uy,,..«,) need not
have a lifting in G(Uy,..«,)- The image of C*(U, G) in C* (U, H) will be denoted Cg (U, H)
and called the complex of liftable cochains of H in G. By construction, the sequence

(1.8) 0— C'(U,F)— CI(U,G) = CLU,H) =0
is exact, thus we get a corresponding long exact sequence of cohomology

(1.9) HY(U,F) — H'(U,G) = H (U, H) — ...



1.2 Cech Cohomology on paracompact spaces

We state here that Cech cohomology theory behaves well on paracompact spaces, namely,
we get exact sequences of cohomology for any short exact sequence of sheaves.

Proposition 1.2. Assume that X is paracompact. If
0—F —G—H—0
is a short exact sequence of sheaves, there is a "long"” exact sequence
HY(X,F) — H1(X,G) — H1(X,H) = H"Y(X, F) — ...
which is the direct limit of the exact sequences (1.9) over all coverings U.

Proof. We have to show that the natural map ﬁ_II)l Hg U,H) — li_n} H(U,H) is an iso-
morphism. This follows from the Lifting Lemma, see e.g. [Dem(09, Lemma 5.20]. O

Let us now state the following two useful results which give sufficient conditions for
a sheaf to have vanishing cohomology groups (in positive degree).

Proposition 1.3. Let F be a sheaf of modules over a sheaf of rings R on X. Assume that R is
a soft sheaf (i.e. 'R admits locally finite partitions of unity for every open covering of X). Then
H1(U, F) = 0 for every q > 1 and every open covering U = (Uy)neg of X.

Proof. Let (s )ac1 be a partition of unity in R subordinate to U/, i.e. we have ¢, € R(X)
with Supp(¢,) C U, and ¥, ¥, = 1. We define h7 : C1(U, F) — CT-1(U, F) by

(1.10) (hqc)ao...aq,l = levcwxo.,,zxq,l

vel

where §ycyy...a, , is extended by 0 on Uy, ., ; N (X \ Uy). Itis clear that

1 .
(5q71hqc)lxomlxq - Z(_l)] Z lpvcvag...&]—.“aq
j=0 vel
= Z lI]V(_((ch)Wéomtxq + ClXQ...txq)
vel

= (c— hq“é"c)“omaq
i.e. 077 1h1 + 9157 = 1d. Hence 67c = 0 implies 67 hic = cif g > 1. O

Proposition 1.4. Let F be a sheaf such that for any open set U, the restriction map F(X) —
F(U) is onto. Then
H1(X,F)=0, Vq>0.

Proof. Itis sufficient to prove that given a cover U of X and an element ¢ € C7(U, F) such
that 6c = 0, there exists b € C7~1(U, F) such that 6b = c. For simplicity, we write the
proof for g = 1.



We consider
S:={(V,b);V C Xopen, b e CO(UNV); cij =b;i—bjonU; NV},

which we endow with the order (V/,1') < (V,b) if V' C Vand V' = b|y. The proposition
is asserting that there exists an element in S of the form (X, b).

First, we observe that the set S is not empty; indeed pick any U € U/ and set V := Uj,
bi := cj on Uy if i # k and by = 0 otherwise. Next, by Zorn’s lemma, S admits a
maximal element (Vimax, b). We will prove the proposition by contradiction and assume
that Vinax # X.

By assumption, one can find k such that Uy ¢ Vmax. The elements b; are a priori only
defined on U; NV, and one would like to extend them to elements b} on U; N (V U Uy)
still satisfying the relation b, — b} = ¢jj on Ujj. To do so, we observe that the sections

;i =b; —cy € f(uikﬂV)

coincide with by|i, v hence define a section o € F (U, N V). By assumption, there exists
an extension ¢’ € F(Uy) such that 0’|y, v = o0; for all i. Set

b; on U, NV,
bl :=< 0 +cy onUNUifi #k,
o’ on Uy ifi = k.
This is well-defined since on U;z NV, we have b; = 0; + ¢z = ¢’ + cjx. To reach the

final contradiction, we are left with checking that ¢;; = bl — b]’- on U;; N (VU Uy). This is
clear on U;; NV by construction. And on Uijx, we distinguish three cases. If 7, j # k, then
bi —b; = (0" +cix) — (0/ +cje) = cij by.the.cocycle condition. If i =k, j # k, then b} — b} =
o' — (' +cjx) = —cjx = c;j. Finally, if i = j = k, then b; — b} =0 -0 =0=cp. O
1.3 The De Rham-Weil isomorphism theorem

Let (L®,d) be a resolution of a sheaf F:

0 Foupo @yt &op2

Assume all £7 are acyclic (H*(X, £9) = 0 for s > 1). Set Z9 = ker d7. We have Z° = F
and for every q > 1, we get a short exact sequence

0zl it ¥z g
hence another exact sequence
0 — H%(X,L£971) LA H:(X, 29) LN HPY(X, 2971 — BTY(X, £171) = 0.
If s > 1, the first group vanishes too and we get an isomorphism

[ad

(1.11) 0% : H¥ (X, 21) — H¥TY(X, Z2971).

o)}



Fors = 0, we have H(X, £L771) = £971(X) and H*(X, 29) = Z9(X), the g-cocycle group
of £°*(X) so that the connecting map 9%7 induces an isomorphism

509

HI(L*(X)) = 29(X)/d1 L7 1(X) &= HY(X, Z2771).

The composite map 37~ o... 031171 0 9% therefore defines an isomorphism

50, 1,0-1
2 HY(x, 21

91—11

H7(L*(X)) ~— HI(X, 2°%) = H1(X, F).

All in all, we have proved

Theorem 1.5 (De Rham-Weil Isomorphism Theorem). If (L£®,d) is a resolution of F by
sheaves L9 which are acyclic on X, there is a functorial isomorphism:

HI(L£*(X)) = HY(X, F).

1.4 Application to singular cohomology
As an application of Theorem 1.5, one can prove the following isomorphism

Theorem 1.6. If X is a manifold, there is an isomorphism

Hq

sing

(X,Z) ~ H(X, Zx)

where the LHS is the singular cohomology of X with values in Z. and the RHS is the Cech coho-
mology of locally constant sheaf Zx.

Proof. Consider the sheaf C associated to the presheaf U +— Czing(U,Z) of singular g-
cochains. It satisfies the following properties:

(i) The natural complex
05Zx—>C0 =l — ...

induced by the coboundary maps is a resolution of Zx.
(ii) For any open sets U C V, the restriction map C7(V) — C9(U) is surjective.

The first fact is elementary in degree 0, and it follows from Hging

(U,Z) = 0if U is con-
tractible and g > 0. As for the second one, any element o ¢ ijg(u, Z) can be extended
by 0 to an element in Cgmg(X,Z) (i.e. it maps singular chains with supported not in-
cluded in U to zero). This is easily seen to imply that the associated sheaf C7 is flasque,

too. Combining (i) — (ii) with Proposition 1.4 and Theorem 1.5, we see that
(1.12) HY(X,Z) ~C1(X,Z)/9CT (X, Z).
Next, it is not difficult to see that we have an isomorphism

(1.13) C1(X,Z) ~CI

sing

(X,72)/CL_(X,Z)o

sing



where Cging(X, Z), consists of cochains which vanish in restriction to (small) open sets U;

which form a covering of X. E.g. let us explain why we the natural map
&:Cl (X,Z)— C1(X,Z)

sing

is surjective. If B € C7(X,Z), it can be represented by ; € C1(U;, Z) for (U;) a covering
of X by small enough open sets, with the natural compatibility conditions. We now define
a singular cochain € C1(X,Z) as follows. Let 0 € Cysing(X, Z); if there exists i such
that Supp(c) C U, then we set f(c) = B;(c). Otherwise we decree that B(c) = 0. It is
elementary to check that f is well-defined and that ®(B) = B, as the latter equality can
be checked locally given that C7 is a sheaf.

Recall that the theorem of small chains [Spa82, § 4.4] says that the complex of chains
with support in a given small covering of X computes the singular homology of X. In
other words, the cohomology of the complex

Cs.ing(Xl Z) /C <X/ Z>0

sing
[ ]

coincides with that of the usual complex C5,,(X,Z). The theorem now follows from
(1.12) and (1.13). O

Remark 1.7. As we saw in the proof above, a good deal of the difficulty in the proof
above stems from the fact that U — Cging(U,Z) is not a sheaf. Here’s a simple example
that illustrates that fact. Take X = S! and cover X = U; U U, by contractible open sets.
We define B € Csling(X,Z) by decreeing B(c) = 1if Im(¢) = S! and B(¢) = 0 otherwise.

Clearly, we have § # 0 but |y, = 0fori=1,2.

2 Cohomology of a compact Kdhler manifold

21 The de Rham cohomology

Given a differentiable manifold of dimension n and given an integer 0 < k < 1, we will
denote by Ak, := AFT}, the differentiable vector bundle of smooth k-forms. If the base
manifold is fixed, we will sometimes write A¥ instead of AIJ‘VI.

Let us start by recalling the well-known Poincaré lemma on the unit ball in the eu-
clidean space.

Lemma 2.1 (Poincaré lemma). Let « € C®(B, AX) be a k-form on the unit ball B C R™ with
k > 0. Ifda = 0, then there exists a (k — 1)-form B € C®(B, A*~1) such that o = dp.

Let now M be a differentiable real manifold of dimension m, let AI](\/I be the C* vector
bundle of differential k forms, and let d be the exterior differential. Closed forms are in
general not exact (take & = df on M = S') and the de Rham cohomology spaces measure
this obstruction.

Definition 2.2 (de Rham cohomology). Let M be a differentiable manifold of dimension
m. For any integer 0 < k < n, one defines

HY(M,R) := {a € C®°(M, AK,); da = 0}/{dﬁ;,3 e Cc™(M, A5 D}

8



Remark 2.3 (Comparison with singular cohomology). Consider the following complex

Ry < A%, %5 Al %5 43, -4 g 4y g
where IR, is the locally constant sheaf on M with values in R, which is naturally a sub-
sheaf of the sheaf of smooth O-forms (i.e. functions). The Poincaré lemma says that this
complex is actually a resolution of Ry. Since the sheaves A%, are soft as C5;-modules,
they are acyclic (i.e. they have no cohomology), cf Proposition 1.3. De Rham-Weil iso-
morphism theorem (Theorem 1.5) shows that we have an isomorphism

(2.14) H"(M,R) ~ H*(M,R,,)

where the RHS is the Cech cohomology in degree k of IR, itself isomorphic to the singu-
lar cohomology of M with values in R thanks to Theorem 1.6.

Let us give below explicit construction of that isomorphism in degree 2.
Lemma 2.4. There is an explicit isomorphism
(2.15) H*(M,R) =~ H*(M,Ry,)

Proof. Let [w] € H*(X,R), such that w|y;, = dA, for some 1-form A, and a suitable cover
X = UyU,. We get an element (A, — Ag) € H'(X, Z'), and one writes Ay — Ag = dfup
on U, for some functions f,s. This defines a 2-cocycle f = (fyp,) wWith values in R by
fapy = fap + foy — fuy - We set ®([w]) := [f], and one checks immediately that & is
well-defined.

Conversely, let [c] € H?*(X,Ry;) be represented by a 2-cocycle ¢ = (cp,) with con-
stant coefficients. Let (,) be a partition of unity subordinate to our cover. We define
bap = d(X, XvCuap) Which is a 1-cocycle with values in Al. Indeed, bgy — bay + bap =
d(Xy Capy) = dcap, = 0 since éc = 0 and c,p, is constant. Next, define a = (a,) with
ay = d(}¥, xvbvx) which is a 0-cocycle with values in locally exact 2-forms. In other
words, a is well-defined closed 2-form. We set ¥([c]) = [a] which again is easily seen to
be a well-defined map.

It is not hard to see that the two constructions are inverse of each other. E.g. start
with ¢ = (capy) € H*(X,Ry;) as above, with associated 2 form a = (a,) such that a, =
d(Xy Xvbva) and byg = d(¥, XvCrap)- The 2-cocycle f = (fyp,) associated to a is obtained
as follows. First, write a, —ag = —byg = —dfap with fug = ¥, XvCuap- This implies that
fapy = fap t fpy — fay = Cupy, i-€. f = c. In particular, we have ® o ¥ = —Id.

In the other direction, start with [w] € H?(X,R) and consider A,, fap: fupy as before.
The class ¥ o ®([w]) is represented on U, by

d[;de[;XAfAm” = d[;xvd[;XA(fAu—Ffva—fmx)ﬂ
- d[vad[;mth +d(Y xuAy) — dA,
—d[;?(ud[;mfmﬂ

The first two terms are globally defined exact forms, the third term is —w. As for the last
one, it is equal to —d?(¥_, x1 fix) = 0. Allin all, we have found ¥ o ® = —Id. O

9



Definition 2.5 (Cup product). The total de Rham cohomology

H*(M,R) = é H"(M,R)
k=0

has a natural ring structure provided by the cup product, which is defined by the wedge
product at the level of forms. More precisely, if «, B are two closed forms of degree k and
¢ respectively, then one sets [a] U [8] := [x A B] € H**(M,R); which is well-defined
thanks to Leibniz formula.

Recall that a connected differentiable manifold M of dimension m is called orientable
if there exists a non-vanishing top form w € C®(M, A}); that is a trivialization of the
line bundle A7;. An orientation is a choice of one such form. If M is compact then
Stokes formula shows that a trivialization w is never exact, hence H" (M, R) # 0. More
precisely, we have the following duality theorem

Theorem 2.6 (Poincaré duality). Let M be a connected, orientable differentiable manifold of
dimension m and let 0 < k < m be an integer. Then, the pairing

H*(M,R) x H" *(M,R) — R
(1], 18) — [ anp

is non-degenerate.

In particular, the integration yields isomorphism H" (M, R) ~ RR.

2.2 Complex-valued differential forms

Let X be a complex manifold of dimension n. We denote by Tx (resp. ()x) the holomor-
phic tangent bundle (resp. holomorphic cotangent bundle) of X.

Definition 2.7 (The complex vector bundles T)lgo and T?(’l). The real tangent bundle Tx R,
i.e. the tangent bundle of X seen as a real differentiable manifold, is a C* real vector
bundle with rank 2n endowed with an action | : Tx g — Tx r induced by the multiplica-
tion by i on Ty; it satisfies J> = —Idr, . We decompose the complexified tangent bundle
Txc:=Txr®C

(2.16) Ty = T)l(’o @ T%l
according to its eigenspaces, where T)lc’g = {u € (Txc)y;Ju = iu} and T%}x = {ue
(Txc)x; Ju = —iu} is the complex conjugate of T;('SC.

The canonical realization of the holomorphic tangent bundle Tx inside Tx g ® C is iso-
morphic to T)lgo (as C* complex vector bundles).

Local picture. Under a local trivialization of X D U ~ C", we have complex coordi-
nates z1, .. .,z, as well as real coordinates x; = Re(z), yx = Im(z;) which induce vector

10



fields %, % € TXR and - - € Tx. Then TxR := ©}_ 1(]R <) IRi) and the operator |

E)xk

satisfies ]ax ayk and ]8y W' Since % =1 <a‘3€k za‘; ) we find ]Bz = laz The
conjugation operator Txr ® C 2 v ® A — v ® A is a C-antilinear automorphism such
that % =1 ( a?ck 13;) =: % satisfies J-2- % = zaZ In particular, we find that over U,

Ty = @}_,Csr and Ty' = &}, C 5L, and finally, T =TI

We define the complex vector bundles Axc = Ty, Ai(’o = (T)l(’o)*, and similarly
AY' = (TY')*. Dualizing (2.16), one gets

(2.17) Axc = AL & AY

and similarly as for the tangent, we see that A%(’O is spanned by the 1-forms dz; :=
% (dxy + idyy) and Qggl is spanned by the 1-forms dz; := % (dxy — idyy).

Finally, one defines for any integer 1 < k < n the following complex vector bundle
Al o = A Axc aswellas forany 1 < p,q < n, Ay := AP AR @ ATAY. One gets a
decomposmon

(2.18) A= P AL

p+q=k

Locally, a smooth (p,q)-form a can be uniquely represented as « = }_; | frjdz; A dzj
where the sum runs over all ordered subsets I,] C {1,...,n} with p (resp. g) elements,
and fi; are smooth, complex-valued functions. Moreover, if I = {ij,..., ip}, one writes
dzp:=dz; N... N\ dzl-p and similarly for dz;.

Definition 2.8 (Real forms). A form a« € C®(X, A’%) is real if « = &. If, moreover, & €
C*(X, AK"), then p = q unless a = 0. In local coordinates, a (p, p)-form a = Y; ; frydz; A
dz) is real if and only if f;; = —fjr.

Definition 2.9 (Kédhler metrics, Kéhler manifolds). Let X be a complex manifold. A her-
mitian metric on X is a hermitian positive definite form of class C* on Tx. In local coor-
dinates, h = Y ; h/dzx ® dZ;. One associate to h the fundamental form w := —Im(h). In
local coordinates, w = % Yo hredzi A dzy. Tt is real, of type (1,1). On says that w is K&hler
if dw = 0. Finally, X is a Kdhler manifold if it admits a Kéhler metric.

2.3 The Dolbeault cohomology

The exterior differential d : A% , — AY/{ extends by C-linearity to d : A% . — AYL.
Moreover, if « is a smooth (p, q) -form, it is clear from Leibniz rule that one can uniquely
decompose du = (da)p1,4 + (da)p,q41 according to its type. We define du (resp. da) to be
the (p+1,q)-component (resp. (p, g+ 1)) of da. Inlocal coordinates, we get the following

11



expression for d and o:

da = ;kz afIk]dzk/\dzlAdZ]

on = E Z fUde Ndzp /\dZ]
L] k=1

In particular, a (p,0)-form & € C®(X, .Ag(’,%) is holomorphic if and only if da = 0.

Clearly, we have d = d + 9. Since d%2 = 0, we infer
?=0°=0 and 90 = —09.

In particular, a d-exact form is d-closed (and the same holds with d). While the converse
is certainly not true (take & = % on C¥), it is true locally. More precisely, we have the
complex analogue of Poincare lemma cf [Voi07, Proposition 2.31].

Lemma 2.10 (Dolbeault-Grothendieck lemma). Let a be a (p,q)-form on the unit polydisk
D C C" with g > 0. If oa = 0, then there exists a (p,q — 1)-form B on D such that & = 9p.

Definition 2.11 (Dolbeault cohomology). Let X be a complex manifold of dimension 7.
For any indices 0 < p, g < n, one defines

HPA(X) = {a € C°(X, A}T); da = }/{aﬁ BeC®(X, AL}

At this point, the C-vector spaces H?1(X) could be infinite dimensional. For instance,
H%(X) = Ox(X) is the space of holomorphic functions on X.

Remark 2.12 (Comparison with coherent cohomology). Consider the following complex
QF > ABD 25 ABt 2y qp2 2, 2y b 9

where Q) is the sheaf of holomorphic p-forms, which is naturally a subsheaf of the sheaf
of smooth (p,0)-forms. The Dolbeault-Grothendieck lemma says that this complex is ac-
tually a resolution of QF. Since the sheaves A} are soft (as C-modules), the De Rham-
Weil isomorphism theorem (Theorem 1.5) shows that we have an isomorphism

(2.19) HP(X) ~ H1(X, Q%)

where the RHS is the coherent cohomology in degree q of QF (or, equivalenty, the Cech
cohomology of that sheaf).

24 The Hodge decomposition theorem

When (X, g) is a compact Riemannian manifold, then Hodge theory shows that the de
Rham cohomology

HY(X,R) = {a € C(X, AK); da = 0} /{df; B € C(X, AY)}
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is isomorphic to the space Hg(X ) of harmonic k-forms (i.e. k-forms a such that Aya = 0,
where A; = dd* + d*d is the Hodge laplacian associated to g). In other words, each de
Rham cohomology class contains a unique harmonic representative. A first consequence
is that H*(X) is finite dimensional. As another application, one can use this correspon-
dence to prove the Poincaré duality, cf [Voi07, Theorem 5.30]

Let us now assume that X admits a complex structure | such that ] € O(g) and w :=
g(+,J-) is closed; hence w is a Kéhler form. We can consider several laplacians, among
which Ay = dd* +d*d, Ay = 90* 4+ 0*d and A; = 90* + 9*9. The last two laplacians have
the advantage of preserving the type, i.e. if « € C®(X, A7), then Aja € C®(X, AYT).
In particular, usual Hodge theory shows that we have an isomorphism between HP(X)
and the space Hg’q(X ) of Az-harmonic (p, q)-forms.

One of the main results in Hodge theory states that when w is Kéahler, then we have
the following identity between the real and complex laplacian $A; = Ay = A;. In par-

ticular, we have A; = A; = A; hence Hg’q(X) o~ Hg’p(X). Moreover if a is a complex-
valued Aj-harmonic k-form and & = )., «pq is its type decomposition, then &, is
Az-harmonic as well. This yields the following foundational result

Theorem 2.13 (Hodge decomposition theorem). Let X be a compact Kihler manifold.There
are isomorphisms
HY(X,C) ~ @ HM(X)
pq=k

H7(X) ~ HP (X).

One can even refine the statement making the isomorphisms canonical (i.e. indepen-
dent of the choice of a Kdhler metric).

One should insist on the fact that the decomposition above in cohomology does not
arise directly from the decomposition A')‘(,C = Bp4q-AY". For instance, consider a =
Zpdz1 + z1dZ;. Then a is closed (da = 0) but its components are not od-closed (E_)(szzl) =
—dzy Ndzy # 0).

For p = g, HP?(X) C H*(X,C) is a complex vector space which is stable under con-
jugation (recall that H?(X,C) = H?(X,R) ®g C by the universal coefficient theorem).
In particular, there is a real vector space H** (X, R) C HP?(X) such that H?* (X, R) ®R C.
One can identify HP?(X,R) with HP?(X) N H?(X,R), i.e. it consists of (p, p)-classes
that can be represented by real, d-closed (p, p)-forms.

3 Line bundles and divisors

3.1 Basic definitions
Let X be a complex manifold of dimension 7.

Definition 3.1 (Line bundle). A line bundle L on X consists of a complex manifold L
endowed with a projectionmap p : L — X such that X admits an open covering X = UlU,

13



and isomorphisms

L’pq(ua) Z U,X x C
\ A
Uy

such that on the overlaps U,g := U, N Ug, the isomorphism 7, o Tﬁ_ 1, Uy X C — Uyp X
C is given by (x,v) — (x,gxp(x)v) for some g,5 € Ox(U,p)*. In particular, one has
8up8py = uy ON Unpy-

If x € X, we denote by L, := p~!(x) the fiber of p at x; which is non-canonically
isomorphic to C. Up to refining the cover, one can assume that the sets U, are isomorphic
to a polydisk in C", and that the double overlaps U, are simply connected.

Given two line bundles L, L’ over X, one can consider their tensor product L @ L'.
This is done fiberwise and yields a well-defined line bundle on X. If X = Ul is a cover-
ing of X trivializing both L and L’ (with respective transition functions g, and g, p), then
L ® L' is also trivialized with transition functions gusgys-

A morphism of line bundles ¢ : L — L’ over X is a holomorphic map such that
p' o ¢ = p and such that for any x € X, the induced map ¢, : L, — L/ is linear (i.e. it is
an homothety). It is an isomorphism if it admits an inverse. The (abelian) group of line
bundles modulo isomorphism is denoted by Pic(X).

Proposition 3.2. There is an isomorphism
Pic(X) — HY(X, 0%).

Proof. The map is defined by sending L to (g,s) with the notation above. One can con-
struct an inverse as follows. Given a cocycle (g,5), we define a sheaf L by L(U) =
{(fa); fa € O(UNUd), falugnu = gupfplugnut- On each Uy, the element e* defined
by eg = gpa if B # @, ey = 1 defines a section of L on U,. It is elementary to check that if
f € L(Uy), then f = fue* so that L is indeed a line bundle.

If we change g,4 into gl’xﬁ = g—; Sap, We get a new sheaf L' and the maps g, : L[y, —

L'|y, glue to an isomorphism L — L'

Conversely, if ® : L — L’ is an isomorphism, consider local trivialization e, (resp.
el,) of L|y, (resp. L'|y,. There exists holomorphic non-vanishing functions g, such that
D(ex) = guey. Since eg = gupen (and likewise for L), we find g;ﬁ = fj—;gw, hence the
cocycles (gqp) and (g,4) differ by an exact cocycle. O
Definition 3.3 (Sections). If U C X, a smooth (resp. holomorphic) section of L over U is
a smooth (resp. holomorphic) map s : U — L such that p(s(x)) = x for all x € U. That
is, s(x) € L, forall x € U. We writes € C*(U, L) (resp. s € H°(U, L)).

If s is a section of L over X, then 7,(s(x)) = (x,04(x)) for some function o, : U, — C.
On the overlap U,g, one has 0, = g,p05. Conversely, the data of functions 0, : Uy —
C satistying the relation 0, = g¢,50p5 on the overlaps induces a unique section s of L
corresponding to the o, under the trivialization.
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Definition 3.4 (Meromorphic sections). A meromorphic section of a line bundle L on X
consists of the data of meromorphic functions o, € Mx(U,) such that o, = SupUp ON
every overlap U,g.

Let us add a few of remarks:

e Global holomorphic sections s € H’(X, L) may not exist, although C®(X, L) is an
infinite dimensional vector space, since once can construct many smooth sections using
partitions of unity or even just cut-off functions.

e Locally, the map 7, induces a non-vanishing, holomorphic section x — e,(x) :=
7, 1(x,1) called local trivialization of L on U,.

o If 5,s" are two meromorphic sections of L, then the quotient 5 defines a meromor-
phic function on X (provided s’ # 0).

3.2 First Chern class of a line bundle : two approaches

3.2.1 The cocycle point of view

The data of (Uyg, gup) characterizes L up to isomorphism of line bundles. Moreover, one
has the following relation

8up8py = Zay  ON Uapy.
In particular, L defines a unique cocycle in H(X, O%) and the map that sends L to that
cocycle induces a group isomorphism

Pic(X) — HY(X,0%),

cf Proposition 3.2.
Now, the exponential exact sequence

exp(27i-
p(27ri)

0—Zx — Ox Oy —0

induces a long exact sequence in cohomology and, in particular, a map
HY(X,0%) 5 F2(X, Z)

that can be described as follows. If (Uaﬁ, gal;) «p 18 a cocycle with values in O%, and since
Uyp is simply connected, there exists f,5 € Ox(U,p) satisfying

(3.20) s = gp.

On the triple overlap U,g,, we have capy := fap + fpy — fuy € Zx(Uap,), and (Uapy, Capy)apy
defines an element in H?(X,Zy). Finally, the inclusion map Zy < Ry induces a map
j: H%(X,Zx) — H*(X,Ry). One defines the first Chern class of a line bundle L as the
image of the composite map ¢ :=jo

€1

T

(3.21) Pic(X) —— F2(X,Z) —— H2(X,R)

where one has used the identification Pic(X) ~ H!(X, 0%).
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3.2.2 The metric point of view

Definition 3.5 (Hermitian metric). Let L — X be a line bundle on a complex manifold
X. A hermitian metric & on L is a collection of hermitian metrics (/y)yex on Ly that vary
smoothly with x.

Concretely, h can be viewed in the trivializations L|,-1(,) ~ Uy X Casamap (x,A) —
\/\\26_4’“ where ¢, : Uy — R.g is a smooth function. The choice to write a positive
function as an exponential is of course arbitrary, but we will see later that it is particularly
convenient. Alternatively, one can use the trivialization e, € H°(U,, L) to describe h in
the chart U, by setting |e,|? := e %. The functions ¢, € ¢ (U, R) are called local
weights of /1; of course they depend on the choice of local trivializations of L.

The functions ¢, do not match on the overlap U,g in general, but since eg = gugea,
we find the relation ¢ — ¢ = log |gap|*. Since gup is holomorphic and non-vanishing on
Uy, we have dd¢, = ddpg on U,g.

Conversely, if L is given, one can construct a hermitian metric # on L by setting
lew|? == Yo X189 |2 where x, is a partition of unity subordinate to (U ),. In other words,
one set

(3.22) P i = —10g Y Xy |gyal®
Y

Given the relation eg = gugea, h is well-defined if and only if we have |eg|? = |gqp]?|exl?
on the overlap. This is in turn equivalent to

(3.23) P — Pp = log |gapl?

which follows immediately from the cocyle relation gy.«gup = $vp-

Definition 3.6 (Chern curvature form). Let /i be a hermitian metric on a line bundle L. —
X. The Chern curvature form @y, (L) is the real, closed (1,1)-form defined on U, by the
formula @, (L) := 5-90¢,. It only depends on / and not on the trivializations of L.

Since O, (L) is locally exact, it is closed. In particular, it defines an element [@;(L)] €
H?(X,R). Moreover, if i, h' are two hermitian metrics on a line bundle L — X, then it
follows directly from the definition that there exists a smooth function f on X such that
W' = e/h. In particular, one has ®,(L) = @y (L) + 5-09f, hence [@)(L)] = [Oy(L)] €
H'!(X) and we have a well-defined cohomology class c1(L) € H?(X,R).

Lemma 3.7. The "metric” and "cocycle” definitions of ¢1(L) coincide under the identification
(2.15) between H*(X,R) and H?*(X,R).

Proof. Let c(L) € H?(X,R) (resp. cS(L) € H?(X,R)) be the "metric" (resp. "cocycle")
tirst Chern class of L. We borrow the notation ¥ and & from the proof of the isomorphism
(2.15).
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Recall that ¢J*(L) can be represented by the Chern curvature © (L) of any hermitian
metric /, e.g. the one defined by (3.22). In that case, we have on U, the identity (L) =
5-dd¢,. Now remember that

(pu — ¢p) = dlog |gupl® = d(—4mIm(fap)) = —271id (fop)

where we have used (3.20). Therefore, we have

20(0n — ) = d(Fop)

With the notation of (the proof of) (2.15), the class ¥(c]"(L)) is therefore represented by
(the conjugate of) (fap + foy — fuy)apy, i€ ¥(c"(L)) = c§(L). O

Lemma 3.8. Let L — X be a line bundle on a compact Kihler manifold X and let « € c¢1(L) be a
closed (1, 1)-form. Then, there exists an hermitian metric h on L such that ©(L) = a.

Proof. Let hg be some background hermitian metric on L. The cohomology class of the
closed (1,1)-form (or current) a — @y, (L) is zero, hence by the dd-lemma, there exists a
function f € C®(X) (resp. f € L(X)) such that & — @y, (L) = 5-99f. Set h := e~/hy; it
satisfies the requirements. O

3.3 Divisors and line bundles

In this section X is a complex manifold of dimension 7.

3.3.1 Divisors

Definition 3.9 (Subvariety). An (analytic) subvariety of X is a closed subset Y C X such
that for any x € X, there exists an open neighborhood x € U C X such that Y N U is the
zero set of finitely many holomorphic functions f, ..., fy € Ox(U).

A point x € Y is said smooth or regular if one can choose the functions f; such that the
Jacobian of the holomorphic map f = (fi, ..., fx) has rank k under a local trivialization.
Otherwise, x € Y is singular.

Definition 3.10 (Dimension). One can show that the set Y;eg of regular points of an ana-
lytic subvariety Y C X is a non-empty complex submanifold of X. We define the dimen-
sion of Y by dim Y := dim Yyeg.

Definition 3.11 (Irreducible subvariety). A subvariety Y C X is said irreducible if it
cannot be written as the union Y = Y; U Y; of two proper analytic subvarieties (i.e. Y1 ¢
Yz and Yz §Z Yl)

Definition 3.12 (Hypersurface). An hypersurface of X is a subvariety H C X of codimen-
sion one, i.e. dimH = n — 1.

Definition 3.13 (Divisors and Q-divisors). A divisor (resp Q-divisor) is a formal linear
combination D = 2;;1 a;D; where D; is an irreducible hypersurface and a; € Z (resp.
a; € Q). We say that D is effective if each a; is non-negative.
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We will admit that similarly to the case of Riemann surfaces, given a meromorphic
function f € Mx(X), one can attach its divisor of zeros and poles div(f) = }_a;D; where
f vanishes at order a; along D; if a; > 0 and f has a pole of order —a; if a; < 0.

Given the local nature of that construction, one can equally define a divisor div(s) for
any meromorphic section of a line bundle L on X.

Definition 3.14 (Equivalence of divisors). We say that two divisors D, D’ are linearly
equivalent if there exists a meromorphic function f € Mx(X) such that D — D' = div(f).
The group of isomorphism classes of divisors under linear equivalence is denoted by
Div(X).

3.3.2 Line bundle associated to a divisor

A smooth hypersurface H C X is given locally on a collection of charts U, C X as the zero
locus HNU, = (fx = 0) for some holomorphic function f, € Ox(U,) such that df, never
vanishes on U,. It is easy to check that on the overlap U,g, we have f, = g5 for some
non-vanishing holomorphic function g,5 € Ox(U,p)*. Clearly, one has g, = gxpgp, ON
any triple overlap U,gp,. This allows one to define a cocycle (gq5) € Z'(X, O%) and it is
not hard to check that its class [(g.)] € H'(X, O%) is independent of the choice of the
functions f,.

We will admit that the same construction can be carried over similarly if H is merely
an analytic hypersurface.

Definition 3.15 (Line bundle associated to an hypersurface). If H C X is an analytic
hypersurface, the cocycle [(gus)] € H'(X, O%) constructed above yields a line bundle
that we denote Ox(H).

Lemma 3.16. Let H C X be an hypersurface. The line bundle Ox(H) admits a holomorphic
section sy whose divisor is exactly H. It is unique up to an element of Ox (X)*.

Proof. This is almost tautological, as one can define sy by the data of the holomorphic
function 0, = f, on U,, which satisties 0, = g,0p automatically. As for uniqueness, if
s,s" are two such sections, then 3 is a meromorphic function whose divisor of poles and
zero is empty; i.e. it is an element of Ox(X)*. O

Definition 3.17 (Line bundle associated to a divisor). Let D = 2?:1 a;D; be a divisor. We
define Ox(D) = Ox(Dl)@ml X ® Ox(Dk)@mk.
In terms of cocycles, if ( f, ) = 0) is the equation of D; N Uy, then the cocycle associated

(0 %
to Ox(D) is simply [T-_, <f?’)) . Moreover, Ox (D) admits a meromorphic section sp :=
B

I, sg’_"' which satisfies div(sp) = D.

(i
o
i

Lemma 3.18. Let L be a line bundle on X endowed with a meromorphic section s. Then L is
isomorphic to Ox(div(s)).

Proof. The meromorphic section s correspond to meromorphic functions o, on U, such
that 0, = gap0p if gup are the transition functions of L. Set D = div(s). Since, locally, D N
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U, = div(oy), the line bundle Ox (D) can be defined by the cocycle g—; which coincides
with g,g. This proves the lemma. O

Lemma 3.19. Let D be a divisor. Then Ox (D) is isomorphic to the trivial line bundle Ox if and
only if D = div(f) for some meromorphic function f € Mx(X).

Proof. If D = div(f), then one chooses as local equation (f = 0) on U, and the cocycle
Sap is noting but j; = 1. Conversely assume that we have a trivializing section s €
H°(X,Ox(D)). Then sp/s is a meromorphic function whose divisor is div(sp) = D. [

Corollary 3.20. The map
Div(X) — Pic(X)

is an injective morphism of abelian groups. Moreover, the image consists exactly of line bundles
admitting a non-zero meromorphic section.

Proof. The fact that the map is well-defined and injective follows from Lemma 3.19. The
description of the image follows from Lemmas 3.16-3.18. O

Remark 3.21. If X is a projective manifold, then the above map is surjective, hence iso-
morphic. Indeed, if L is a line bundle and H is an ample hypersurface, then for p > 1,
L ® H®P is globally generated, hence it has a non-zero section s. Then, s/ sgp is a non-zero
rational section of L.

Lemma 3.22. Let D be a divisor, let L := Ox(D) be the associated line bundle and let L be the
sheaf of sections of L. Then L is locally free of rank one and given an open set U C X, one has a
natural correspondence

L(U) ~{f e Mx(U); div(f) > —D|u}-

Proof. Let sp be a meromorphic section of L such that div(sp) = D. Let F be the sheaf
defined by F(U) = {f € Mx(U); div(f) = —D|y}. We have a sheaf morphism £ — F
given by s — 2 and its inverse is f — fsp. It remains to see that L is locally free or,
equivalently, that F is locally free. Consider the covering of X by open sets U, where

D|y, = div(fy) for f, a meromorphic function on U,. Then flzx € F(U,) and one has
clearly Fly, = + 7.0u,- O

3.4 Basics on intersection theory

Let X be a compact Kihler manifold of dimension n. If ay, ..., &, € H*(X,R), we set

al-...-an:/wl/\.../\wn
X

where w; € «; is an arbitrary representative of its de Rham cohomology class. This de-
fines a multi-linear symmetric product on H?(X, R) called the intersection product.

Let L — X be a holomorphic line bundle which admits a non-zero section s &
H°(X, L). We pick a hermitian metric & on L and set D := div(s). We have the following
result
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Theorem 3.23. Assume that D is smooth. For any (n —1,n — 1)-form ¢ on X, we have

5= [ oglsit) -3y = [ wlo— [ O(Ln) Ay.

Remark 3.24. The result holds more generally without the assumption that D is smooth
and is due to Lelong. The formula then reads

3 o8s30 = [ v, [ (L Ay

if D is reduced, and generalized to the non-reduced case in the obvious way. The addi-
tional ingredient needed is that D can be locally expressed as a (finite) ramified cover of
cr L

Corollary 3.25. Let ay,...,a, 1 € H*(X,R) and let D a smooth hypersurface. Then
1 SR PP Cl(D) = “1’D L. (Xn—1|D-

Proof of Corollary 3.25. Choose representatives w; of a;, set  := w1 A ... A w,_1 which is
dd-closed. Since O(L, h) € c1(D), the result follows from Theorem 3.23. O

Corollary 3.26. Let L be a line bundle such that ¢;(L) = 0 € H*(X,R). Then H(X,L) =0
unless L is trivial.

Proof of Corollary 3.26. Argue by contradiction and let s € H(X, L) be a non-zero section.
Write D = Y_a;D; with a; > 0, D; irreducible. Let « € H?(X,R) be a Kéhler class and
w € a be a Kdhler representative. By Theorem 3.23 and Remark 3.24, we have

c1(D)-a" 1 = Zai/ w5t >0,
- Di,reg ireg
a contradiction with ¢1 (D) = 0. O

Remark 3.27 (Alternative proof of Corollary 3.26). By Theorem 5.2, there exists a hermi-
tian metric & on L such that ©(L, ) = 0. But then one has for any holomorphic section s
of L

09|s|> = (D's,D's) + (s,27i®(L, h)s) = (D's, D's)

where D’ is the (1,0)-part of the Chern connection of (L, /). In particular, we get for any

Kéahler metric w
0——/Asz~w”_—n/ D's]? "
X ‘ ’ X‘ ’h,w

hence D’s = 0. In particular, |s|?

vanishes.

is constant and either s vanishes identically or it never

Proof of Theorem 3.23. Let us first observe that log |s|? is integrable with respect to any
volume form on X, so that our integral is well-defined.

Next, choose a partition of unity x, subordinate to a covering (U, ) where U, ~ A" is
a polydisk and D|y, = (z§ = 0) under the previous identification. Writing ¢ = Y, xa1,
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one sees that it is enough to prove the formula when ¢ has compact support in some U,.
Therefore, one will fix such an index « and set 1 := x, 9, U := Uy, z; := z§.

One can choose a trivialization e of L|; such that s|; = z; - e and set ¢ := — log |e|? so
that ®(L, h)|y = 5-00¢. Then,

= [ oglsf)-00y = - [ (1og|zi[* —¢)- 20y

27-[ 27T
o b 2 02V ). A5
= Jim / (log(|z1 2 +€2) — ¢) - 93y
= hrrb—/aalog (21> + &) A — / O(L,h) N,
£ —

thank to Stokes formula. Therefore, all we have to prove is

(3.24) hm—/ ddlog(|z1> +E) Ay = /1/)]1)

e —0 27T

Now we have

99 10g(|21|2 + 82) —9 z1dZ, _ &2 dz A dzy.
|z1]2 + €2 (|z1)% + €2)2

Now if f is a smooth function on the disk (of radius two) in C, then

1 2 _ g [ 1 o\ 2rdr
Ife = 271/|2|<1(’Z‘2+82)2 f(z)idzNdz = E/o dG/O f(re )7(1/2_|_£2)2

1 2m el i0 2sds
= E/o dQ/O f(ese )7(52_'_1)2

where one has used the change of variable r = &s. Since ( S = O(72

Gy Lebesgue

1+s3/7 )
dominated convergence theorem shows

lim I = £0) [ g = O [ % = FO)
Therefore, if one write z = (z1,z) and
Y =a(z)dza Ndzag N ... Ndzy Ndz, + T,
where T involves only summands where either dz; or dZ; appears, then

e%a(z)

(21> +¢2)

ddlog(|z1|> + ) Ay = ~dzy NdzZi A ... ANdz, AdzZ,

hm—/ 9 log(|z[2 +€2) A =

e —02

a(O,;)dzz/\dzz/\.../\dzn/\dzn:/ Y|p,
D

z€AN-1

hence (3.24) holds. This proves the theorem. O
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Lemma 3.28. Let f : Y — X be a map between compact complex manifolds of dimension n and
letay,...,a, € H*(X,C).

1. If f is finite of degree d, then
(ffoq oo frfay) =d(ag ... ay).

2. If f is bimeromorphic, i.e. if there exists a Zariski open set U C X such that f|s )
F~Y(U) — U is an isomorphism, then

(ffaq oo ffay) = (1 ... o).

Proof. Pick representatives w; € a;. Outside of the ramification divisor R C Y (which has
Lebesgue measure zero), f is an étale covering hence

/Yf*wl/\.../\f*wn = /Y\Zf*wl/\.../\f*wn

= d w1 N\...\wy
X\f(Z)

= d/cul/\.../\wn
X

by Lemma 3.29. The second item is proved similarly (with d = 1 for the étale covering
flery)- O

Lemma 3.29. Let g : M — N be a smooth topological cover of degree d between compact oriented
differentiable manifolds of real dimension k. For any k-form w on N, we have

. :d/ .
fgo=dfe

Proof. Fix a covering N = UN, such that g"!(N,) = LIgM,4 is a disjoint union of d
connected open sets (Myg)g—1..4 such that g| M, © Mup — Nq is an isomorphism. Fix a
partition of unity () subordinate to (N,). By the chance of variable formula, we have

Sy, Xew = fMqu ¢*(xaw), hence we have

/Nw = ;/Naxaw
= ;;% /Maﬁg*(xaw)
= ;;/gm)g*(xa)g*w
= ;;/Mg*(xa)g*w

_1/ fw
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3.5 Cyclic coverings

Let f be a holomorphic function on C" and let m > 1 be an integer. If we define
Y:={(z,w) e C" xC; w" = f(z)},

then the first projection p : Y — C" is surjective with finite fibers and it is a Galois cover
of group Z,, := Z/mZ. Moreover, it is étale (i.e. a local biholomorphism) away from
(f = 0) and it is totally ramified along (f = 0), i.e. p induces a 1:1 map p~!((f =
0)) = (f = 0). If (f = 0) is smooth, then one sees easily that Y is smooth as well.
The second projection ¢ : ¥ — C satisfies g = p*f, i.e. one should think of g as an
m-th root of f. Set X := C", via the finite map p : Y — X one can see Oy as a (finitely
generated) Ox-module . Clearly, Oy (Y) ~ @}";01 ¢/Ox(X) where one sees Ox(X) inside
Oy (Y) via pullback by p. We can make the previous isomorphism of Ox(X)-modules as
an isomorphism of algebras using the relation g = p* f.

One would like to generalize the above construction to a global setting. So let X be a
complex manifold and let v : L — X be a line bundle on X. We denote by £ the (rank
one, locally free) sheaf of sections of L. Assume that there for some integer m > 1 and a
non-zero section s € H(X, L¥™) such that D = (s = 0) is a smooth hypersurface.

Theorem 3.30. There exist a complex manifold Y and a finite, ramified Galois cover p : Y — X
with Galois group Z.,, such that

1. There exists a section t € HO(Y, p*L) such that t*™ = p*s.

2. The cover p is étale away from D and is totally ramified along D.

3. One has Ky + D' = p*(Kx + D) where D' = p~(D). Moreover, p*D = mD',

4. There is an isomorphism p,Oy =~ @;”Zf)lﬁ_j as Ox-algebras. The algebra structure is
induced by the map L~ @ L7 — L7 & LM whenever i +j=m.

Remark 3.31. If (s = 0) is not smooth, such a cover Y — X still exists but its source Y
can be very singular (e.g. it is not irreducible).

Proof. Set
Y:i={vel, v*"=s} CL.

To be more precise, one should write v®" = s(7t(v)), but then the notation becomes quite
cumbersome. The inclusion j : Y — L yields a map

p=moj:Y = X.
The group Z,, acts on L by k-v = {¥v where { is a primitive m-th root of unity. This

action preserves Y C L, and it is transitive on the fibers of p. In other words, the action
allows one to identify Y /Z,, with X.
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The fact that Y is smooth is obvious away from D. Near p~!(D), Y is locally isomor-
phic to {(z,w) € C" x C; w™ = z;1}, hence it is smooth too. Consider the commutative
diagram

pL*>L

L)

y ", x

where p*L =Y xx L ={(y,¢) € Y x L;p(y) = n(¢)}. Consider the sectiont : Y — p*L
defined by t(y) = (y,j(y)). Forany y € Y, g induces an isomorphism gy : (p*L), — Ly,
under which one finds

ps(y) =s(p(y)) = j(y)*" = qy(t(y))=".

This means that t*" = p*s, and proves item 1.

Let us now prove Items 2-3. First of all, it is clear from the definition of Y that p
induces a bijection p~!(D) — D. The problem is local. Pick y € Y and set x = p(y). Near
x, one can trivialize L so that Y is locally isomorphic to a neighborhood of the origin in
{(z,w) € C" x C; w™ = f(z)}, where f is some holomorphic function f defined near 0.
If f(0) # 0, one can find a root g of f near 0 so that Y is locally the graph of z — (z, g(z))
so that p is clearly locally biholomorphic. If f(0) = 0, one can choose the coordinates on
X such that f(z) = z; and Y is locally biholomorphic to {(z,w) € C" x C; w™ = z;}.
Therefore, (w, z, . .., z,) provide a set of coordinates near y and in these coordinates,

(3.25) p(w,z) = (w",z)

where z = (zy,...,2y,). This shows that p*D = mD’.
Since p is étale away from D, the differential of p induces an isomorphism p*Kx ~ Ky
away from D. More precisely, we get a sheaf map

Andp : p*KX — Ky,

hence a section Ox — Ky,x := Ky ® p*Kx! with is non-vanishing away from D. We
need to show that the divisor of that section is exactly (m — 1) D. This can now be checked
locally; we fix a small open set U C X intersecting D and pick coordinates (z;) on U such
that (3.25) holds. Set V. = p~1(U). The n-form Q = dz; A ... Adz, is a trivialization
of Kx|u, but one can also think of Q) as a trivialization of p*Kx|y. The pullback of () as
differential form (and not section of a line bundle) is a holomorphic n-form on V which
can be written as
Q= mw™  Ydw Adzy A ... Adz,.

Recall that dw A dzy A ... Adz, is a trivialization of Ky|y. Therefore, the divisors of zeros
of A"dpis (m — 1) D, which concludes the proof of item 3.

It remains to prove Item 4. Since X is arbitrary, it is enough to prove that we have an
isomorphism



as Ox(X)-algebras, where M = Oy (Y). First of all, any element ¢ € £L¥(X) induces an
element f, € M defined by f,(¢) — (*® o for any £ € Y C L (here again, ¢ is being
understood as o' (p(¢))). Moreover, if k € Z,, and { is a primitive mth-root of unity, then
1 fo = {*f,. Therefore we have an injective map @} )} L7*(X) — M.

In order to see that it is surjective, we proceed as follows. For f € M and keZ,,set
My ={f € M; 1-f=*f}. Given f € M, one defines

-
)= L0

or in other words, f; = + }”;01 Z7*(j- f). It is elementary to check that f; € M; and that
f = Ykez, fr- In other words, one has a decomposition

M= P M.

keZy,

Finally, of f € M;, then the quantity f(¢)¢~* (seen as a section of p*(L™F) — Y) is
invariant under Z,, hence comes from a section ¢ € £7%(X) (under the Galois cover
gr : p*L7F — L7F, see e.g. Lemma 7.8). This proves that My ~ £¥(X) as desired. O

4 The projective space

4.1 The line bundles Opx (k)

Let IP" be the space of lines through the origin in C"*! and let L := Opx(1) be the dual
of the tautogical bundle Op«(—1) = {(x,v) € P" x C"*;v € x} C P" x C"*L. In other

words, if x = [zp : ... : z,| € P", then the fiber L, consists of all linear forms on the line
C(zo,---,2n)-

One can cover X by the charts U; = {[zo .t zy| € P";z; # 0} which are isomorphic
to C" via the coordinates wy = 0,. e, Wiy, Wy = Z—” Each linear projection

()\ZO, .. .,)\Zi) — Az;

defines a section e; of L which is non-zero exactly on U;, and one has ¢; = % -e; on Uj;.
This shows that the transitions function of L on U; N U; are g;; =
If we set ¢; := —log |‘|ZI|“2 on U, then ¢; — ¢; = log | g,]\ on LIZ] hence e % defines an

hermitian metric hgg on L. Its curvature can be computed on U; using the w-coordinate
as

1 -
O (L), = 500 log(1+ [eo]?)
One has

1 1
5 Za]kzdz] ANdzy, with aj = (14 |w]|*)d — wew;.

O (L) u; = gm
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The hermitian matrix (a;) has eigenvalues (1 + [|w]||*) with multiplicity (n — 1) and 1
with multiplicity 1, hence it is definite positive. Hence

WEs = ®hFS (L)

is a Kéhler form, called Fubini-Study metric, and Opx(1) is positive. One can check that
it satisfies

jied

Alternatively, one can describe hirs more intrinsically as the dual metric of the restric-
tion to Opx(—1) C P" x C"*1 of the euclidean metric on C"*1. That is, if x € IP" and
¢ € Opn(1)y =xV,

¢l = sup{l@(0)* |0 € x, [[o]|* = 1}.

Ifx =[zp:...:2,] € U;, we recover

2 2 2 |Zi‘2
les()lffs = sup{lAz| Drad® =1} = £

Since H2(IP", Z) ~ Z is generated by c1(Op (1)) (cf Proposition 4.3 below), we have
that every class « € H! (X, R) is either zero, Kahler, or anti-Kahler.

Remark 4.1. Let A be a definite positive hermitian matrix of size n + 1, and let h4 be
the dual of the hermitian metric on Ops«(—1) C P" x C"*! induced by restriction (e.g.
hi,,, = hgs). The square root of A induces an isomorphism f € Aut(IP", Op:(—1)) such
that f*hgs = h. In particular, ®,, (Op« (1)) = f*wgs is definite positive.

Proposition 4.2. For any k > 1, there is an isomorphism
H°(P", O(k)) ~ Sym*(C"1)*

n+k)'

with the space of homogenous polynomials of degree k in n + 1 variables. It has dimension ("

Proof. We have seen above that each degree one monomial z; on C"*! fori = 0,...,n
induces a global section ¢; of O(1). Therefore, a degree k monomial z;” - - - zy* induces the
global section ;™ ® ... ® e;;" of O(La;) = O(k). This gives a map

Sym*(C"t1)* — HO(P",O(k)), =z 2% e ®... @ e m
which is easily seen to be injective e.g. by observing that ¢;™ ® ... ® e, vanishes at
order exactly a; along the hyperplane of IP" defined by the vanishing of the i-th homoge-
neous coordinate.
If one prefers to think in term of local trivializations, recall that O(k) is trivialized by

?k on U;. Now, a homogeneous polynomial P of degree k yields holomorphic functions
k
f; = £ on U;. These functions satisfy f; = i—i fj on the overlap U; N U; and the global

ok
Zi

e

section of O(k) is given by the local sections fie?k on U; who do indeed glue.
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Next, let s € H(IP", O(k)). We view s as a collection of holomorphic functions f; on
k
U; such that f; = i—i]”] onU;NUj. Let p : C"*1\ {0} — P" the usual projection map. Then

the functions z¥f; o p glue to a global holomorphic function f on C"*!\ {0} satisfying
f(Az) = A¥f(z). By Hartogs extension theorem, f extends to a holomorphic function on
C"*1 which is homogeneous of degree k. Looking at the power series expansion of f near
the origin, the homogeneity forces f to be a homogeneous polynomial of degree k. Since

fi= g—k, this shows the claim.

To finish the proof of the proposition, one needs to check that the dimension of the
space of homogenous polynomials of degree k in n + 1 variables is (":k). We have to
counts the number of monomials ZSU -z with Yy a; = k. If one represents ZSO ceegim
as

ZorrZQKkZ1rrZ1 ke kZy ottt Zy,

we see that the choice of each monomial can be represented uniquely with 1 + k symbols
involving exactly n symbols * and k symbols among the zy, ..., z,. Now each monomial
is determined by the choice the n symbols * among the n + k, hence the result. ]

Proposition 4.3. The Picard group of P" is isomorphic to Z, generated by Opn (1).

Proof. Recall that H!(IP",Z) = 0 and H?(IP",Z) ~ Z. In particular, we have vanishing
HY(P",Opn) = H2(P",Opr) = 0 thanks to the Hodge decomposition. Now, the long
exact sequence associated to the exponential exact sequence yields a group isomorphism

¢ : HY(P", Opn) — H*(X, Z),

cf (3.21). It remains to see that O(1) is primitive. This follows from the fact that the first
Chern class ¢1(Op: (1)) € H*(X,R) is represented by the Fubini-Study metric wgs which
satisfies (4.26). ]

4.2 The Euler exact sequence

The goal of this paragraph is to investigate the (co)tangent bundle of IP". The key result
is the so-called Euler exact sequence which givens an explicit presentation of QL.

Proposition 4.4 (Euler exact sequence). We have an exact sequence

0 — Qb L5 Opi(=1) @ HA(P", 0(1)) -5+ Ops — 0.

Proof. The map g comes from the natural pairing between a bundle and its dual. We will
define the map f in local charts, check that the sequence is exact there, and then check
that the maps can be glued.

Let us fix some notation first. We considered earlier the basis of sections ey, ..., e, of
H°(P", O(1)). Next, on each U;, we have the coordinates wy = Ffork=0,..., I...,nTt
is convenient to set w; = 1. Finally, O(—1)|y, admits the trivialization e} = (wy,...,wy) €
C"! which satisfies ex(e}) = wy for each index k.

The one-forms (dwy )i+; give rise to a holomorphic frame for Qlll’"‘ui and we define
the map
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fir Opuly, — Ope(=1)[y, ® H'(P", 0(1))
dw, +— ef @ (wiex — wye;)

whose image has rank 7 and lies in the kernel of g. This implies that Ker(g|y;,) = Im(f;).
Now we are left to checking that the morphisms f; glue to a morphism f. For this, we
consider another standard open set U; with coordinates uy = i—’;, yielding a map f;. We

have & = ? = w;. We need to prove that
]

i

filduy) = fi(duy) == e @ (ujer — uge;).

we

For this, we write u; = % so that du, = %dwk — wzdwj. Therefore, we find
] ] j

fildug) = wije; ® -~ ((wiek — wye;) — ﬁ(wiej — wjei)) = ¢ @ (ujex — uge;)
J ]

since w; = u; = 1 and Z}Tf = uy. This completes the proof of the proposition. ]

Remark 4.5. By dualizing the Euler exact sequence, we get
(4.27) 0 — Opr — Opn(1) @ H'(P", O(1))* — Tp» —> 0,

which can be interpreted as follows. The homogeneous vector fields §;; := Zja% on C"+1
descend to IP" and generate Tp». For i # j, {;j integrates to an action of C on C"*! given by
t-(z1,...,z0) = (z1,-.-,2zi-1,2i + tz]-,ziH,...,zn) if, say, i < j. Ifi = j, then {;; integrates
to an action of C on C"! given by t - (zy,...,2,) = (2z1,...,2i_1,€" - zi,Zi41, ..., Zn). Both
actions commute with the diagonal action of C* on C"*! and descend to IP". Finally, the

Euler vector field Y} zia% = Y Gii descends to the trivial one as it corresponds to the

diagonal action of C* on C"*1.

4.3 Maps to projective space

Let X be a compact complex manifold and let L — X be a line bundle on X. Assume that
V:=HYX,L) #0.Set N+ 1 := dim V and define

B(L) := ) s7H0) = {x € X;s(x) =0Vs € V}
seV

which is called the base locus of L. By assumption, Z C X is a proper analytic subset of
X.

We fix a basis sg, ..., sy of V. For x € X, pick a local trivialization ey, of L near x and
write s;(x) = fij(x)er. This defines holomorphic functions f; near x which depend on the
choice of e;. However, if x ¢ B(L), one can consider the point [fo(x) : ... : fy(x)] € PN
which is well-defined and does not depend on the choice of e;. This shows that there
exists a well-defined holomorphic map

& : X\ B(L) — PN
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which we will (abusively) write as @1 (x) = [so(x) : ... : sy(x)]. This maps depends on
the choice of a basis of V, and any other choice of basis yields a map @} which is related
to @, by the relation ®; = g o ®;, for some ¢ € PGL(N +1,C).

One can also define @ in a more intrinsic way as follows. Consider for x € X the
evaluation map ev, : H%(X,L) — Ly. Whenever x ¢ B(L), the kernel Hy := Ker(evy)
defines a hyperplane of V. The set { f € V*; f|y, = 0} defines a line ¢, C V* and one can
define &y (x) = ¢, € P(V*).

Lemma 4.6. The map @, induces an isomorphism
@7 Opn(1) =~ L|X\IB(L)'

Proof. One can assume that hO(X, L) > 2, otherwise there is nothing to prove (both bun-
dles in the sought isomorphism are trivial). Consider the divisor D = div(sp); it is not
included in B(L) (in particular, it is non-empty). The hyperplane H = (zp = 0) € PN
is the divisor of zeros of the section ¢g € HP(IPN, Opn(1)) (cf § 4.2). Clearly, ®;ep
is a section of the line bundle ®;Opn(1) on X \ B(L) and it is enough to show that
div(®jeyp) = D|x\p(1) by Lemma 3.18. Now this is a local property. As sets, we have
(®feo = 0) = D|x\p(r) but we need to prove the equality as divisors. Pick x € D \ B(L);
there exists i > 1 such that s;(x) # 0 so that a small neighborhood W of x is sent to
U; = (z; # 0) C PN by ®@;. Write sj = fjsi on W so that & = (fo,...,i,...,fN) with the
usual coordinates on U;. Since eg = wye;, we find on W

Pieg = (woo ®r) - Pie; = fo- Pre;
so that div(®je;)|w = div(fy) = D|w. The lemma follows. O
Lemma 4.7. Let L be a line bundle on a compact complex manifold X. Assume that V :=
HO(X, L) is non-empty.
1. @y is defined everywhere if for any x € X, there exists s € V such that s(x) # 0.

2. @y is injective iff given any two distinct points x,y € X \ B(L), there exists s € V such
that s(x) # 0and s(y) = 0.

3. @y, is a local biholomorphism onto its image iff given any x € X\ B(L) and v € Tx, \ 0,
there exists s € V such that s(x) = 0 and ds(v) # 0.

The third point deserves some explanation. If s € V vanishes at x, then given a
local trivialization ey, of L near x one can write s = fer with f a holomorphic function
vanishing near x. We define that ds(v) := df(v) ® ey, as an element of Q%{,x ® Ly. Itis well-

defined independently of the choice of e;. Indeed, if ¢] = h~1e; is another trivialization,
then s = f'e} with f' = hf. We getdf'(v) = h(x)df(v) hence df'(v) ® ] = df(v) ®ey.

Proof. The first point is clear.

As for the second point, choose sections s1,s, € V such that s;(x) = 0,s2(y) = 0 and
s2(x) # 0,51(y) # 0 and complete to a basis (s;) of V. Then ®(x) = [0 : 1 : %] while
@ (y) = [1:0: %] thus defining two distinct points in projective space.
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Let us get to the third point. For x ¢ B(L), pick a basis (s1,...,sx) of the hyperplane
Vi := {s € V,s(x) = 0} that we complete to a basis of V by adding one element sy;1 €
V' \ Vi. Near x, one can write s; = fisy41 fori = 1,..., N where f; is a holomorphic
function vanishing at x. The map ®; near x can be read as the map to CV given by
(f1,...,fn). By assumption, given any non-zero vector v € Tx,, there exists s € V;
such that dsy(v) # 0. Since Vi is generated by the s; = fisyi1 fori = 1,..., N, this
means that there exists one such index such that df;(v) # 0. In particular, this shows that
d®(v) # 0. The lemma now follows from the inverse function theorem. O

5 Some applications of Hodge theory

5.1 Lefschetz theorem on (1,1)-classes

Let X be a complex manifold of dimension n and let 0 < k < 7 be an integer. Given
a k-form a, its (0, k)-component ap; = 1%« satisfies (da)gr;1 = dagy. In particular, if
da = 0 then dagy = 0. Similarly, if & = dp is d-exact, then g = d(Bg_1) is 0-exact. This
shows that there exists a natural map

(5.28) HA: (X, C) — HY(X).

Moreover, if X is compact and Kéhler, then the above map coincides with the projection
map arising from the Hodge decomposition theorem. Next, the inclusion of sheaves
C — Oy yields a map H*(X,C) — H*(X, Ox) in Cech cohomology. These two maps can
be related as follows.

Lemma 5.1. We have a commutative diagram

HA:(X,€) ——— HM(X)

E F

H¥(X,C) —— H¥(X,Ox)

where the vertical arrows are the de Rham-Weil isomorphisms (2.14) and (2.19).

Proof. The following diagram

0 d 1 d 2 d d k
j |- [ [ [

0 b 0,1 0 02 0 ) 0,k
Ox A% A% A2 2y 2 Ay

is commutative thanks to the above discussion. Using the de Rham Weil isomorphism
theorem, we see that the map H*(X,C) — H¥(X,Ox) corresponds to the map (5.28)
described above. O
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We have seen in the previous section (cf Lemma 3.7 and (3.21)) that if L — X is a
complex manifold, then c1(L) € H?(X,R) lies in the image of H*(X,Z) — H?*(X,R).
Moreover, it is clear from the metric definition of c¢;(L) that it can be represented by a
(d-closed) (1,1)-form. Actually, the converse holds.

More precisely, we say that a class « € H?(X,R) is an integral class if under the iso-
morphism (2.15) between H?(X,R) and H?(X,R), we have a« € Im(j : H*(X,Z) —
H2(X,R)). Then we have the following result.

Theorem 5.2 (Lefschetz theorem on (1,1)-classes). Let X be a complex manifold, and let
w e C®(X, A%&}R) be a smooth, real d-closed (1,1)-form. Assume that [w] € H*(X,R) is an
integral class. Then there exists a hermitian line bundle (L, h) on X such that ©,(L) = w. In
particular, [w] = c1(L).

Proof. We are going to give two proofs; one which is more conceptual and one which a
bit more hands on.

Proof 1. Set & = [w] € H*(X,R) C H?(X,C) and write « = j(&). Since Z — Ox fac-
tors through Z — C — Oy, the map H?(X,Z) — H?*(X, Ox) factors though H*(X,C).
Now the exponential exact sequence yields an exact sequence

Pic(X) — H*(X,Z) — H*(X, Ox)
so that
Im(Pic(X) — H?(X,Z)) = Ker(H*(X,Z) — H*(X,C) — H%(X,Ox)).
Recall from Lemma 5.1 that
Ker(H*(X,C) — H*(X,0x)) N H*(X,R) = H"}(X) N H*(X,R)

and « = j(&) belongs to the latter space. This shows that & € Im(Pic(X) — H?*(X,Z)).
The conclusion now follows from Lemma 3.8.

Proof 2. Cover X by polydisks U, such that the double overlaps U,g are simply
connected. One can write w|y, = dv, for some real 1-form v, = o0 4+ 991 hence wly, =
802’1 + 31),}/0 and 37)2’1 = w|?j§ = 0 so that 02'1 = Ju, for some function 1, by Dolbeault-
Grothendieck lemma. Set ¢, := i(ii, — uy) € C®°(Uy, R) so that

1 =
(U‘ua — Eaa(’)a

Define d° = ;= (9 — 9) so that w|y, = dd°¢,. The class [w] corresponds in H?(X,R) to the

7T

class of the 2-cocycle (fy,) with real values defined by fus, = fap + fp, — fay and where
fup is any function such that d°(¢, — ¢») = dfss. By assumption, there exists an integral
2-cocyle (114p,) and a real 1-cocycle u = (u,p) such that

fupy = Napy + (014)apy

where ¢ is the Cech differential.
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Now, on the overlap U,g, we have 00(¢x — ) = 0 so there exists a holomorphic
function g, € Ox(U,p) such that 2Re(gup) = ¢u — ¢p by Lemma 5.3 below. This implies
that d°(¢, — ¢p) = Re(d°gup) = %Im(dgaﬁ). By what was said above, there exists 1,4
a real 1-cycle such that if one sets gz := Loup — itigp, then Im(g;4,) € Z. Set Zup =

¢ = ¢Sa5~ Mg, it defines an element in H(X, O%) (hence a line bundle L) thanks to
that last integrality property. Moreover, the functions ¢, define a metric 1 on L (by the
relation |e,|Z = e~ %) since o — ¢ = 2Re(gap) = log|Zup|* and also, one has @, (L) =
dd¢p, = w. O

Lemma 5.3. Let U C C" be a connected open subset such that Hix (U, R) = 0. Then for any
real-valued function u € C®(U) such that 9du = 0, there exists a holomorphic function f on U
such that u = Re(f).

Proof. Since dou = —dou = 0 and the first de Rham cohomology group of U vanishes,
there exists a smooth function ¢ such that dg = du. In particular, we have dg = 0 hence g
is holomorphic. Then

d(2Re(g) —u) =d(g+8 —u) =9(g—u) + (g —u) =0
Therefore there exists constant C € R such that u = 2Re(g) + C; set f :=2¢ + C. O

5.2 The Néron-Severi group

Definition 5.4 (Néron-Severi group). Let X be a compact Kédhler manifold. The Néron-
Severi group of X, denoted by NS(X), is defined as the image of the Chern class mor-
phism

Pic(X) -5 H%(X,R).
Thanks to Lefschetz theorem, we have NS(X) = H"!(X) NIm(H?(X,Z) — H%(X,R)).

The Néron-Severi group NS(X) is a finitely generated abelian subgroup of H(X, R),
hence torsion-free, of the form NS(X) = @;c; Za; for some «; = c¢1(L;). The rank of
NS(X), i.e. |I], is called the Picard rank of X and is usually denoted by p(X). One has
the obvious inequality p(X) < h'! where h!'! = dime¢ H!(X) = dimg H"'(X,R). We
set NS(X)r := NS(X) ®z R to be the vector space generated by NS(X); it has dimension
p(X)-

Proposition 5.5 (A Kahler manifold without proper submanifolds). Let X = C2/A be a
complex 2-torus, where A = Zey ® Zey & Zes ® Zey. For (e;) "general”, X does not admit
any proper submanifold C C X, p(X) = 0 and M(X) = C. In particular, X is not projective
algebraic.

Proof. Arguing by contradiction, let C be a compact complex curve in X. Since X is dif-
feomorphic to the standard torus C2/Z*, we have Hy(X, Z) ~ Z° with generators given
by 6 cycles S;j, the image in X of the planes Re; +Rej, 1 < i < j < 4. Then one can
decompose [C] = }_a;;S;j for a;; € Z. In homology, one has [C] # 0 since [-w > 0 where
w is the Kdhler form on X coming from the euclidean Kahler form idz; A dzy + idzy N dzp
on C? which is invariant under A.
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Now, let 7 be the holomorphic 2-form on X coming from the A-invariant form dz; A
dzy on C2. Write ¢; = (a;, B;) € C?. The inclusion map Sij = X can be read as a map f :
R?/Z? — C*/ A sending (u,v) to (ua; +vaj, uB; +vp;) so that f* = (a;fj — ajp;)du A do
hence |, 51 = w;B; — ajpi. Moreover, one has [.7 = 0 for degree reason, so we get the
relation Zi,j aij(lxiﬁj - chﬁl') =0.

Now, if we choose the a;, f; in such a way that «;f; are linearly independent over Z,
we get a contradiction. It is easy to construct such numbers a;, B; explicitly. Alternatively,
for each (a;;) € Z°, the equation ¥, ; a;j(a;B; — «;B;) = 0 defines a hypersurface in H, C
C? and it is enough to choose (&, B) € (C?)*\ U scz\0Ha linearly independent over C (an
open condition).

The claim on the Picard rank of X follows easily from the argument above. Indeed,
we have showed more generally that any class [c] € H»(X, Q) such that | # = 0 must be
zero. We claim that H?(X, Q) N H!(X) = 0, which clearly implies that p(X) = 0. Indeed,
let [¢] € H?(X,Q) N H'(X), it induces a unique linear form ®, € H?(X,Q)" defined by
[v] — Jx & A . By the universal coefficient theorem, the map & : H»(X,Q) — H*(X,Q)"
sending [c] to [c]N is an isomorphism. Therefore, there exists [c,] € H2(X, Q) such that
3([cx]) = Py In other words, we have

viv € B(X,Q), () = |

'Xoc/\vz[ca]ﬂ[v]z/cmv-

Applying this to v = 77, we find [, 17 = 0, hence [c,| = 0 and [a] = 0.

Finally, if X had a non-constant meromorphic function f, then the support of div(f)
would yield compact curves inside X, but the existence of those has been ruled out al-
ready. O

Remark 5.6 (On the Picard rank). The vector space NS(X)gr C HY!(X,R) can be very
small even though /i!"! is large. For instance, a "general" torus X = C"/ A satisfies p(X) =

0, while k! (X) = @, cf Proposition 5.5. Such an example can of course never be a
projective manifold (for which p(X) > 1, thanks to the existence of an ample line bundle
arising as the restriction of Opn (1) under an embedding X < PY).

The gap phenomenon p < k! may still occur if X is projective, but of course in
that case one has p > 1. Examples can already be found dimension two, as there exist
projective surfaces (called K3 surfaces) for which p(X) = 1 but h(X) = 20.

5.3 The Picard and Albanese varieties

5.3.1 The Picard variety

Definition 5.7. Let X be a compact Kéhler manifold. We set
Pic®(X) := Ker(Pic(X) — H*(X,Z)).

In particular, a line bundle L such that c;(L) = 0 belongs to Pic°(X), but the con-
verse need not be true since H?(X,Z) — H?(X,R) is not injective in general (essentially
because H2(X, Z) may have torsion).

33



Since the exponential map induces a surjection H’(X, Ox) — H%(X, O%), the expo-
nential exact sequence yields a short exact sequence

(5.29) 0 — HY(X,Z) — H'(X,0x) — Pic®(X) — 0.

Proposition 5.8. The group Pic®(X) is naturally isomorphic to a complex torus of dimension
b1 (X).

Proof. First, it follows from (5.29) that H!(X, Z) has no torsion. By the universal coeffi-
cient theorem, we have
H'(X,R) = HY(X,Z) @z R.
In particular, the map H!(X,Z) — H'(X,R) induced by the inclusion of sheaves Z C R
is injective and its image generates H' (X, R).
Next, let us consider at the decomposition H'(X,C) = HY(X) ® H*(X) and the
duality H?(X) = H%!(X). In restriction to H' (X, R), the projection map

H'(X,R) — H"}(X)
is an isomorphism. Thanks to Lemma 5.1, the map
H'(X,R) — HY(X, Ox)

induced by the sheaf injection R C Oy is an isomorphism. In particular, H!(X,Z) C
H'(X, Ox) has discrete image and generates H! (X, Oy), i.e. itis a lattice. The proposition
now follows from (5.29). O

Let us now discuss a little bit the case of torsion line bundles. These are bundles
L € Pic(X) such that there exists an integer m > 1 such that L®™ ~ Ox. Now, et us recall
the diagram

0 —— Pic®(X) —— Pic(X T, H*(X,Z) —— H?*(X,0Ox)

\l)

where the top row is exact. Write H?(X,Z) = Z" & G where r = by(X) and G is torsion
(abelian finite). If L is torsion, then ¢1 (L) = 0 € H?(X,R). If cZ(L) = 0, then L € Pic°(X).

Otherwise, ¢Z(L) = (0, g) for some g € G non trivial. Let us study the converse. Since
{0} x G isin the kernel of H?(X,Z) — H?*(X, Ox), any element of the form v = (0,¢) €
H?(X, Z) lies in the image of ¢Z. That is, there exists L, € Pic(X) such that ¢Z(L,) = 1.
Therefore, L5 € Pic®(X) for m = |G|. Since Pic’(X) is a complex torus, an element
in Pic’(X) has a root of any given order. Therefore, up to twisting L, by an element of
Pic®(X), one can always achieve that L, is torsion and ¢Z(L,) = <. Therefore, we get an

exact sequence
0 — PiCO(X)tor — PiC(X)tor — Hz(X/Z)tOI‘ — 0

Note that the universal coefficient theorem enables to identify H?(X, Z)or with Hy (X, Z)or-
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5.3.2 The Albanese variety

Let us consider the map
Y Hi(X,Z2) — H'(X,0%)*
[7] = (we [ w)
where a homology class [7] is represented by a closed path 1. It is well-defined by Stokes

formula since any holomorphic form on a compact Kihler manifold is d-closed. This map
need not be injective because of potential torsion in H; (X, Z).

Proposition 5.9. Given a compact Kihler manifold X, the quotient
Alb(X) := H*(X, Q%)* /Im(y)
is a complex torus of dimension by (X). It is called the Albanese variety of X.

Proof. First, we observe that ¢ factors as Hy(X,Z) — H;(X,C) — HY(X)*. Next, recall
that Serre duality identifies H'?(X)* with H"~1"(X) = H"(X, Q% ') while Poincaré du-
ality shows that the cap product with the fundamental class [X] yields an isomorphism
H?~1(X,C) — Hy(X,C). All in all, we get a diagram

Hy(X,Z) —1s HIO(X)* +=— H""11(X)

~ 1 I

= 2n—1
Hl(X,C) W H (X,C)

where the rightmost vertical arrow is the projection induced by the Hodge decomposition
under the isomorphism (2.14) between de Rham and singular cohomology. We claim that
the diagram is commutative. Indeed, let [y] € H;(X,C) which we realize as the cap
product of [X] and [a] € H?>""1(X,C). We view a as a d-closed form of degree 2n — 1.
Without loss of generality, one can assume that « is harmonic with respect to some fixed
Kiahler metric on X. We need to show that for any w € H?(X), we have

v = 0= [ aine
Now since w is (1,0), one has
Jotninnw= [ anw=XIn (U= XNk =1

and the latter does indeed coincide with fﬂr w.
Poincaré duality works over Z so that we have another commutative diagram

o~

Hl,O(X)* = Hn—l,n (X)

I |

¢ Hy(X,C) <22 H>-1(X,C) |$

I I

Hi(X,Z) «+*2— H™-1(X,7)
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By the universal coefficient theorem, H*'~1(X,Z) ®z R = Hy,_1(X,R). Therefore,
the image Im(H?"~1(X,Z) — H*'"1(X,R)) is a lattice. Since

H>Y(X,C) = H""(X) & H"-17(X),

the projection map
H2n71 (X, ]R) N anl,n (X)

is an isomorphism. We infer that the image of
¢ H"YX,Z) — H""1(X)
is a lattice, hence so is Im(1). This ends the proof of the proposition. O
Remark 5.10. The proof shows more generally that Alb(X) is isomorphic to the torus
H""(X)/Im(H* (X, Z) = H*""'(X,C) — H" "(X)).
In particular, if X is a curve (n = 1), then Alb(X ) is isomorphic to Pic” (X ).
Given a fixed basepoint xg € X, we define

alb: X — Alb(X)
x = HO(X,Q%()Bw»—)f;;w

A few comments are in order.

e The integral is taken over any path from x to x. If two different paths are chosen,
the integrals f;; w will differ by a complex number of the form fv w where 7 is a loop
at xo. The latter integral only depends on the homotopy class of y (if 1 and 7, are
homotopy equivalent, then 1 — 72 = 9S for some 2-chain S), and only the class of y
under the map 71(X) — H;(X,Z). Therefore alb(x) is well-defined as an element in
HY(X,QL)*/Hi(X,Z).

e The choice of a different basepoint xy results in a translation in the torus Alb(X).

Proposition 5.11. The map alb is holomorphic and its differential induces an isomorphism

HY(AIb(X), Q) ) — HU(X, Q)
—>

o alb*w

on the space of global holomorphic 1-forms.

Proof. Let us start with the first assertion, which can be checked locally in a coordinate
chart. Then w = Y fi(x)dz; and one can choose y(t) = tx for t € [0,1]. One then has to

see that x — fol fi(tx)x;dt is holomorphic, which is clear.
For the second assertion, since both spaces have the same dimension, it suffices to
show injectivity. It is convenient to fix a basis {ws, ..., wx} of H*(X, Q) ). The space

A= {</7wi>i_1...k’7 em(X,2)} cct
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forms a lattice in C* and under the natural identifications one can write

alb(x) = (/xxwl,...,/xxwk> c Ck/A.

An elementary computation shows that
(5.30) alb*(dz;)(v) = w;(v)
for any x € X and v € Tx . The sought injectivity follows. O

Remark 5.12. Let X = V /T be a complex torus. The universal cover 7t : V — X allows to
identify Tx with V. Moreover, we have H’(X, Q) ~ V* so that H'(X, QL )* ~ v** ~
V. Next, under the identification Hy (X, Z) ~ I the embedding H; (X,Z) — H°(X, Q%()*
is given by the inclusion I' C V ~ V**. Choosing the basepoint xo = 0 the Albanese map
X — Alb(X) = V/T is the identity.

One way to see this is as follows. Choosing a basis allows one to identify V ~ CF. If
x = [(x;)] € C*/T, we have

alb(x) — [(/Oxdzl,...,/oxdzk” — [(x)] = x,

as claimed.

Proposition 5.13. Let X be a compact Kihler manifold, fix xo € X that we use to define alb. Let
f : X — T be a holomorphic map to a complex torus such that f(xy) = 0. There exists a unique
morphism of complex tori ¢ : Alb(X) — T such that f = g o alb.

Proof. Let us start with existence. Write T = W/T. We also set V := H?(X) and A =
Im(H;(X,Z) — V*). The differential of f induces a pullback map W* ~ H%(T,Q}) —
HY(X,Qk) = Vhenceamap §: V* — W** ~ W. Let 7 : X — X be the universal cover

of X. We have a diagram
V*
5
g

X — W

P
X —— W/T

Here, we pick a point %) € X above xy and require that the lifts alb and f send % to 0.
We claim that

(5.31) goalb = f.

More precisely, we claim that for any & € X, the element ev f(x) € W™ coincides with

g(zﬁ)(f)) . Given v € V, we have alb(%)(v) = f;z *v. Therefore, we have for any
TEW*

g@b@) 0 = [ fr= [ e =)



where we see T respectively as a constant 1-form on W or an element in the dual of W.
This shows (5.31).

Finally, we need to show ¢ induces a map V*/A — W/I. Equivalently, one needs to
check that §(A) C T This is a consequence of the formula

o,

where 7 is any closed path on X and T € W* is any global 1-form on T. This establishes
the existence of g.

As for uniqueness, it follows from Lemma 5.14 below. Indeed, given y € Alb(X),
choose a decomposition y = );alb(x;) for some points x; € X. Then one must have
g(y) = Xjg(alb(x;)) = ¥ f(x;) so that f determines g uniquely (once existence of g is
established). O

Lemma 5.14. The image alb(X) C Alb(X) generates Alb(X) as a group.
Proof. 1t is enough to show that the map
m
ap : X" — Alb(X), (x1,...,%m) — Y_ alb(x;)
j=1

is a submersion at one point, for some m large enough. We first observe that if we pick
enough points x;, then an element w € V := HY(X) such that wy, = 0 for all i has to
vanish identically. Indeed, let us consider the kernel of the evaluation map

Koy = Ker(V — éa;x)

One can certainly choose x; such that Ky, C V is a proper subspace. If K,, # 0, pick
w € Ky, \ {0} and pick x; such that wy, # 0. This yields a proper subspace Ky, », < K.
Eventually the process stops and

(5.32) Ky,,.ony = 0.

Given x = (x1,...,xy) € X™and v = (vy,...,v,) € Txny, one has seen in (5.30) that

day(v) = (V Sw iwxi(vi))

i=1

To show that da,, is surjective at x, we prove that is any linear form on V* vanishing on
the image of da,, must be zero. So we pick w € V =~ V** such that }_}" ; wy,(v;) = 0 for all
v. This implies that w,, = 0 for all i, hence w = 0 by our choice of x;, cf (5.32). This ends
the proof of the lemma. O]
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5.3.3 The Abel-Jacobi map

In this paragraph, we will assume that dim X = 1, i.e. X is a compact Riemann surface.
We fix a point xp € X. We have seen in Remark 5.10 that

(5.33) Pic®(X) ~ Alb(X)

in that case. More precisely, consider the diagram

HY(X,0x) —2— HW(X)*

I I

HY(X,Z) —— H{(X,Z)

where ® is the composition of the isomorphism H!(X,Ox) — H%(X) with the map
HYY(X) — HY(X)*,n — (w — [yn Aw), the vertical arrows are induced by the
exponential exact sequence and 1 respectively, and the bottom horizontal arrow is the
Poincaré duality a — [X] N a; it is an isomorphism. We claim that the diagram is com-
mutative, which will imply (5.33). Indeed, if x € H'(X,Z), we view a as a d-closed
1-form and we need to check that [ a1 A w = (w, [X] Na) for any w € H'?(X). But this
follows from [ g1 Aw = [« A w and the basic properties of cap and cup products.

For x € X, we look at the degree zero divisor
D=x—xp

with associated line bundle L := Ox(D). Since X is a curve, Poincaré duality shows
that H>(X,Z) = Z and the map Pic(X) — H?(X,Z) induced by the exponential ex-
act sequence is simply the degree map one divisors are identified with line bundles. In
particular, Pic®(X) corresponds to degree zero divisors.

Proposition 5.15. Under the isomorphism (5.33), we have Ox (x — xo) = alb(x).

Remark 5.16. A similar result holds in higher dimension for divisors cohomologous to
zero, but one has to replace the Albanese variety (and map) by a different Hodge theoretic
object, cf [Voi07, Proposition 12.7].

Proof. The fact that L € Pic(X) maps to zero in H?(X,Z) in the exponential exact se-
quence means that one can find a cover (U;) of X trivializing L and such that the transi-
tion functions g;; of L satisfy

8ij = eszff, fij S Ox(ui]') and fij +f]'k + fri =0 on Uz'jk~

Up to refining the covering, one can find f; € C*(U;) such that f;; = f; — f; since
H(X,C%) = 0, cf Proposition (1.3). Consider the (0, 1)-forms

o = —éfl S Ao'l(llz-).
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Since fj; is holomorphic, the a; glue to a global (0-closed) (0,1)-form a. It is not dif-
ficult to check that under the isomorphism H'(X,Ox) ~ H%!(X), the image of & in
H'(X,Ox)/H'(X,Z) coincides with the class of Ox(x — x¢). Therefore, in order to prove
the proposition it is enough to show that

X
(5.34) /zx/\w:/ w, forany w e H(X,QY).
X X0

In order to do that, we first show that L is C*-trivial and D is C*-linearly equivalent to
zero. One could argue abstractly by saying that the map H!(X, (C¥)*) — H?(X,Z) is an
isomorphism. Or, in a more down to earth way, define g; := ¢2™fi € C®°(U;) and observe
that g; = g;;gi so that the (g;) glue to a smooth trivializing section T of L. Let o be a
meromorphic section of L such that div(¢) = D and set

o
= X — PL
X T

The function y is smooth, and takes values in C* in restriction to X \ {xo, x}. Moreover,

we have 1

o= Ealogx on X\ {xp,x}.
Of course log x is multi-valued on X \ {xo, x}. Consider a smooth path « : [0,1] — P!
such that y(0) = 0,9(1) = oo. Using the parametric transversality theorem, one can
show that if 7 is generic, then T := x ~!(7y) is a smooth manifold with boundary such that
dI' = D. For € > 0, we denote by I'; an open neighborhood if I' C X of size e with smooth

boundary. On X \ T, one has

1
aNw = de(log)(-w)

for degree reasons. Then

1
/zx/\a):/ a A w = lim aNw=—lim [ logyx- w.
X X\T e—0 JX\T, 2711 =0 Jor,

As ¢ — 0, the boundary 9T projects via x to two very close paths = almost connecting
0 to oo (resp. oo to 0). Moreover, we have

11_r>r610gx|%+ = ll_r%logxh; — 27

X
/(x/\w:/w:/ w,
X Y X0

which proves the proposition. O

This shows that

Corollary 5.17. If X has genus at least one, then the Albanese map alb : X — Alb(X) is
injective.

Proof. By Proposition 5.15, it is enough to prove that Ox(x — xp) is isomorphic to Ox (y —
xo) if and only if x = y. But the former happens iff x — y is a principal divisor divf
where f € M(X). Then f would yield a map X — P! with degree one, hence an
isomorphism. O
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5.4 The Hard Lefschetz theorem

Let (X, w) be a Kahler manifold of dimension n. The Kihler form w is real, so it defines
a linear map
L:O%g —)Q];FH%, a— wAa.

Lemma 5.18. For k < n, the map
L Ok g — OFRF
is an isomorphism.
Remark 5.19. In particular, L" : QI;(,]R — ngj]l%’ is an isomorphism for any 0 <r < n — k.

Remark 5.20. The bound is optimal as L"**! need not be injective on QI;(,]R anymore
even when the target space is not trivial, i.e. 2n —k 42 < 2n. E.g. takek = nand a a
(n,0)-form, then L(a + &) = 0 for degree reasons.

Proof. Since the two vector bundles have the same rank, it is sufficient to show that for
every U C X the morphism

Lk, 0k r) = C(U, 00K, a0 A
is injective. Recall the commutation relation
[L,Ala = (k—n)a

for every & € C¥(X, 0k ). By definition [L",A] = L[L'™!,A] + [L, AL}, so we get
inductively for every k-form a

(5.35) (L', Ala = (r(k —n) +r(r—1))L" a.

We will prove by induction over k + r (with k € {0,...,n} and r € {0,...,n — k}, so that
k+r <n)thatL" : Ql;(,]R — Q';’rﬂ%’ is injective. For k 4 r < 1 this is clear, thus let a be a
k-form such that L'« = 0, with k + 7 > 2. We can assume r > 1 without loss of generality.
By (5.35) this implies that

(5.36) L' YLAa— (r(k—n) +r(r—1))a) =0,
so by the induction hypothesis we find
LAx — (r(k—n)+r(r—1))a = 0.

Therefore we get (r(k —n) +r(r —1))a = LB with B = Aa of degree k — 2. Furthermore
L1 = 0 so by the induction hypothesis, we have g = 0. Since

r((k—n)+r—1) < —r< -1,
we infer &« = 0, thus concluding the proof of the lemma. O

Definition 5.21. Let (X, w) be a Kdhler manifold of dimension n and let k < n be a non-
negative integer. We say that a form « € C*(X, Q ) is primitive if L" *a = 0.
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Proposition 5.22. Let « € C®(X, Q’;QR) for some arbitrary 0 < k < 2n.

(i) Ifk < n, then a is primitive if and only if Aa = 0.

(ii) « admits a unique decomposition of the form

a=)Y L'
G
such that a, is primitive of degree k — 2r < inf(2n — k, k).
The decomposition above is called the Lefschetz decomposition of «.
Proof. (i) Setr:=n —k+ 1; by (5.35), we have
L"Ax = AL «.

If « is primitive, then L"Aa = 0 hence Lemma 5.18 applies (sincer = n —k+1 < n —
(k—2) = n —deg(Aa)) to show Aa = 0.

Conversely, if Ao = 0, then AL"« = 0. Recall that A = * 1L, so that LB = 0 where
B = *L'a has degree k — 2. Since 1 < n — (k —2), Lemma 5.18 shows = 0, hence
L'a = 0.

(i) First of all, one can assume k < n. Indeed, if k > n, Lemma 5.18 allows us to
write &« = LF"B with deg(B) = 2n — k < n and apply the result to B = Y L°Bs so that
a = Y LF"+58; and we indeed have deg(B;) = 2n — k — 2s < 2n — k = inf(2n — k, k).

Next, let us show uniqueness; we assume k < n for now. We assume ), L'a, = 0 with
a, primitive and proceed by induction on the degree k. If the smallest r appearing in the
sum is non-zero (i.e. ag = 0), thenwehave L( ¥, L' 'a,) = 0with1 < n—deg(L"'a,) =
n —k + 2 so that Lemma 5.18 yields ), L' lx, = 0 hence a, = 0 for all r by induction.
It remains to see what happens if &g # 0. Since ag is primitive, we have L"*1x; = 0.
Hence k+1 k+2 1

Lt L', =0=L"" L' 'a,,

so that Lemma 5.18 implies ), L' la, = 0, which by induction shows a, = 0 for all
r > 0, hence oy = 0, too.

Ifk >n wehaver > k—nand 0 = Lk (L, L’*(k*")a,). By Lemma 5.18, since k —
n<k—n+2r=n-— deg(U*(k*”)txr), we find ), L—(k=my, = 0. But now, deg(L’*(k*”)ocr) =
2n — k < n hence one can apply the first part.

It remains to show existence. As we explained above, one can assume k < n. The
element L"¥*1x has degree 21 — k + 2 hence Lemma 5.18 guarantees the existence of
B of degree k — 2 such that L"*+28 = ["~k+ly The k-form ag := a« — LB is therefore
primitive and &« = &g + LB. It is now clear that one can argue by induction to show the
existence of a Lefschetz decomposition for §, hence for «, too. ]

Note now that since w is d-closed, the linear map L induces a linear map on the de
Rham cohomology groups

(5.37) L: H*(X,R) - H2(X,R), [a] —~ [w Aal.
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Theorem 5.23 (Hard Lefschetz theorem). Let (X, w) be a compact Kihler manifold of dimen-
sion n. Then for every k < n, the map

(5.38) L% H*(X,R) — H**%(X,R)
is an isomorphism.

Proof. Since [Ay, L] = 0, the image L(a) of a harmonic form « is harmonic. Since X is
compact, Hodge theory shows that it is equivalent to show that the induced morphism

(5.39) L'k HE (X, R) — H>" K (X, R)

is an isomorphism. By Poincaré duality, both vector spaces have the same dimension;
furthermore by Lemma 5.18, the morphism

(5.40) L'k (X, Ok g) = C°(X, QF'R)
is injective. In particular it is injective on harmonic forms, so the statement follows. [

Definition 5.24. Let (X, w) be a compact Kihler manifold of dimension n. We say that
[«] € HY(X,R), k < n is primitive if L"*1[a] = 0. We denote by H*(X,R)prim C
H*(X,R) the subspace of primitive classes.

As a consequence of Proposition 5.22, we obtain

Corollary 5.25. Let (X,w) be a compact Kihler manifold. Then every element [a] € H*(X,R)
admits a unique decomposition of the form

(5.41) 0] =) L[]

such that «, € H*=% (X, R) prim with k —2r < inf(2n — k, k). In particular we have

(542) Hk(X, ]R) = @ Ler_zr(X/ ]R)prim-
r

This Lefschetz decomposition plays an important role in the Hodge index theorem
(cf. Theorem 5.30 below). The Hard Lefschetz theorem also holds for the de Rham co-
homology with complex coefficients. Since the Kahler form w is d-closed, the Hodge
decomposition shows immediately that for all p + g < 1, we have an isomorphism

L"=P=1 . HPA(X) — H" 9P (X).

5.5 The Hodge index theorem

We will now consider the Hodge index theorem for the intersection form on H?(X,C).
For the sake of simplicity of notation, we will restrict ourselves to the case of a compact
Kéahler surface and refer to [Voi07, § 6.3.2] for an account of the full picture in arbitrary
dimension. We start with a technical lemma.

43



Lemma 5.26. Let U C C2 be an open subset and endow Ty with the standard metric h =
2(dzy @ dz1 + dzy ® dz;). Let w € C*(U, QZ"’) be a primitive two-form. Then we have

= (—1)%a.

Proof. We will prove the claim where « is of type (1, 1), the other cases are analogous. Let
w = i(dzq A dzq + dz A dz;) be the Kéhler form, and set

& = wy2dz1 Ndzy + ap1dzp N dzy + wq1dz N dzy + appdzo N dzp

where the a;; are differentiable functions. The volume form is

w2
o = 2dzy Ndzg A dzy A dz3,
sow A & = {a,a} vol implies

* = —n1 pdz1 AN dzy — wp1dzo N dzy + wq 1dzo A dzy + wppdzy A dzy.

Furthermore, La = w A a = i(a11 + az2)dz1 A dzy1 A dzp A dz; equals zero if and only if
x11 = —ago. This implies the claim. O

The above result easily implies the following

Lemma 5.27. Let (X, w) be a Kihler manifold of dimension two, and let « € C*(X,QY") be a
primitive 2-form. Then we have
s = (—1)7a.

Let now X be a compact Kdhler manifold of dimension two. Then the Poincaré duality
shows that we have a non-degenerate symmetric bilinear pairing

Q: (o), 1B) = [ anp.
Therefore Q : H*(X,R) x H*(X,R) — R defines a non-degenerate hermitian form on
H?(X,C) via H(a, B) := Q(, B).

Lemma 5.28. Let (X, w) be a compact Kihler manifold of dimension two. The Lefschetz decom-
position
H*(X,C) = H*(X,C)prim ® LH(X,C) = H*(X, C) prim B C|w]

is orthogonal.

Proof. As before we reduce the statement on cohomology to a statement on harmonic
forms. By definition, a two-form « is primitive if w A &« = 0. Therefore

H(a, w) :/

zx/\w:/zx/\wzo.
X X
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Proposition 5.29. The subspaces HP4(X) C H?(X,C) are orthogonal with respect to H. Fur-
thermore (—1)7H is definite positive on the subspace

HP(X) prim 1= H*(X, C)prim N HP(X)
and we have an H-orthogonal decomposition

H*(X, C)prim = H**(X) ® H"Y(X) prim ® H*?(X).

Proof. The orthogonality is obvious for type reasons. Note that H;’r(i)m = H?Y(X) and
Hgfim = HO%?(X). Lety € Hgfi’m be a non-zero class. Note also that HP1(X) ~ HP1(X)

and the Lefschetz operator commutes with A5. Thus if & is the harmonic representative
of 7, we have AjLa = Aja = 0 so that La is the harmonic representative of Ly = 0. That
is, Lx = 0 and « is primitive. Then we have by Lemma 5.27:

= (—1)7a
S0

(~1)'H(w,) = (-1)7 [

X
Let us prove the last claim. If 7 € HZ(X,C)prim, one can consider its harmonic repre-
sentative &, which is primitive as we explained above. Now, consider the decomposition
® = app + &1,1 + a2 into types. Each a4 is harmonic and primitive (this is obvious for
a0 and «go, hence it follows for w1 since La = 0). This gives the sought decomposi-
tion. t

CAT = (—1)2”//(x/\*E: || 2 > 0.
JX

Theorem 5.30 (Hodge Index Theorem). Let X be a compact Kihler surface. Then the signature
of the intersection form

Q([a], 18) = [ anp

X
on H2(X,R) N HYY(X) is (1,h! —1). More generally, the signature of Q on H*(X,R) is
(142120, 111 —1).

Proof. By Lemma 5.28 and Proposition 5.29 we have a H-orthogonal decomposition
H*(X,C) = H**(X) @ H"'(X, C) prim ® C[w] & H**(X).
Now, on HZ(X, R), H coincides with Q and we have an orthogonal decomposition
H*(X,R) = (H**(X) & H**(X))r ® H"' (X, R)prim & R[w)].
where H! (X, R) prim = H"' (X) prim N H*(X,R) and
(H*(X) & H%?(X))r = {u + w;u € H**} ~ H*(X),

which has dimension 2h*? over R. By Proposition 5.29, the form Q is negative definite
on H'! (X, R)prim. Moreover, if u € H*?(X), we have Q(u + i, u + 1) = 2H(u,u) > 0 by
Proposition 5.29, too. Finally, H is definite positive on Rw since [, w A@ = [y, w Aw > 0.
The theorem is proved. ]

Exercise 5.31. Let (X, w) be a compact Kéhler surface, and let 7y be a real closed 2-form
such that [y] € H!(X). Show that

Q([v] [7]) - Qlwl, [w]) < Q([v], [w])*.
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6 Blow-ups

6.1 Refresher on the canonical bundle

Definition 6.1. Let X be a complex manifold of dimension 7. The canonical bundle of X
is the line bundle Kx := det T3 = A”Q%(, whose sections are holomorphic n-forms.

If (z1,...,24) is a local system of coordinates on an open set U C X, then Kx|; admits
the non-vanishing section dzq A ... A dz,.
We have the following result.

Lemma 6.2. Let
0—s5ES 00

be an exact sequence of vector bundles. Then there is an isomorphism
detE ~ detS ® det Q.

Proof. Set p = 1k(S) and g := rk(Q). We aim to define a vector bundle map detS ®
det Q — det E which is not zero anywhere. We have two maps APg : detS — AFE and

ANf : ATE — detQ. The first one is injective while the second one is surjective. The

kernel of A7f is generated by image of the map g ® Idgq_1 :S®ATIE — AE.

At a given point x € X, consider two elements ¢ € det Sy, T € det Q. One can write
T = ATf(T) while 7 is only well-defined up to an element p € Im(g® Idgqfl). Since
o A p = 0 for any such p, this means that the element o A T € det E only depends on ¢
and T but not the choice of 7. This gives the desired isomorphism det S ® det Q — detE,
CRT— o AT, ]

As a consequence of Proposition 4.4 and Lemma 6.2 above, we find
Corollary 6.3. There is an isomorphism Kpn ~ Opn(—n —1).
Proof. The Euler exact sequence yields Kp» ~ detO(—1)®("+1) ~ O(—1)®(*+1) hence
the result. O
6.2 Normal bundle, projective bundles

Let X be a complex manifold and let Y C X be a smooth submanifold of codimension
k>1.

Definition 6.4 (Normal bundle). The normal bundle Ny x of Y C X is defined as the
cokernel of the map Ty — Txly, i.e.

0 — Ty — Tx|y — Nyjx — 0.
The normal bundle Ny, is a vector bundle on Y with rank k = codimyX.

When no confusion is possible, we sometimes write Ny instead of Ny x.

Proposition 6.5. Let Y C X be a smooth hypersurface. Then Ny|x ~ Oy (Y) := Ox(Y)ly.
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Proof. Cover X with charts U, where Y N U, = (fx = 0). On Uy, there exists a non-
vanishing function h such that f, = hfg (h is nothing but the transition function of Ox(Y)
relative to (Uy)). We thus have df, = hdfg + fgdh, hence df, = hdfg on Y N Uyg.

By dualizing the exact sequence defining the normal bundle, we get
(6.43) 0 — Ny — Qx|y — Qy — 0.

The kernel Ny is of rank one, locally generated on Y N U, by the differential e, := dfy|y.
This means that the cocycle (g5 = i—f)“ﬁ associated to Ny is nothing but %‘y = J;—f|y =
h~1, the cocyle associated to Ox(—Y)|y. This proves the formula. O

As a consequence of Lemma 6.2 and Proposition 6.5, we get
Corollary 6.6. Let Y C X be a smooth hypersurface. Then Ky ~ (Kx @ Ox(Y))|y-
In the case of complete intersections in IP", Corollary 6.3 and Corollary 6.6 yield

Corollary 6.7. Let Y C IP" be a codimension k submanifold which is obtained as a complete
intersection of k smooth hypersurfaces of respective degree dy, . .., dy. Then

k
Ky ~ OH’"(;di —(n+1))ly

i=1

As an application, we can see that the twisted cubic cannot be a complete intersection.
More precisely, consider the intersection X C IP® of the three quadrics X = (xz — y* =

yw — z2 = xw — yz = 0) in homogeneous coordinates [x : ¥ : z : w]. One has

3.2, 0 102

1. X is smooth, and the map P! — P3, [u : 9] — [u® : u?v : uv? : v*] induces an

isomorphism onto X.

2. X cannot be obtained as a complete intersection (otherwise its canonical bundle
would be either trivial or ample, since X does not lie in any hyperplane)

2

3. Set-theoretically, X is the complete intersection (xz — y?> = z(yw — z2) — w(xw —

yz) =0).

Definition 6.8 (Projective bundle). Let X be a complex manifold, and let E — X be a holo-
morphic vector bundle of rank r > 2. There exists a locally trivial fiber bundle P(E) — X
such that P(E), = P(E,) ~ P’ ! is the space of complex lines of E.

Example 6.9 (Projectivized normal bundle). Let Y C X be a smooth submanifold of codi-
mension 7 > 2. The projectivized normal bundle, IP(Nyx), is the bundle of normal
directions. It fibers over Y with fibers isomorphic to P!

Definition 6.10 (Tautological bundle). Let E — X be a holomorphic vector bundle of
rank 7 > 2, inducing 7 : IP(E) — Y. The tautological line bundle 7 : Op)(—1) — P(E)
is defined by Opg)(—1) := {((x, [v]),w) € P(E) x Ex|w € Cv} C m*E = P(E) xx E.
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The situation is described in the diagram below

>~ 1

P(E) /" X
In particular, we have for every x € X an isomorphism

(6.44) Ope) (=D lp(e,) = Ope,) (—1) = Opr1(=1).

6.3 Blow-up of a smooth submanifold

Let X be a complex manifold, and let Y C X a complex submanifold of codimension
k. Locally along Y, there exist holomorphic functions f, ..., fy with independent differ-
entials, such that Y = {z|fi(z) = 0}. These equations are not unique, but we have the
following.

Lemma 6.11. If g1, ..., g form another system of local equations for Y, then locally in the neigh-
bourhood of Y , there exists a matrix M;; of holomorphic functions such that

(6:45) 8i = )_Miif;
)

Moreover, the matrix M;; is invertible along Y, and its restriction to Y is uniquely determined by
the fi P g i

Proof. It suffices to prove the lemma in the case where the fj(z) are the first k coordinates.
The functions g; then have the property of vanishing on {z|z; = - -+ = z; = 0}. Taking
the power series expansion of g; we see immediately that we must have g; = Z?:l Miiz;.

The fact that Mj; is uniquely determined can be shown by taking the differentials of
(6.45) along Y, which gives the relations dg; = ); Mjidf;. Uniqueness comes from the
fact that the df; are independent along Y. The invertibility of Mj; along Y, and thus in a
neighbourhood of Y, also follows from the previous identity. O

Recall that the conormal bundle N;;| « sitting in the exact sequence

0—>N{;‘X—>Qx|y—>ﬂy—>0

is the bundle of 1-forms along Y which vanish in restriction to Y, or equivalently whose
evaluation against vectors in Ty C Tx|y is zero. If we cover Y by (small) open sets U on
which YNU = {f¥ = 0,i = 1---k}, then Ny, y|u is trivialized by the dfY restricted to
YNUu. If U,V are two overlapping sets, then the previous construction yields matrices
M]LI-IV such that f = Y M]l-{v ij. In particular,

dfit =} MiVdfy
J
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holds in restriction to Y N U N V so that the restrictions of M]-Lilv to Y are nothing but the

transition matrices for N;;|X corresponding to the chosen cover.

To an open set U as before, associate
Uy :={(zZ=Z1:...: Z)) e U x P V| Z;f;(z) = Z;fi(2),Vi,j < k},

called the blow up of U along Y. It is not difficult to see that Uy is a smooth manifold and
that the first projection 7z : Uy — U induces an isomorphism over U \ Y, whose inverse
is given by z — (z,[f1(z) : ... : fr(2)]). Moreover, 7= (Y) ~ Y x P¥-1.

Now, if we have two overlapping sets U, V as before, we obtain two manifolds ﬁy, Vy
with respective projections 7ty; : Uy — Uand 7ty : Vy — V.

Lemma 6.12. There exists a natural isomorphism
puv :  (UNV) = i, (UNV)
such that 7ty = 1ty o Pyv.

Proof. Thee existence of ¢y is clear outside Y, so it is enough to construct it locally in the
neighborhood of n&l (YNUNV) hence we can shrink U, V as needed. Set P := Pyy :=
HMYV) 1 so that f].V =2 P fH for all j. Next, set W = PZ viewed as column vectors of

length k, i.e. W; = Yx P4 Zx. Then we have for any indices i,j and (z,Z) € 7=} (UNV):

Wif! =Y PaZi) Pufi =Y PaPuZifi =Y PaPuZefd =Y PuZe)  Pafl = Wif!,
k 7 Kl ¥ 7 X

thatis, (z, PZ) € ;' (UNV) C V. Therefore, one can define ¢yv(z, Z) = (z, PZ) which
is clearly invertible and commutes with the projectionsto U N V. ]

Definition 6.13. If Y C X is a submanifold, the local blow-ups Uy for U an open covering
of Yin X gluetoa glo}:lal manifold Xy called the blow-up of X along Y. It comes equipped
with a projection 77 : Xy — X which is an isomorphism away from Y.

Set E := 7t 1(Y). It follows from the local description of Xy that the restriction map
nt|g : E — Y is a P*"'-bundle; in particular, E C Xy is a smooth hypersurface. More-
over, the transition matrices are the matrices Py = {(MY")~! introduced in the proof of
Lemma 6.12 above. It follows from the discussion above that we have an isomorphism

of P*~1-bundles over Y. Moreover, we have the following.

Lemma 6.14. The normal bundle Npiz, = Or(E) of E C Xy is isomorphic to the tautological
bundle Op ) (—1) under the isomorphism (6.46).

Proof. In the following, we write X for Xy in order to lighten the notations. The differen-
tial of 77 induces a map Ty — 71*Tx which we then restrict to E, yielding the morphism
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f Ty, = m*Tx|y. Since 7 send E to Y, we have, f(Tg) C 7Ty so that f induces
f : NEDN( — 7T*Ny|X.

It is perhaps a bit clearer to denote by V := Ny x the bundle over Y of rank k — 1. Its
pullback 7*V to E ~ P(V) fits in the cartesian square

oV —— V

|

P(V) "= Y
and admits the tautological subbundle S := Opy)(—1) C 7V defined by
S ={([v],w) e P(V) x V;u € V\{0},w € Co}.

Moreover, S has rank one. The lemma is a consequence of the fact that f induces an
isomorphism Ny g — S. This is now a local problem.

So one picks local coordinates (z1,...,z,) on an open set U centered around a given
pointy € Ysuch that Y = (21 = ... = z; = 0). In particular, V|ny is trivialized by the
vector fields ¢; = B%i fori =1,...,k. Next, one picks a point x € E such that 7(x) = y.
Note that on U := 7~ }(U) C E, one has E|; = P(V)|; ~ U x P*"1. Without loss of

generality, one can assume that x = (0,[Z; : ... : Z]) with Z; # 0. That is, we have
identified [Z] € P¥~! with the class of the vector field Zf-‘zl Zi&iin P(V]y). Set w; = %

fori =2,...,kso that the functions (z1, wy, . .., Wk, Z+1, - - - , 2n) yield a coordinate system
on some open set near x in X under which the map 7 reads

(6.47) 7t(z1, Wy, .o, Wi, Zki1s - - -, Zn) = (21,21W2, « . ., Z1Wk, Zk 41, -+ -+ Zn)
and such that E is given by the equation (z; = 0). In particular, N E|% 1S trivialized by the
class [¢] of & := 8671’]; = {1 |g. Since

0 ko9 1 &
7T C 821 +i:22wkazi Zl = zé’z

does not vanish and satisfies (71.&)y € Sy, it follows that f induces an isomorphism onto
its image S, as claimed. O

Corollary 6.15. Let X be a compact manifold, let 7 : X — X be the blow-up of a smooth
submanifold Y C X of codimension k > 2, and let E be the exceptional divisor. Given any
positive line bundle L — X, the line bundle 7*(L®™) ® O (—E) is positive for m > 1. In
particular, X is a Kihler manifold.

Proof. Let hx be an arbitrary hermitian metric on T; it induces by restriction to Y and
quotient a metric on Ny and then also a metric & on OH’(Nnx)(l)' Foranyy € Y, let

E, := P(Ny,) = 7 (y). The hermitian line bundle (OP(NY‘X)(l),h)\Ey is isometric to
(Opr-1(1), hps) (cf Remark 4.1) hence its Chern curvature form is definite positive.
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From Proposition 6.5, Og(—E)|g ~ N .. ~ Og(1), hence we can extend h arbitrarily

E\X
to a metric hg on O¢(—E) whose Chern form O := @, (Og(—E)) is positive along E (i.e.
in restriction to E, in the directions of E).

Let i1, be a hermitian metric on L with positive Chern form, and let F := 77*(L®™) ®

Oy (—E) be endowed with the metric iip := 7*h{™ @ hg. We have for any v € Ty
Oy (F)(v,8) = mOy, (d7(v), d7t(v)) + Ok (v, 9).

Write a C* decomposition Tg|p = V & W where V = ker(drr) and W = V= so that
dr induces a isomorphism W — 7*Ty. For v € V, we have @p(v,v) > c|v|? while
forw € W, we have Oy, (dr(w),dr(w)) > ¢'|w|?, for some positive constants c,c’. By
Cauchy-Schwarz, it follows that ©y,(F)(v,3) > ¢”|v|? for any v € Tg|g up to taking m
large enough. By continuity of @, (F) on the unitary tangent bundle of X, we see that
there exists an open neighborhood U of E such that

1
O, (F)(v,0) > ECHMZ Vo e Ty, x €U

On the complement of U, 7t is an isomorphism hence 77*®y, is a positive (1,1)-form there.
By compactness of X \ U, there exists m such that m*®), + O is still positive on that
set. This implies that @p,,.(F) is a K&hler form on the whole X for m large enough. O]

Corollary 6.16. Let X be a compact manifold and let T : X — X be a composition of blow-
up with smooth centers and let E = YN | E; be the exceptional divisor. Given any positive line
bundle L — X, there exist positive numbers ay, ...,ayN such that the line bundle 7T*(L®k) ®
O (= X a;E;) is positive for k > 1.

Proof. In order to simplify the notations, we treat the case of two successive blow-ups
X=X 5 X 5 Xo = X.

Let F; (resp. F,) be the exceptional divisor of 711 (resp. 72). The exceptional divisor
E = E; + E; of 7t has too components: E; is the strict transform of F; by 71 while E; = F,.
Note that 75 F; = Eq + bE; where b > 0 is positive if and only if F; intersects the center of
T2,

By Proposition 6.15, 7r; L1 @ Oy, (—F;) is positive for some large k; > 0. By the same
token, 705 (7} LM @ Ox, (—F1))®* ® Ox,(—E») is positive for some large k, > 0. But that
bundle is nothing but 77* (L*17%2) @ O (—koEq — (1 + bkz)Ey).

Finally, for k > ki + kp, one sets k' := k — (k1 + k2) > 0 and a; := ky,a := 1+ bk,.
Then, the decomposition

(L) @ Og(= L aik) = (L) @ (2*(L972) @ Og (- L aiE) ),
yields the result since the sum of a semipositive form and a positive form is positive. [

Lemma 6.17. Let 71 : X — X be the blow up of a smooth submanifold Y C X of codimension
k > 1. Then we have
K¢ ~ m"Kx + (k—1)E

where E C X is the exceptional divisor of .
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Proof. The differential of 7t induces a map Ty — 71*Tx. Dualizing, we get a map 7*Q} —
Q% Taking the n-th exterior power, we get a map 1*Kx — K, hence a holomorphic

section s of the line bundle K; ® n*K;(l. This section does not vanish away from E since
7t is an isomorphism there. Using e.g. Lemma 3.18, our present lemma is then equivalent
to the assertion that s vanishes at order exactly k — 1 along E. This can now be checked
by a local computation.

Near a given point x € E, one can find an open set U endowed with coordinates
(z1,...,2zn) such that E = (z; = 0) on our chart and

71(z) = (21,2122, + - -, 212k, Zki1s - - 1 Zn),

cf (6.47). Denote by V C C" an open set such that 77(U) C V. On U (resp. V), we have a
trivialization T := dz; A ... Adz, of Ky (resp. 0 := dw; A ... A dw, of Ky) and s is noth-

ing but the ratio ? Given the expression of 7 above, an straightforward computation

shows that "0 = z'l‘*lr, ending the proof of the lemma. ]

Lemma 6.18. Let X be a compact complex manifold and let L be a line bundle on X. Let 7 :
X — X be the blow-up of a submanifold of codimension at least two and let E be the exceptional
divisor. Finally, let sp € H°(X, Ox(E)) be a section cutting out E. Then for any non-negative
integer m > 0, the map

HY(X,L) — HY(X, n*L ® O¢(mE))
sending s to 7t*s @ s¥™ is an isomorphism.
Proof. Clearly, this map is injective. Now, let T € H%(X, 7*L ® O(mE)). Consider the

meromorphic section ¢ := 5 of 7*L. The restriction (r|)~(\E is holomorphic and since
E

Tlsg X\ E — X\ Y is an isomorphism, we get a section s € H(X \ Y, L) such that
a| RE = 7t*s. In other words, we have T = 7*s5 ® s?m over X \ E. By Hartogs, s actu-

ally extends across Y to a holomorphic section of L on X, hence we get T = 7*s @ s¥™
everywhere on X, hence the lemma. O

7 Geometric application of Kodaira’s vanishing theorem

7.1 Kodaira’s vanishing theorem
We recall the following fundamental theorem:

Theorem 7.1 (Kodaira vanishing theorem). Let X be a compact complex manifold and let L
be a positive line bundle on X. We have

HY(X,Kx+L)=0 Yq>0.

More generally, one has
HY(X,QF ®L)=0 ifp+q>n.

A few remarks before going any further.
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(a) In this section and from now on, we will use the additive notation for the tensor
product on line bundles. E.g. Kx + L corresponds to Kx & L.

(b) Recall that a line bundle L is said to be positive if it admits a hermitian metric h
such that its Chern curvature form @y (L) is a positive (1,1)-form. In particular, the
latter is a Kdhler form and X is a Kdhler manifold.

(c) The above vanishing can be interpreted in coherent cohomology or in Dolbeault
cohomology. In the latter case, it is equivalent to saying that any given any L-
valued form « of type (1,q) with ¢ > 0 such that da = 0, there exists an L-valued
form B of type (1,9 — 1) such that « = 9.

We will sometimes also use the following variant of Kodaira vanishing known as
Serre vanishing, which can be obtained in a similar fashion.

Theorem 7.2 (Serre vanishing). Let L be a positive line bundle on a compact complex manifold.
There for any vector bundle E on X, there exists my > 0 such that

Vg > 0,Ym >my, HY(X,E®L®")=0.

7.2 Cohomology of Fano manifolds

An important application of Kodaira’s vanishing concerns Fano manifolds, which are
compact Kahler manifolds X such that —Kx is positive.

Corollary 7.3. Let X be a Fano manifold of dimension n. Then
Vg >0, HI(X,0x)=H(XQ%) =0.

Proof. Write Ox = Kx ® Kx' and apply Theorem 7.1. The equality between the two
cohomology spaces follows from Hodge duality. O

Let us now focus more specifically on the projective space, where much more can be
said.

Proposition 7.4. Let n > 1 be an integer. We set d(n, k) = (":k) = dim SkKC"*'. We have

d(n, k) ifg=0, k>0,
WP",0(k)) =qdn,~k—n—1) ifg=n k< —-(n+1),
0 otherwise.

Proof. The first two cases can be seen using Proposition 4.2, Serre duality H" (P", O(k)) ~
HO(IP", Kpr (—k))* and the isomorphism Kps ~ O(—n — 1), see Corollary 6.3. If g = 0
(resp. ¢ = n) and k < 0 (resp. k > —(n + 1)), then one sees similarly that 17(O(k)) = 0.
Now, if g # 0,1, Kodaira vanishing yields h7(O(k)) = h7(Kpn(k+n+1))ifk > —(n+1).
If k < —(n+ 1), we use Serre duality to get h1(O(k)) = h"9(Kpr(—k)) which vanishes
since —k > 0, thanks to Kodaira vanishing again. O

Proposition 7.5. The tangent bundle of IP" satisfies the following properties:
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1. The space of global holomorphic vector fields is given by
(7.48) HO(P", Tpn) ~ V @ V*/CIdy
where V.= H°(P", O(1)) and where we have identified V ® V* with End(V).
2. There is an isomorphism
H" 1 (IP", Kpr @ Tpn) ~ H"(IP") ~ C
In particular, the Griffiths positive bundle Tpn is not a Nakano positive vector bundle.

3. Tp2 is not isomorphic to a direct sum of two line bundles.

Proof. The first item follows from Proposition 7.4 and the Euler exact sequence (4.27).

As for the second item, remember that H7(IP", Kp» @ O(1)) = 0 for ¢ > 0 by Kodaira
vanishing. Therefore, the long exact sequence in cohomology one gets after tensoring
(4.27) with Kp» gives

H" Y(IP",Kpr ® O(1)) = 0 — H" Y(P",Kpn @ Tpn) — H"(P",Kpn) — H"(P",Kpr @ O(1)) =0

hence the result.

Let us get on to the last assertion. Arguing by contradiction, write Tz = O(a) @ O(b)
with a > b, cf (4.3). Taking the determinant, we see that one must have a + b = 3. From
the first item we see that

1 (P2, O(a)) + K’ (P2, O (b)) = 8.

In particular, one must have a > 0. If b < 0, then a > 3 and but h°(IP?, O(a)) = (szr“) >
(g) = 10 > 8, cf Proposition 7.4. Therefore the only combination left is (a,b) = (2,1).
Since (3) + (3) = 9, this is not possible either. O

7.3 Lefschetz hyperplane theorem for cohomology

Theorem 7.6 (Weak Lefschetz theorem). Let Y C X be a smooth hypersurface in a compact
Kihler manifold X of dimension n such that Ox(Y) is positive. Then the canonical restriction
map

H*(X,C) — H*(Y,C)

is bijective for k < n — 2 and injective for k < n — 1.

Proof. For any integers 0 < p,q < n — 1, we have natural restriction maps H1(X) —
HPA(Y). Moreover, the Hodge decompositions of HP*7(X,C) and H?™(Y,C) are com-
patible with the said maps. Therefore it is sufficient to prove that H1(X, Q%) — H(Y,Q})
is bijective for p +g < n — 2, and injective for p + g = n — 1.

By tensoring the exact sequence

0— Ox(=Y) — Ox — Oy — 0

by Qf, we get
0 — QL(-Y) —» QF — OF|y — 0.
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Now Serre duality and Kodaira vanishing yield

HI(X, 0% (=Y)) = HP(X, Ox(Y)) = H" """ F(X, Ox(Y))
which vanishes for p 4+ q < n. In particular, the induced map in cohomology
(7.49) HY(X, Q%) — HI(Y,Qk|y)

is bijective for p +g < n — 1 and injective for p + g = n — 1. Next, taking the p-th exterior
power of the exact sequence (6.43), one obtains the following exact sequence

0— Oy(-Y)2Ql ' 5 0by - Qf —o.

Indeed, the wedge product induces a map N;\ x® Q’;_l — O |y and it is clear (e.g. by

taking local coordinates adapted to Y) that this map is injective with image the kernel of

the restriction map Q% |y — Qf. Similarly to what we explained above, we have that
HI(Y, QL (=Y)) ~ H' 1=9"P(Y, Oy (Y))

vanishes for p + g < n. Therefore, the induced map

(7.50) HI(Y, Q% ly) — HI(Y,Qf)

is bijective for p + g < n — 1 and injective for p + g = n — 1. Since the restriction map
H1(X, Qi) — HI(Y, Qi) is the composition of the two maps (7.50) and (7.49), the result
follows. O

Here are a few applications/comments:

1. The only complex tori that can be embedded as a complete intersection in the pro-
jective space are elliptic curves.

2. An hypersurface in IP" with n > 3 does not admit any non-zero one forms.
3. Show that the bounds are sharp (e.g. look at H? of a quartic surface).

4. One can deduce Kodaira’s vanishing theorem from Theorem 7.6 using cyclic cov-
ers, cf [Laz04, Chapter 4]. Of course, one can prove an even stronger version of
Theorem 7.6 without relying on Kodaira’s vanishing theorem, but rather on Morse
theory.

7.4 Calabi-Yau hypersurfaces

The goal of this section is to investigate some properties of smooth projective hypersur-
face (P = 0) C IP" of degree d = n + 1 for n > 3. Adjunction’s formula shows that Ky is
trivial, but here we can give construct explicitly a trivialization of Kx.

First, we start with a smooth affine hypersurface (f = 0) C C". One can cover the
hypersurface by the open sets V; := (f = 0) N (9;f # 0). On V;, we consider

(=1 7
Qiiz le/\.../\dZi/\.../\dZnh/i.

oif
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Since 9;fdz; = —d;fdzj on (f = 0), one checks easily that (); induces a global, non-
vanishing holomorphic (n — 1)-form Qs on (f = 0).

Let us now go back to the case of a smooth projective hypersurface X = (P = 0) C
P" of degree d = n+ 1. On the standard open set U; = (z; # 0), we have coordi-
nates x; = ‘z—f for{ =0...n, ¢ #iand XNU; = (P; = 0) where P;(x) = Z%_,P(z) =
P(xo,...,xi-1,1,%i41,...,xn). By the previous paragraph, the (n — 1)-forms ]

(_1)k+i
ok P;

Q= dxo Ao Adx A N AL A dx,
defined on U; N (9xP; # 0) for k = 0...n, k # i glue to a non-vanishing (n — 1)-form Q);
on U;.

In order to show that the ); glue to a non-vanishing (n — 1)-form on X, it is enough
to show that given any j # i and k ¢ {i,j}, we have Qj = Qj on the relevant overlap.
So we pick such j, k. Without loss of generality, one can assume that i < j < k. We set
Yy = % so thaty, = ’;—j for{ #iandy; = xl] on Uj;. Therefore, we have

1 Xy 1
dy, = ;dxg — de]-, dy; = -2

] j j

dX]'.

Weinferthatdyo/\.../\o?y\]-/\.../\d/y\k/\.../\dyn is equal to
-1 — —
x—ndxo/\.../\dxi_l Ndxj Ndxigg Ao ANdxg Adxg Ndxj Ndxg AL A dxy
J
and the latter is noting but
(=

S dxg A Adx A AdX AL A dxg
j

Finally, since

ayk_x]axk' and Pi(y) = y;Pi(x) = x;“Pi(x),

we find ) ;
L — P — . (D, _ 1-d ]
akP] - aykP](y) = Xj 9xi (x]- Pl(x)) =X; orP;.

Putting everything together, we find

0y = GV 1

x}*dakPi x;l

dxo/\.../\d/a?i/\.../\d/x\k/\.../\dxn:x}i‘(”“)ﬂik.

Since d = n + 1, one can glue the ();’s as claimed.
Let us now consider the particular case of the Fermat hypersurface, where
P(z) = z8 +... +24.
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Since dP only vanishes at 0 € C"*!, the hypersurface X is indeed smooth. Next, let
G :=Z/dZ act on P" by

] z=[z0: %21 :...: "¢ Vg,

where 7 := ¢’ . It is not hard to check that the fixed points of G are the n + 1 points hav-
ing only one non-zero coordinate. Moreover G fixes X and Fix(G) N X = @. Therefore,
one can define

Y:=X/G

which is a smooth projective manifold. Moreover, the projection p : X — Y is a Galois
étale cover, hence Kx = p*Ky.

Proposition 7.7. The canonical bundle of Y is a non-trivial torsion line bundle. Moreover, its
image under the integral first Chern class map ¢ : Pic(Y) — H?(Y, Z) is non-trivial.

Proof. We argue by contradiction. If Ky were trivial, generated by a non-vanishing section
Qy, then p*Qy would be a G-invariant trivialization of Kx; up to normalization, it would
coincide with the trivialization () of Kx constructed above. So it is sufficient to show that
() is not G-invariant.

First, let us note that G fixes U, for all i. On U;, wehave P, = 1 + Yot x? . In particular,
G fixes U; N (0xP; # 0) = Uy for any k # i and we have

(_1)k+i

d—1

Qe =
ik d-xk

dxo A Adxi AL ANdxg A A dx|unx
with the notations as above. Therefore,
n(n+1)

[1] - Qe = gEe ROy = 7757 Q.

In particular, the equality [1] - O = Q) holds on U; only for the index i; defined by

P 0 ifn=0[2]
d % otherwise.

This implies that () is not G-invariant.

Let us now prove that L := Ky is torsion. For any ¢ € G, we have ¢- Q = x(g)Q
for some x(g) € Uy C C*. This implies that the section O®? € HO(X, p*(L®?)) is G-
invariant. By Lemma 7.8, there exists € H°(X, L®%) such that p*c = Q®?. In particular,
o is non-vanishing and trivializes L®?.

It remains to prove the last assertion. By Theorem 7.6, we have H'(X,C) = 0. In
particular, H(X,Q}) = 0. This implies that H(Y, Q) = 0 (otherwise the pullback of
a non-zero one-form on Y would yield a non-zero 1-form on X). In particular, we get
Pic’(Y) = {0} so that the exponential exact sequence yields an embedding

¢Z . Pic(Y) — H%(Y, Z).

The conclusion follows. O
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Lemma 7.8. Let p : X — Y be a Galois cover of group G between complex manifolds. Let L be a
line bundle on Y. We have an isomorphism

p* : H(Y,L) — H(X,p*L)C.

Proof. Let us first detail how G acts on V := HY(X,p*L). If s € V, then for x € X we
have s(x) € (p*L)x = Ly(y). Now we set (g-5)(x) = s(g - x) which is legitimate since
p(g-x) =p(x).

Clearly, p* is injective. It remains to show that it is surjective. Start from s € V¢, and
fix a covering U, of Y such that L, is trivialized by e,. On W, := p~1(U,), the section
p*e, trivializes p*L|y, . There are holomorphic functions f, on W, such thats|w, = fap*es.
Since s and p*e, are G-invariant, f, is G-invariant on W,.

Now, let U C U, be the locus over which p|y, is étale and set Wy = p~1(UY). Clearly,
there exist holomorphic functions h, on Uy such that f, = p*h, on W;. This implies that
hy is locally bounded near the ramification locus of p,, hence extends to a holomorphic
function on U, still satisfying f, = p*h,. Then the local sections t, = hye, of L|y, are
easily seen to glue to a global section t € H%(X, L) such that p*t = s. O

7.5 The embedding theorem
The main theorem of this section is the following

Theorem 7.9 (Kodaira’s embedding theorem). Let X be a compact complex manifold admit-
ting a positive line bundle L. Then for k > 1, the linear system |kL| yields a holomorphic
embedding

Oy 0 X — P(HY(X,kL)*).

Remark 7.10. Coupled with Chow’s lemma, the above theorem shows that a compact
complex manifold endowed with a positive line bundle is a projective manifold. That is,
it can be realized as the zero locus of homogenous polynomials in some projective space.

Corollary 7.11. Let (X, w) be a compact Kihler manifold such that [w] € Im(H?*(X,Z) —
H?(X,R)). Then X is a projective manifold.

Proof of Corollary 7.11. Thanks to Lefschetz theorem on (1,1)-classes, Theorem 5.2, there
exists a hermitian line bundle (L, &) on X such that ®;,(L) = w. In particular, L is positive
and one can now apply Kodaira’s embedding theorem, Theorem 7.9. O

Proof of Theorem 7.9. We will prove that for k large enough, the three properties stated in
Lemma 4.7 are satisfied for the line bundle kL. They can each be proved similarly, so we
will prove the first one in detail and only sketch the tweaks needed to prove the other
two.

1. We fix x € X and consider the blowup 77 : X — X of X along {x} with exceptional
divisor E. We aim to find a section s € H°(X, kL) such that s(x) # 0. By Lemma 6.18, it
is equivalent to finding a section s € H(X, 7" (kL)) which does not vanish along E. Let
v € L, be a non-zero vector; then 77*v is a non-vanishing section of (77*L)|g. It would be
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enough to find s € H(X, (kL)) such that s|p = 77* (0®F).

Now, we have the exact sequence
0— Og(—E) — O3 — O — 0
which we twist by 7* (kL) to find
0 — m*(kL) — E — 7" (kL) — 7" (kL)|g — 0.
The long exact sequence induced in cohomology yields the following maps
HY(X, 7* (kL)) — H(E, " (kL)|g) — H'(X, 7* (kL) — E)

If one can show that H' (X, 7*(kL) — E) = 0 for k large enough, then we will be able to
lift the non-vanishing section 77*(v®¥) of 77* (kL) |E to a section of 77 (kL) as desired.

Let a be an integer such that 7*(aL) — E is positive. Such an integer exists thanks
to Corollary 6.15. Next, let b be an integer such that bL — Kx is positive. Finally, set
k := na+b. Since Ky = m*Kx + (n — 1)E by Lemma 6.17, we find that

" (kL) — E — Kg = n(mt*(al) — E) + " (bL — Kx)

is the sum of a positive and a semipositive bundle, hence it is positive. By Kodaira van-
ishing, i.e. Theorem 7.1, we find that

HY(X, r*(kL) — E) =0,

which ends our first step.

Actually at this point the chosen integer k depends on x. Say that x ¢ B(koL) and pick
y € B(koL). The previous argument shows that there exists ko|k; such that y ¢ B(k;L).
Since B(k1L) C B(koL), the previous inclusion is strict. By induction, one can construct
integers kolki|... |ki| ... such that B(k;L) C B(k;_1L). Since the latter sets are analytic,
one must have B(kyL) = @ for some N.

2. This is very similar. We fix two points x,y € X and consider the blow up of X along
Z := {x} U{y}. We then work with v section of kL |7 such that v, # 0 and v, = 0 and lift
it to a section of kL using the same arguments.

3. Givenx € Xand v € Tx, \ 0, let us consider a trivialization e; of L near x and a
holomorphic function f defined in the neighborhood of x such that f(x) = 0and df(v) #
0. We aim to show that for k large enough, there exists s € H°(X, kL) such that s(x) = 0
and ds(v) = df (v) @ e¥*.

It can be helpful to consider the exact sequence

0—I7 — T, — O, ®0Q%, — 0

where the second arrow sends f € Z, to df,. The property we are trying to prove is that
once tensored with kL, the induced map HY(X,kL®Z,) — (kL) ® Q}(/x is surjective for
k large enough.
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On X, we similarly have an exact sequence
0 — Og(—2E) — O%(—E) — Op(—E) — 0

where the second map is given by f +— df|g, and the differential df|g is seen as an
element of Ker <Q§~<|E — Q%) = N; < which is indeed isomorphic to Og(—E) thanks to
Lemma 6.14.

Next, we have the usual pullback maps 77* : Z, — Og(—E) as well as 7*Q5  —
Q%] . The latter is easily seen to be injective and its image actually lands in NEI - More-
over, they induce a commutative diagram

0 72 . 0,00k, — 0

l”* l,ﬁ l”*

0 —— Ox(—2E) —— O%(—E) —— Og(-E) —— 0

Moreover, the proof of Lemma 6.18 shows that for any k > 0, 7t* induces an isomor-
phism H(X, kL ® Z,) — H°(X, *(kL) — E). Piecing everything together, once sees that
H(X,kL ® I) — (kL); ® Q , is surjective as soon as

HY(X, * (kL) — E) — H°(E, 7* (kL)|g ® Op(—E)) ~ H°(E, Og(—E)) ~ C"

is surjective. Therefore, all we have to show is the vanishing H' (X, 7r* (kL) — 2E) = 0 for
k large enough, and this can be proved exactly as in 1. O

7.6 Kodaira’s projectivity criterion

In this section, we will prove the following important application of Kodaira’s embed-
ding theorem.

Theorem 7.12. Let X be a compact Kihler manifold such that H*(X,Ox) = 0. Then X is a
projective manifold.

Remark 7.13. Thanks to the Hodge duality H*(X, Ox) ~ H°(X, %), one can rephrase
the condition by saying that a compact Kdhler manifold without non-zero holomorphic
2-form is necessarily projective. Of course, there are plenty of projective manifolds admit-
ting non-zero two forms (e.g. product of elliptic curves, a quartic in IP? (cf Corollary 6.7),
etc.)

Proof. By the Hodge decomposition theorem and Hodge duality, i.e. Theorem 2.13, the
assumption implies that
H?*(X,C) ~ H"(X).

Fix a Kéhler metric w and pick a basis {wj, ..., w,;} of the space of harmonic real (1,1)-
forms on X. We denote by [w;] € H?(X,R) their de Rham class. By the universal coef-
ficients theorem, there is an isomorphism H?(X,Q) ® R ~ H?(X,R). In particular, one
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can see the Q-vector space H?(X,R) as a dense subspace of H?(X, R). In particular, there
exists a tuple of sequences g, = (€14, ...,€4x) of real numbers such that

d
[w]+ Y eixlw] € HA(X,Q), & 0
i=1 ®

Set wy 1= w + Y%, &;xw;. This is a closed (1,1)-form and it is positive for k > 1. By
the universal coefficient theorem again, we have H*(X,Q) ~ H?(X,Z) ® Q. In partic-
ular, there exists N € Z-¢ such that [Nw;] € Im(H?(X,Z) — H?*(X,Q)). We can now
conclude by Corollary 7.11. O

Example 7.14. Let S be a ruled surface, that is S is compact Kéhler surface admitting a
submersion f : S — C over a curve such that each fiber S, := f~!(c) is isomorphic to IP1.
Then S is projective. Indeed, for each ¢ € C, the divisor Og(S,) is trivial in a neighbor-
hood of S; hence Ks|s, ~ Op1(—2) by Corollaries 6.6-6.7. Since H(IP!, Op1(—2)) = 0 and
the former vanishing holds for any ¢ € C, we find H%(S, Ks) = 0, hence H?(S, Os) = 0.

7.7 Characterization of abelian varieties

Recall that complex torus X = C"/T (I lattice of C") is called an abelian variety if it is
projective (equivalently, if it carries a positive line bundle).

Theorem 7.15. A complex torus X = C" /T is an abelian variety if and only if there exists a
positive definite hermitian form h on C" such that

Im(h('yl,'yz)) €Z forall y;,v, €T.

Proof. Assume that such an hermitian form / exists and set w := —Imh. Then w defines
a constant Kidhler metric on C", hence also on X. We aim to prove that the cohomology
class [w] € H?(X,R) is integral. For that purpose, pick an integral basis a1, . .., a2, of T.
Define for 1 < j < 2n (resp. 1 < i < j < 2n) the real 1-tori (resp. 2-tori)

T, =R/Za;, Ty=T®T

They come equipped with an embedding T; — X (resp. T — X) via the topological
identification

2n 2n

X=)Y Raj/) Zaj~T x...x Ty
i=1 i=1

By Kiinneth formula, we have

H*(X,Z)~ @ HWT,Z)®H(T,2)~ P H(Tw2)

]
1<j<k<2n 1<j<k<2n

and the projection H*(X, Z) — H?(Tj, Z) is induced by the embedding Tj — X.
Write w = iZ]‘,k w]-,;dz]' Adzy. If u,v € C", then the restriction of w to the real 2-plane

P := Ru + Ro say with coordinates x, y is equal to

w|p = iZwﬂ;(ujﬁk — vl )dxdy = w(u,v)dxdy.
ik
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In particular, we have w|r, = w(a;, ar)dxdy under the identification T;; ~ (R/ Z)?. Now,
under the identification H 2(Tjk, R) ~ R via integration, we find

751 [wllr, = / wlr, = w(aj, a) /

Tk (R/Z)? dxdy = w(aj, ax) = —Im(h(aj, ar)).

Thanks to our assumption, we find [w]|7, € H?*(Tj, Z) for all j,k, hence [w] € H*(X,Z)
and X is projective by Corollary 7.11.

Conversely, if X is projective, consider a Kahler metric w such that [w] € H?(X,Z).
There is no reason that w should be invariant under the translations 7,(y) = y — x of X,

but we can consider ,

W = vol(X,dx) /XEX(wa) dx,

where dx is the volume element associated to an invariant metric on X. Since Ty is ho-

motopic to the identity, T} induces the identity on H?>(X,R). In particular, [@] = [w] €
H?(X,Z). Now @ is the imaginary part of a constant positive definite hermitian form &
on C" hence (7.51) shows that Im(h(a;, ax)) € Z for all j, k. O

Corollary 7.16. Let X be a projective manifold. Then Pic®(X) and Alb(X) are abelian varieties.

Proof. Recall that Pic®(X) = HY(X,Ox)/H'(X,Z) and that H'(X, Ox) ~ H%!(X). Set
V := H%(X) and T = H'(X,Z). Pick a Kahler metric w such that [w] € H*(X,Z). It
induces a hermitian metric  on V by

h(u,v) = —Zi/ UNG AW
X

One has —2iu ANu Aw" ! = %\u!zw” hence F is definite positive. Now, if y1, 2 € T, one
can decompose v; = «; + &; with «; of type (1,0). Since

('Yl A\ ’)’2)1’1 = A&y + & ANy = 2Re(5c1 VAN 6(2)

and
h(v1,72) = —Zi/ B Aoy Aw" !
X

we find
Im(h('yl,’yz)) = ~2Re </ &y A dg A wn_1> = _/ AP AW € Z.
X X

Let us move on to Alb(X) ~ H"Y(X)*/H(X,Z). Since H'?(X)* ~ Horl(X)*, we
can choose on the latter the dual hermitian metric h*. Using that the Poincaré pairing
HY(X,Z) x H*""1(X,Z) — Z is non-degenerate, one infers that h* satisfies the require-
ments. O
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